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Preface 

This book is an introduction to hyperbolic and differential geometry that 
provides material in the early chapters that can serve as a textbook for a 
standard upper division course on hyperbolic geometry. For that material, 
the students need to be familiar with calculus and linear algebra and willing 
to accept one advanced theorem from analysis without proof. The book 
goes well beyond the standard course in later chapters, and there is enough 
material for an honors course, or for supplementary reading. Indeed, parts 
of the book have been used for both kinds of courses. 

Even some of what is in the early chapters would surely not be nec­
essary for a standard course. For example, detailed proofs are given of the 
Jordan Curve Theorem for Polygons and of the decomposability of poly­
gons into triangles, These proofs are included for the sake of completeness, 
but the results themselves are so believable that most students should skip 
the proofs on a first reading. 

The axioms used are modern in character and more "user friendly" 
than the traditional ones. The familiar real number system is used as an in­
gredient rather than appearing as a result of the axioms. However, it should 
not be thought that the geometric treatment is in terms of models: this is 
an axiomatic approach that is just more convenient than the traditional 
ones. 

The book is appropriate as part of a special curriculum in undergradu­
ate mathematics for exceptional students, designed to prepare them in three 
years for graduate-level mathematics. Our experience indicates that such 
students are able to learn mathematics more rapidly and in more depth 
than average undergraduate mathematics majors. 

A principle that has guided the development is that of mathematics in 
parallel. Students can better see the interconnections if they hear about dif­
ferent subjects more-or-less simultaneously. For example, differential equa­
tions ought to be introduced right along with calculus; that makes calculus 
more interesting and more relevant. As another example, the beginnings 
of group theory should be included with linear algebra, because the per­
mutation and rotation groups are already present, in effect, and it takes 
only a little further explanation (which the good students like) to lay the 
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foundations of group theory. As a third example, some complex analysis is 
useful in calculus (for example power series in a complex variable); even 
Newton and Leibnitz used complex quantities (with trepidation). 

The import of that idea for the present book is in the following: 
(1) We have felt free to use methods of analysis, especially calculus and 

differential equations. In particular, we have used methods from differential 
geometry and have supplied two chapters on the relevant parts of that 
subject. 

(2) We have assumed a knowledge of complex numbers and the complex 
plane, also of matrices and groups, up through homomorphism and normal 
subgroups. 

(3) We have included a brief discussion of the connection with the 
Lorentz transformations of special relativity. 

(4) We have taken the attitude that although students ought to know 
about the synthetic methods of geometric proof (they ought to have learned 
about it in high school geometry), and although they ought to know that 
there were gaps in Euclid which were bridged in the late 19th century, 
especially by Hilbert, and although they ought to know what a proof is 
and how to construct one, in fact the bright students don't need a whole 
semester of synthetic proving to achieve that. We have therefore adopted 
a set of axioms considerably less primitive than the axioms of Euclid or 
Hilbert. We feel in particular that in modern mathematics it is not necessary 
to derive the properties of the real number system from the axioms of 
geometry. (We have discussed that system independently in an appendix.) 
The purpose of our axioms is to tell the students what hyperbolic geometry 
is in terms that are familiar to them. However, the concepts that the axioms 
deal with should be intuitively geometrical. Geometry is not just an exercise 
in abstract logic, but the concepts deal with things that one can visualize 
to some extent. 

(5) We have attempted to be more forthright about the role of mod­
els of the hyperbolic plane than some books are. Models were introduced 
originally for the purely logical purpose of proving that the axioms are self­
consistent (assuming that the Euclidean axioms are self-consistent). One 
defines "points", "lines", "lengths" and "angles" in terms of certain (of­
ten rather strange looking) things in Euclidean geometry, and proves that 
the hyperbolic axioms are formally satisfied by the things in quotation 
marks. However, until one has proved that the axiom system is categorical, 
one cannot exclude the possibility that a given model may have additional 
properties that do not follow from the axioms (they merely don't contra­
dict the axioms), while another model may have properties that contradict 
those of the first model, just as different groups have different properties 
even though every group satisfies all the axioms of group theory. 

It is therefore not permitted to derive general theorems or formulas 
from a particular model rather than from the axioms (and the good students 
wouldn't let us get away with it, because they insist on understanding the 
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logical connections in the subject). Our procedure is to derive the formulas 
of the hyperbolic plane from the axioms, without use of a model. To do that, 
we have first to establish the locally Euclidean nature of the hyperbolic 
plane: certain Euclidean laws are approximately satisfied by small figures, 
with a relative error that tends to zero as the size of the figures tends to 
zero. It seems to us that some books fail to make clear that the property of 
hyperbolic geometry follows from the hyperbolic axioms, not just from an 
accidental property of some model. 

(6) After the formulas have been derived, we discuss models, and we 
prove that the axioms are categorical, Le., that all models are isomorphic; 
the proof uses the formulas, so that categoricalness could not have been 
established (at least by this method) until the formulas are available. After 
categoricalness has been established, we can then derive further general 
results by use of any model. 

(7) Since some of the very bright students have heard of G6del's in­
completeness theorem, we feel obliged to make some very brief remarks on 
the apparent conflict between that theorem and categoricalness, which says 
that the axioms of hyperbolic geometry are in a sense complete, for the 
purpose of describing the geometry. 

(8) We have corrected a prevalent misunderstanding about astronom­
ical parallax. 

(9) We have tried to give an overview, not an encyclopedic sort of trea­
tise. For example, most of the book deals with the two-dimensional cases, 
Le., with the hyperbolic plane and the differential geometry of surfaces. 
Our discussion of the cases of more dimensions in Chapter 9 is admittedly 
quite sketchy, for we believe that most of the important concepts are found 
in the two-dimensional cases; once these are understood, the generalization 
contains no new difficulties. 

The authors are grateful to our colleague Bill Reinhardt for much pa­
tience in discussing the relationship of G6del's Incompleteness Theorem to 
the fact that the hyperbolic plane is unique up to isomorphism. Likewise, 
we thank our colleague Walter Taylor and his class in the fall term of 1993 
for many suggestions for improving the ideas or the exposition. Elizabeth 
Stimmel was stellar in her performance turning the original typescript into 
'lEX and her patience through numerous revisions. It is impossible to thank 
her enough. Finally, we thank Bruce Ramsay for invaluable assistance; he 
developed the software for drawing the figures and used it to produce them. 
He also gave crucial help in getting the figures into appropriate positions in 
the text in spite of the fiendish side effects of certain necessary 'lEX macros. 
He contributed much more than anyone can expect from a friend or a son. 

Robert Richtmyer 
Arlan Ramsay 
Boulder, Colorado 
August, 1994 
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Introduction 

Over the centuries many attempts were made to prove the Parallel Postu­
late of Euclid. The discovery that an alternative is possible was a major 
breakthrough that lead to the development of hyperbolic geometry as a sub­
ject in its own right. The fact that the hyperbolic axioms are as consistent 
as the Euclidean axioms can be established by models within Euclidean 
geometry, but the fact that the hyperbolic axioms are categorical must 
be proved by careful development from the axioms. It is hoped that this 
book will encourage the development of geometric intuition and also the 
recognition that mathematics itself is not compartmentalized in spite of 
the fact that names are given to various branches. The close relationship 
between analysis and geometry allows the use of analysis to simplify many 
derivations and proofs. 

A Bit of History 

Investigations of geometry during the nineteenth century achieved two 
things: (1) It was discovered that although Euclidean geometry represented 
one of the great achievements of all time by introducing logical methods, 
it was not fully rigorous; the axioms were often rather informal, and some 
additional things were assumed without proof. Euclidean geometry was 
therefore reworked, especially by David Hilbert, in the last few years of the 
century. (2) It was found that if the Euclidean parallel axiom was replaced 
by a different axiom, which allows more than one parallel to a given line 
through a given point, a new kind of geometry resulted, now called hy­
perbolic geometry, and it was proved, by means of models, that the new 
geometry was no less consistent than Euclidean geometry. (Spherical geom­
etry goes in the other direction, in that there are no parallels at all, but 
then other axioms have to be changed; in a sense, hyperbolic geometry is 
closer to Euclidean geometry than are other non-Euclidean geometries.) 

From ancient until modern times, geometry preceded analysis; the rig­
orous and logical basis of mathematics was in geometry. Today, analysis 
precedes geometry; the rigorous basis is in the set-theoretical foundations 
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of real analysis. In ancient mathematics, the properties of the real number 
system were derived from the axioms of geometry. Today, they are derived 
from set theory, as in Chapter 5 of the book by Herbert B. Enderton (Ele­
ments of Set Theory, Academic Press, 1977). 

What Are Axioms For? 

The axioms of a subject have traditionally served two purposes. The first is 
to provide a rigorous basis for the subject, in which the axioms assert just 
as little as possible without proof, and everything else results by deduction 
according to rules of logic. The second purpose is to define or describe the 
structures or objects to be discussed; the axioms of group theory single out 
a class of objects called groups, and so on. 

We now have easier ways of being rigorous in geometry than were 
available in the times of the ancient Greeks. Hence, the first of the above 
purposes has lost its value, except in a historical context. Today, analysis 
has an independent existence and can be used in describing geometry. We 
can now use the properties of the real number system and the laws of arith­
metic and algebra and calculus in addition to the rules of logic. Doing that 
has two advantages: first, it makes things rigorous, because the foundations 
of analysis are based on modern set theory and logic, which are more rig­
orous than the geometry of Euclid; second, the methods of analysis make 
the derivations and calculations easier. 

Consequently, the approach called synthetic geometry has lost most 
of its importance, from the point of view of understanding the structure 
of mathematics. On the other hand, some of the classical theorems can 
be regarded as almost as fundamental, for telling us what geometry is, as 
the axioms. For example, when Hilbert's axioms of incidence, betweenness, 
congruence, and continuity, together with a fair number of propositions 
derived from them, are applied to the ordered set of points that constitute 
a straight line, the upshot is that that set of points is homeomorphic, and 
in fact isometric, with the set of real numbers in the real number system 
JR. That is equivalent to quite a lot of statements, but those statements 
are logically consistent, because of the (assumed) logical consistency of the 
real number system JR. Anyone who understands the real number system 
knows what a "continuum" is, and the above statement says just that the 
set of points on a line is a continuum. There is no reason why we should 
not take that statement as an axiom. Certain conclusions are immediate; 
for example, Pasch's theorem and the crossbar theorem, when carefully 
formulated, can be simplified by using the intermediate-value theorem for 
continuous functions (see Section 2.3). 

Another example concerns the triangle inequality, which says that if 
A, B, C are any points, and if IABI denotes the distance between A and B, 
and so on, then lAG! :$ IABI + IBG!. This inequality (which can be proved 
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as a theorem from Hilbert's axioms) embodies the intuitive geometrical 
notion that a straight line is the shortest path between two points, and 
it makes the plane (Euclidean or hyperbolic) into a metric space, a thing 
familiar to students of analysis. So we take the triangle inequality as one 
of the axioms of hyperbolic geometry (but of course we point out that it 
doesn't hold in spherical geometry). 

The difference is rather subtle. The axioms of a subject are statements 
about otherwise undefined things (points, lines, etc.) and are used for build­
ing up the subject by logical deduction. But, to make a statement about 
those things, one has to have a language, and the words of the language 
have to be understood and defined in advance. The language we have chosen 
includes words and concepts from real analysis. 

In summary, although axioms are still essential for specifying a partic­
ular kind of geometry, such as hyperbolic plane geometry, they don't need 
to be as primitive and mutually independent as earlier; the axiom system 
can be more "user-friendly"; its only purpose is to define the geometry in 
terms that are familiar to the student. 

What Are Models For? (Consistency and 
Categoricalness) 

In some books, the role of models of the hyperbolic plane is not made clear. 
The models serve primarily a logical purpose, in proving the consistency 
of the axioms (assuming that the Euclidean geometry is consistent); they 
don't "look like" the hyperbolic plane. 

Two important notions about the axioms of a subject are consistency 
and categoricalness. The axioms are consistent if they can never lead to a 
contradiction. That is, of course, always essential. Second, a set of axioms 
is categorical if it contains enough axioms to specify the system completely 
and uniquely. Models play a role for both these ideas. 

If one can find a collection of objects and relations among those objects 
such that all the axioms of a system are satisfied, one says that one has a 
model of the system. If the objects and relations that appear in the model 
are based on a simpler set of axioms that one believes in advance to be con­
sistent, then the consistency of the given axiom set is thereby established. 
An example is provided by complex numbers. In the 18th century many 
mathematicians feared that to postulate the existence of a "number" i such 
that i 2 = -1 and so on was dangerous and could lead to contradictions. 
That fear was proved groundless, early in the 19th century, independently 
by Gauss and Hamilton, who showed how to construct a model of the com­
plex number system, in which each complex number is represented by a 
pair (a, b) of real numbers, with ( a, b) + (c, d) defined as (a + c, b + d) and 
(a, b)( c, d) as (ac - bd, ad + be). The complex number system was thereby 



4 Introduction 

proved to be consistent, on the assumption that the real number system is 
consistent, and it became henceforth irrelevant whether one wrote (a, b) or 
a +ib. 

The logic behind such a proof of consistency is this: The axioms of a 
system deal with undefined objects (e.g., "points" in geometry), which in 
themselves contain no contradictions, and in fact have no properties at all, 
except as furnished by the axioms. Secondary things are then built up from 
them by definitions and the axioms. If any contradiction results, it must 
involve things whose very existence is guaranteed by the axioms. Therefore, 
such a contradiction would have to appear also in any model, if the model 
satisfies all the axioms. 

However, consistency does not imply categoricalness. Stated informally, 
the axioms of a system may not say all that could have been said. In that 
case, different models can have different properties. One model may, in ef­
fect, be following also a possible further axiom and a second model another, 
and the two further axioms may not be consistent with each other. An ex­
ample of a noncategorical set of axioms is the axioms of a group. We have 
many "models" of the abstract notion of a group (many specific groups); 
each of them satisfies all the axioms of a group, but what is true for one 
is often false for another. In such a case, it is clearly invalid to "prove" 
theorems in the subject from a model. An axiom system is categorical if all 
models are abstractly identical, Le., isomorphic. For a simple example, all 
groups of order 3 are isomorphic. 

For another example, there are many models of the real number system; 
models using decimals, or using Cauchy sequences of rational numbers, or 
using Dedekind cuts. The appropriate axiom system is that of a complete 
ordered field, and a proof is given, at least in the better books on advanced 
calculus, that any two models of a complete ordered field are isomorphic; 
hence, any model can be used for deriving properties of the real number 
system. See the Appendix to Chapter 1. 

The axioms of hyperbolic plane geometry are in fact categorical, but 
the proof of that is decidedly not elementary - see Section 7.7. 

There is a subtle distinction between categoricalness and complete­
ness of an axiom system, which has to be made clear, to avoid conflict 
with Godel's incompleteness theorem. See Section A.6 in the Appendix to 
Chapter 1. 

In the absence of a proof of categoricalness, it would be unjustified 
to derive results from a model, as is done in some books (or to "prove" 
categoricalness by means of results that have been derived from a model). 
That misunderstanding has a partly historical origin; the inventors of the 
models of hyperbolic geometry, mainly Beltrami, Klein, and Poincare, were 
concerned, at the time, only in proving consistency. Several investigators 
spoke of a "sphere of imaginary radius"; they replaced the radius r by 
ir in the formulas for spherical geometry. That is a convenient method of 
making conjectures, but, although the resulting formulas satisfy the axioms, 
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it doesn't prove that they follow uniquely from the axioms. The idea of 
deriving the geometry rigorously from a set of axioms came later, and was 
due largely to Hilbert. 

We shall derive all results from the axioms. We shall not derive any­
thing using a model until the axioms have been proved to be categorical. 

What Is Geometry? (The Problem of Visualization) 

The predominant role of analysis in modern mathematics does not mean 
that we should give up the axiomatic approach and treat geometry merely 
as a branch of analysis. The notions of geometry go, in a sense, beyond the 
notions of analysis, in that they are things that we "visualize." Although 
we must keep in mind the limitations of diagrams, and so on, the abil­
ity to visualize is a human ability that should be encouraged rather than 
suppressed, in the teaching of mathematics. Our impression from teaching 
talented young students is that they can visualize the hyperbolic plane, in 
a sense. From that point of view the main models, those of Beltrami, Klein, 
and Poincare, are unsatisfactory for intuitive geometrical visualization. The 
homogeneity and isotropy of the hyperbolic plane are not at all evident in 
the models; one can of course define the isometries as certain nonlinear 
transformations of the models, but under them, congruent figures don't 
even look alike, and besides, the hyperbolic plane extends to infinity in 
all directions and the models don't. From that point of view, the models 
should be regarded as serving a logical not geometrical purpose, namely, to 
establish the consistency of the axioms. 

In the first six chapters, we describe the hyperbolic plane in geomet­
rical terms independent of the models. The models are introduced only in 
Chapter 7. The proof of consistency of the axioms and the proof of cate­
goricalness are given in Chapter 7. In consequence of the latter proof, it is 
permissible thereafter to derive general results from any model, and certain 
results are indeed thus derived in subsequent chapters. The proof of consis­
tency could have been given earlier, for example by introduction of one of 
the models earlier, but the proof of categoricalness appears to require some 
of the results of the first six chapters. 

The Role of Analysis in Geometry (Differential 
Geometry) 

In the approach we follow, one starts with a set of axioms roughly equivalent 
to Hilbert's axioms (but made more "user-friendly" as described above), 
and then one gets as rapidly as possible, by synthetic methods, to the point 
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where the methods of analysis can be used (analytic geometry, calculus, dif­
ferential equations, and differential geometry). For example, one can show 
that the function for the angle of parallelism, fl(y), satisfies a differen­
tial equation, which is easy to solve. (See Exercise 4 in Section 6.3.) In 
contrast to derive the same formula by purely synthetic methods requires 
going into three-dimensional hyperbolic geometry, using horospheres and 
making many complicated constructions in a very long process. 

The key to our procedure is the locally Euclidean nature of the hy­
perbolic plane for very small figures. For example, if a right triangle in 
the Euclidean plane has hypotenuse c and angle a opposite side a, then 
a = csina; in the hyperbolic plane, we shall find that a = (csina)(l + c), 
where c is a quantity that goes to zero at a certain rate as the dimen­
sions of the triangle go to zero. By taking limits as certain quantities go to 
zero, we arrive at derivatives and other notions of analysis. This is in anal­
ogy with calculus itself, which used to be called "infinitesimal calculus"; to 
understand it, one has to understand the "infinitesimals." 

The chief difficulty concerns a sort of smoothness of the geometry. The 
topology is easy (Le., the topology associated with the metric). As stated 
above, each line is homeomorphic to JR, and the plane is homeomorphic to 
JR x JR, but more than that is difficult. For example, one of the axioms shows 
that if a and b are the lengths of two sides of a triangle, and 'Y is the included 
angle, then the third side c is given by a function ¢(a, b, 'Y); the axiom says 
nothing about the nature of that function. It is easy to prove that that 
function is continuous in each of its variables, and that it satisfies a Lipschitz 
condition in each variable, but to prove that it is even once differentiable 
(it is in fact analytic) is more difficult. This is similar to the difficulty of 
Hilbert's fifth problem, which says that if a continuous manifold contains a 
group structure that is continuous on the manifold, then it follows, without 
any more axioms, that the manifold is differentiable and even analytic. 
That was conjectured by Hilbert in 1900 and proved only in the 1950's. The 
group axioms somehow have the power to enforce analyticity, even though 
those axioms are quite simple and "innocent" in appearance. Similarly, the 
axioms of geometry seem to imply a smoothness of space. The connection 
between these two things is probably even rather close, because the axioms 
of the geometry imply the existence of an important group, namely, the 
group of isometries described in Section 3.6. 

As soon as smoothness has been established, a metric space can be 
completely determined by giving its so-called metric tensor. Then, analytic 
methods can be used. The "lines" are the geodesics, to be determined as in 
Section 5.4; distances and angles are also determined in terms of the metric 
tensor. 

The smoothness or locally Euclidean nature of the hyperbolic plane is 
established in Chapter 4. There are various ways in which that can be done. 
We have chosen a method due to Lobachevski, which has the advantage that 
it gives us an opportunity to introduce hyperbolic 3-space and a remarkable 
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property of the horosphere, an important kind of surface in that space. The 
smoothness enables us to derive explicit formulas for triangles and so on in 
the hyperbolic plane; that is done in Chapter 6. 

Outline of the Following Chapters 

The first chapter contains a system of axioms and definitions designed to 
be a specification of hyperbolic plane geometry in terms of things familiar 
to the student, including things in analysis. 

Chapter 2 reviews relevant things from Euclid (so-called neutral theo­
rems), and adds some neutral information suggested by more recent math­
ematics. 

Chapter 3 gives the qualitative picture of the hyperbolic plane that re­
sults from those axioms. Surprisingly many general things can be discussed 
without use of quantitative formulas, including things having to do with 
isometries, tilings, and invariant curves. 

Chapter 4 prepares the way for the derivation of formulas. The key 
is the locally Euclidean nature of the hyperbolic plane for very small fig­
ures, which makes it possible to discuss differentiation and other limiting 
processes. 

Chapter 5 contains those parts of differential geometry that are relevant 
to the hyperbolic plane. 

Chapter 6 gives actual formulas for many things: for right triangles, 
for the angle of parallelism, for circular arc length, for straight lines in 
polar coordinates, and so on. According to the procedure followed here, 
these formulas are derived from the axioms, that is, from the geometrical 
specification, rather than from a model, because no proof of categoricalness 
has yet been given; in fact, that proof, given later, uses some of the formulas 
derived here. 

The next two chapters discuss various models of the hyperbolic plane 
and the matrix representation of the isometry group. The isometry group 
plays a prominent role. According to the ideas of Klein's Erlanger Program, 
that group really characterizes the geometry, in a sense. It is shown that the 
Euclidean and hyperbolic isometry groups have different structures. In the 
former, the set of all translations is a subgroup, in fact, a two-dimensional 
normal subgroup. In the hyperbolic case, there is no such subgroup, and 
the translations don't constitute a subgroup at all. 

A consequence is that, although in the Euclidean case any number of 
pure translations, performed one after another always give another pure 
translation, rotations can result in the hyperbolic case. One can find two 
pure translations whose resultant is a pure rotation. That same effect ap­
pears in special relativity, where the resultant of several pure Lorentz trans­
formations or "boosts" can result in a rotation; that is of importance in 
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atomic theory. It is shown that the hyperbolic isometry group is identical 
with the group of Lorentz transformations in two space variables and time. 

Chapter 9 discusses hyperbolic geometry in more dimensions. 
Chapter 10 discusses the connection with the Lorentz group of special 

relativity and relativistic velocity space. That requires a section on Lorentz 
transformations, which, we find, good students can understand even though 
they may not have studied relativity theory formally. 

Chapter 11 discusses the problem of constructions with straightedge 
and compass in the hyperbolic plane. The purpose is of course not to con­
sider practical draftsmanship, but to show what light the construction prob­
lem throws on the nature of the geometry. At the end of that chapter we 
come, in fact, to the idea that the constructible figures determine a kind 
of geometry based on all the axioms of the hyperbolic plane, except that 
the completeness axiom is omitted. In that geometry there is no analysis, 
because the notion of convergence of a sequence of points cannot be used, 
but all the other aspects of the geometry are there. 

For many applications, especially to other branches of mathematics, 
perhaps the most important single result of the entire subject is that the 
hyperbolic plane, with all the features discussed in Chapter 3, is completely 
represented by the Poincare half-plane model, which consists of the upper 
half of the x, y plane (y > 0) with a Riemannian metric expressed by the 
differential line element ds2 = y-2(dx2 + dy2) (from which the geometry 
follows). From that point of view, a main purpose of these chapters is to 
show how that complete representation comes about. 



Chapter 1 

Axioms for Plane Geometry 

The axioms systems of Euclid and Hilbert were intended to provide ev­
erything needed for plane geometry without any prior development. The 
axioms of Hilbert include information about the lines in the plane that im­
plies that each line can be identified with the structure commonly called the 
"real numbers" and denoted by llt Euclid's axioms also include information 
of that kind but the meaning of the "real numbers" may not have been the 
same in that era as it is now. In both cases, geometry was taken as more 
fundamental than the real number system. Instead we are going to use IR as 
an ingredient in laying the foundations of hyperbolic plane geometry. (See 
the Appendix to this chapter for a discussion of the real number system, its 
properties, its consistency and its uniqueness.) Our axiom system is equiv­
alent to that of Hilbert for the hyperbolic plane, and following the laying of 
the foundations in this chapter we proceed rigorously with the development 
of its properties, its consistency and its uniqueness, in later chapters. 

1.1 The Axioms, Definitions and Remarks 

The n-dimensional Euclidean space is denoted by lEn and the n-dimensional 
hyperbolic space by IHIn. In this chapter, we deal with the planes 1E2 and 
IHI2; the symbol lP' will stand for either of them. Definitions are made by 
simply putting the term to be defined in italics. Remarks follow from the 
axioms with very little proof (which we give or at least outline); they could 
in principle have been put into the next chapter as neutral theorems, but 
we prefer to put them here because of the light that they throw on the 
axioms and definitions. Comments in square brackets [ J are not a part of 
the formal development, but indicate things to be proved later or elsewhere. 

The plane lP' is a set of previously undefined things called points, usually 
denoted by A, B, C, ... , and certain subsets of lP' called lines (or straight 
lines), usually denoted by f, m, n, ... , subject to the axioms given below. 
All the axioms until the last (Axiom 7) apply to both the Euclidean and 
the hyperbolic planes; there are two forms of Axiom 7, one for each of the 
two kinds of geometry, Euclidean and hyperbolic. 
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If e is a line, that is, is one of the special subsets of JP> mentioned above, 
and A is a point in that subset, we say that A lies on e or e passes through 
A. These are just different ways of saying that A belongs to the subset e. 

Axiom 1: If A and B are distinct points (Le., the symbols A and B denote 
different points), then there is one and only one line that passes through 
them both. This line is denoted by AB. 

Axiom 2: There is a function IPQI defined for all pairs of points P, Q, such 
that IPQI = 0 if P and Q are the same point, and is a positive number 
otherwise; it is such that IPQI = IQPI and such that the triangle inequality 

IAGI ::; IABI + IBGI 

holds for all triples of points A, B, G. 

This axiom makes the plane into a so-called metric space; IPQI is called 
the distance between points P and Q. 

Remark 1: By transposing first one then the other of the terms from the 
right to the left and suitably permuting the symbols, we get the more 
complete form 

IIABI-IBGII ::; IAGI ::; IABI + IBGI, (1.1-1) 

where the long vertical lines on the left denote absolute value. 

Comment: It will be proved in the next chapter that the right-hand 
inequality in this formula is equality if and only if A, B, G are collinear and 
B is in the segment AG; the left-hand inequality is equality if and only if 
A, B, G are collinear and B is not in the segment AG. See Corollary 2 to 
Theorem 2.2 in Section 2.3 of the next chapter. 

Axiom 3: For each line e, there is a one-to-one mapping, x, from the set e 
to the set IR of real numbers, such that if A and B are any points on e, then 
IABI = Ix(A) - x(B)I· 

Remark 2: The mapping given by x(A) is not unique. If x(A) is one such 
mapping, then any mapping of the form 

y(A) = x(A) + const or 

y(A) = -x(A) + const 

(1.1-2) 

(1.1-3) 

is another one that has the same properties. In the language of topology, 
this definition makes each line into a continuum homeomorphic to the real 
number system R In the language of metric spaces, this definition makes 
each line isometric to R 
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Some Definitions: The mapping A -+ x(A) is a coordinatization of 
the line, and the number x(A) is the coordinate of the point A. If A and 
B are given points on f, the subset of f consisting of all points P such 
that x(A) :::; x(P) :::; x(B) or x(B) :::; x(P) :::; x(A) [depending on whether 
x(A) < x(B) or x(B) < x(A)] is a segment of f, denoted by AB, and the 
number IABI is its length; A and B are its endpoints. When a coordinati­
zation is given we say that f is a directed line (we can put an arrowhead on 
a line in a figure to indicate the direction of increasing coordinate x). A re­
coordinatization of type (1.1-2) leaves the direction unaltered, while (1.1-3) 
reverses it. If Z is a point on f, the set of points A such that x(A) > x(Z) 

-> 

is a ray k with Z as its origin or initial point. (Note that Z is not itself 
a point of the ray.) The set of points A such that x(A) < x(Z) is called 

<-

the opposite ray and is often denoted by k. [Just which ray is denoted by 

k and which by k is of course arbitrary, because the re-coordinatization 
(1.1-3) interchanges them.] A ray from a point Z will often be denoted by 

ZP, where P is a point on the ray, it being understood, of course, that the 
ray contains also the points "beyond" P. 

The next axiom is connected with the two-dimensional or planar nature 
of lP by asserting that each line separates it into two half-planes. 

Axiom 4: If f is any line, there are two corresponding subsets H P1 and 
H P2 , called half-planes, such that the sets f, H P1 , and H P2 are disjoint, 
and their union is all of lP, such that 
(a) if P and Q are in the same half-plane, the segment PQ contains no 

point of f , while 
(b) if P and Q are in opposite half-planes, the segment PQ contains a 
(single) point of f . (See Fig. lola.) 

We say that P and Q are on the same side of or on opposite sides of 
f or of a ray (meaning of the line that contains that ray). 

Rays hand k with a common origin Z constitute an angle, denoted 
---fo --+ --I' --+ --+ 

by L. h, k or L. k, h; Z is its vertex. If, furthermore, B is a point on hand C ..... 
a point on k, the angle is also denoted by L.BZC or L.CZB (or sometimes 
simply by L.Z, if only one angle has been mentioned in a given discussion 

..... -> 

with its vertex at Z). If hand k are neither the same ray nor opposite 

rays, the interior of the angle is the set of all points on the same side of h 
-> 

as C and on the same side of k as B; it is shown shaded in Fig. LIb. The 
interior of a triangle ABC consists of the points that are on the same side 
of AB as C, on the same side of BC as A, and on the same side of AC 
as B; hence it is the intersection of the interiors of the three angles of the 
triangle. 



12 Chapter 1. Axioms for Plane Geometry 

P 

(a) 

P--Q 

(b) 

Q z ~------~----~ 
C 

Fig. lola. Fig. LIb. 

Remark 3: If e amd m are lines that intersect at a point Z and x is a 
coordinate function on e, then points P, Q of e are in the same half-plane 
determined by m if and only if x(P) and x(Q) are on the same side of x(Z). 
Thus half-planes are compatible with rays. 

Remark 4: The above definition is independent of the choices of B on h 
-+ 

and C on k; the lines containing those rays are distinct (because the rays 
are neither the same nor opposite); hence, those lines have no intersection 

-+ 

except at Z. Hence, if B and B' are any two points of h different from Z, 

then they are on the same side of k, so if P is any point, P and B are on 
-+ 

the same side of k if and only if P and B' are on the same side. A similar 
-+ 

remark applies to points C and C' on k. 

Remark 5: If another ray --; with origin Z has a point P in the interior of 

L h, k, then all points of --; are in that interior, because points P and P' 
-+ -+ -+ 

on j are on the same side of k and also on the same side of h. We then 
-+ 

say simply that the ray j is in the interior of the angle. According to the 
crossbar theorem, Corollary I of Theorem 2.3, points like B and Care then 
on opposite sides of j (this may seem obvious, but needs proof). 

-+ -
If two lines intersect at Z, if hand h are the opposite rays starting at 

-+ +-

Z that make up the first line, and k and k are opposite rays that make up 
-+ -+ --. ~ 

the other line, then the angles L h, k and L h, k are called supplementary 
-+-+ +-~ 

angles, and the angles L h, k and L h, k are called vertical angles. The four 
angles at Z thus appear in pairs (four pairs) of supplementary angles and 
in pairs (two pairs) of vertical angles. See Fig. 1.Ic. 
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h 

h 

Fig.1.Ie. 

In analogy with Axiom 3, which says that the set of all points on a 
line forms a continuum, the next axiom says that the set of all angles with 
a given vertex and in a given half-plane also forms a continuum . 

..... ..... 
Axiom 5: (Measures of angles) For each angle L h, k there is a number 

ih, k rad in the interval [0,7rJ, called the (radian) measure of the angle, 
such that 

(a) if hand k are the same ray, the measure is 0; if they are opposite 
rays, the measure is 7r; 

(b) the sum of the measures of an angle and its supplement is 7r; 

(c) if j is in the interior of an angle Lh, k, then Lh, jrad + Lj, krad = 

Lh krad . , , ..... 
(d) if a ray k from a point Z lies in a line e , then in each half-plane 

-+ 

bounded bye, the set of all rays j from Z is in a one-to-one corre-
spondence with the set of all real numbers a in (0,7r) in such a way 

that a is equal to the measure L j, k rad of the angle L j, k; and ..... 
(e) under the conditions of part (d), if the ray j is determined as ZP, 

where P is a point on j, as in Fig.l.Id, then the angle a depends 
continuously on P; that is, if P' is a variable point and a' the corre­
sponding angle, then a - a' - 0 as IPP'I- O. 
[Note: Part (e) can be proved from the other parts and the other ax­

ioms; hence it might have been put into the next chapter as one of the 
neutral theorems, but we prefer to include it here as part of the axiom.) 

In much of the following, a less formal notation will be used in which 
an angle is denoted by a single letter (usually a small Greek letter); for 

instance, a might denote either the symbol L h, k or the number L h, k rad . 

Angles will sometimes be expressed in degrees rather than radians, and the .......... 
symbol L h, k 0 will be used. 

Comment: We assume the reader is familiar with radians, but it must 
be pointed out that the numerical value of 7r has no geometrical significance 
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k 

Fig.1.1d. 

in hyperbolic geometry until Chapter 6; in particular, it is not the ratio of 
the circumference of a circle to the diameter, except in the limit as the 
diameter tends to zero. 

Now, all segments have lengths and all angles have measures. Two 
segments with the same length are called congruent segments, and two 
angles with the same measure are called congruent angles. A right angle is 
one that is congruent to its supplement. 

Remark 6: Supplements of congruent angles are congruent (because they 
have the same measure, according to the axiom), and vertical angles are 
congruent (because they are both supplements of one of the angles in be­
tween). A right angle has radian measure 7r/2, according to part (b). 

We now come to the axiom that completes the determination of the ge­
ometry, except for the final axiom that distinguishes between the Euclidean 
and hyperbolic cases. A triangle is a set of three noncollinear points A, B, C 
and is denoted by ABC or by LlABC. The points A, B, C are its vertices, 
the segments AB, BC, and AC are its sides, and the angles at A, B, C are its 
angles. We shall often denote the angles at A, B,G by 0:, /3, ,,/, respectively, 
and the lengths of the sides opposite those angles by a, b, c, respectively. 

Axiom 6: (SAS or side-angle-side criterion for congruence). If two sides 
and the included angle of a first triangle are congruent respectively to two 
sides and the included angle of a second triangle, then the triangles are 
congruent. That is, the remaining sides are congruent and the remaining 
angles are congruent in pairs. 

Let us say this a little more precisely. A triangle ABC is congruent to 
another triangle (say DEF) if there is a one-to-one mapping u from the 
vertices of the first triangle to those of the second such that the angles at 
A and u(A) are the same, the length of side AB is the same as the length 
of the side u(A)u(B), and the length of AC is the same as the length of 
u(A)u(C). The axiom says that then the angles at B and u(B) are the same, 
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the angles at C and 0"( C) are the same, and the lengths of the segments BC 
and O"(B)a(C) are the same. (In the next chapter, there is an application of 
this axiom when the two triangles are the same triangle, and the mapping 
0" simply interchanges two of its vertices.) 

This axiom establishes the existence of a (real) function 1>(a, b, "{) such 
that the equation c = 1>( a, b, "{) gives the length c of the third side in terms 
of the lengths a, b of two sides and their included angle, for any triangle, 
regardless of its location and orientation in the plane. Since the axiom says 
nothing about the order of the sides (i.e., whether a, b, c goes clockwise 
or counterclockwise round the triangle), we see that 1>(a, b, "{) = 1>(b, a, "{) 
and that any triangle is congruent to its mirror image. The other familiar 
criteria for congruence (ASA, SAA, SSS) are discussed in the next chapter, 
where they are derived from the axioms of the present chapter. 

It follows from the foregoing axioms, via the so-called alternate interior 
angles theorem (see next chapter), that through any point there is always 
at least one line parallel to a given line, by which we mean one that does 
not intersect the given line. Whether there are more than one is the subject 
of the final axiom. 

Axiom 7a: (Euclidean parallel axiom). Given any line and any point not on 
it, there is only one line through the given point that never intersects the 
given line. 

Axiom 7b: (Hyperbolic parallel axiom). There exists a line and a point not 
on the line such that there are at least two lines through that point that 
do not intersect the given line. 

It will be seen in Chapter 3 that, in the hyperbolic plane, there are 
infinitely many lines through that point that do not intersect that line, and 
that the same is true also for any other given line and any other given point 
not on it. 

1.2 Comments on the Unit of Length 

The usual concept of distance or length, as it applies in the physical world, 
requires that we choose a unit of length. To say that the distance between 
two points is 3.5 is meaningless until we specify the unit. Lengths of 3.5 
centimeters, 3.5 inches, 3.5 miles, and 3.5 light-years are different. The 
choice of the unit is a matter of physics, not mathematics. We must have a 
meter stick of wood (or a precious metal) or (in the case of the light-year) 
a planet revolving about a sun (to determine the year). There is nothing 
in Euclidean geometry to single out one choice of the unit as being in any 
way more special than other choices. 
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In the hyperbolic plane, the situation is slightly different. In the first 
place, the choice of the unit is still arbitrary, in the sense that it is not 
specified in the axioms, but there are various ways of singling out one 
choice as being geometrically unique. The axioms assert the existence of 
a real function IPQI defined for pairs of points, and on each line a real 
function x(P) called a coordinate, which is related to the function IPQI 
in a specified way - but the axioms don't say that those functions are 
unique. In fact, it follows from the axioms that there are many possible 
choices of those functions. If IPQI and x(P) are one choice, and if a is any 
positive number, then the functions IPQI' = alPQI and x'(P) = ax(P) are 
another choice that also satisfies the axioms. With each choice there exists 
a segment AB such that IABI = 1, which may be called a unit segment, 
but that can be any segment, depending on the value of a. 

In the second place, formulas will be derived in Chapter 6 from the 
axioms for various functions, for example, the function ¢(a, b, 1) which gives 
the length of one side of a triangle when the other two sides and the included 
angle are known. All of those formulas contain a constant K, a positive 
number, whose value depends on the unit of length, and there is a unique 
choice of the unit such that K = 1. From Chapter 6 on, we shall often 
assume that choice of unit, to simplify the writing of the formulas. 

Some authors say, in connection with the problem of categoricalness, 
that two models of the hyperbolic plane are isomorphic if and only if they 
have the same value of K. That amounts to assuming that the unit of length 
has been specified in the model, and then the length 1/ K is regarded as 
determining a length scale so that some models have larger features than 
corresponding features of other models. For many applications of hyper­
bolic geometry, it is useful to consider different models with different length 
scales, but the length scale must be regarded as a property of the model, 
not of the abstract hyperbolic plane. At least when the axioms are the ones 
we have chosen, all models are isomorphic with respect to things uniquely 
determined by the axioms. 

According to the methods of differential geometry, discussed briefly 
in Chapter 5, 1/ K may be regarded as a "curvature constant" of a given 
model in the following sense. There exists a curved surface in Euclidean 
3-space, called a pseudosphere, such that the internal geometry of that sur­
face, as derived from the Euclidean geometry of the surrounding space (for 
example, by taking its geodesics to be its "lines") is identical with hyper­
bolic geometry (it is in fact isomorphic with a portion of the hyperbolic 
plane). The constant 1/ K is related to the so-called Gaussian curvature of 
that surface. If the surface is enlarged, without change of shape, the value 
of 1/ K increases. It is analogous to the radius of a sphere on which one 
can discuss spherical geometry. In that sense, a two-dimensional geometry 
is spherical if it has positive curvature, Euclidean if it has zero curvature, 
and hyperbolic if it has negative curvature. In these cases, the value of the 
curvature is the same at all points of the space, and there is a continuous 
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spectrum of constant-curvature models from spherical through Euclidean 
to hyperbolic, but that spectrum contains just three abstract geometries, 
and they have different axiom systems. 

1.3 Comments on Spherical Geometry 

Although hyperbolic geometry is our main concern, we wish to point out 
certain similarities and contrasts with the geometry on a sphere, which we 
assume to be known. The "lines" on the sphere are the great circles, and 
the distances are distances along great circle routes. However, when points 
A and B are given on a great circle, there generally is a short segment from 
A to B and a longer segment, which "goes the long way round"; hence we 
shall speak of the length of a segment rather than the "distance" between 
the points. Most of the axioms in Section 1.1 are valid much of the time, but 
can fail. Axiom 1 fails if the given points are antipodal points on the sphere, 
for then there are infinitely many great circles through them. The triangle 
inequality in Axiom 2 can fail if I AB I means the length of the segment AB, 
for if that segment covers more than half a great circle, then the segments 
BC and CA can be so short that IABI is greater than the sum of IBCI 
and ICAI. Axiom 3 fails because a line (great circle) is not homeomorphic 
to JR., but to a circle, which it in fact is. One can use a coordinates () 
going from 0 to 211' along a great circle (assuming that the sphere is of unit 
radius) such that the length of segment AB is either I(}(A) - (}(B)I or 211' 
minus that quantity. The separation Axiom 4 holds. Axiom 5 on measures 
of angles holds. Axiom 6, the SAS criterion, holds in all cases, although 
the "triangle" may look rather peculiar if the side lengths are equal to or 
greater than 11'. The parallel axioms are false, because there are no parallels 
(any two great circles intersect). 

An important variation of spherical geometry (often called elliptic ge­
ometry) is that in which antipodal points are identified; that is, in which 
a "point" of the geometry is a pair of antipodal points or, if you wish, is a 
diameter of the sphere. In this case, Axiom 1 is restored. Any two distinct 
"points" determine a unique line (great circle), but the separation Axiom 4 
fails. The two hemispheres bounded by a great circle are now one and the 
same thing, because their points have been identified. 

In either of these geometries, the sum of the angles of a triangle exceeds 
11' by an amount called the angular excess. The area of a triangle is equal to 
a2 times the angular excess, where a is the radius of the sphere and where 
angles are expressed in radians. 

In Chapter 5 a quantity called the Gaussian curvature is defined on 
a surface on which there is a geometry. It is positive for spherical geome­
try, zero for Euclidean, and negative for hyperbolic geometry. In general it 
varies from one point of a surface to another, but it is constant in the cases 
mentioned (hyperbolic, Euclidean, spherical, elliptic), which are the most 
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general two-dimensional geometries of constant curvature. There is thus a 
spectrum of such geometries, from hyperbolic through Euclidean to spher­
ical. However, as just noted, the axioms for the spherical case are rather 
different from those of the other two, so that hyperbolic geometry is closer 
to Euclidean than to other non-Euclidean geometries. 

The discussion of the axioms of three-dimensional hyperbolic geometry 
is postponed to Chapter 4. 

Appendix: The Real Number System 

Since we have made use of the real number system ~, its axioms are in a 
sense included in the overall axiom system of the hyperbolic plane. Here 
we discuss those axioms and some of their consequences, but we omit most 
of the proofs, which belong more properly in a course in real analysis. The 
system ~ is a complete ordered field. We give the axioms of a field, and we 
discuss the completeness axiom in some detail. The smallest subfield of ~ 
is isomorphic to the field of real rational numbers. We show that the axiom 
system is categorical, that is, that any two models of ~ are isomorphic, 
and we present the most important models: the decimal model, the model 
based on equivalence classes of Cauchy sequences of rational numbers, and 
the model based on Dedekind cuts. We then discuss briefly the apparent 
contradiction between the categoricalness and G6del's incompleteness the­
orem. We assume a knowledge of the integers and the rational numbers. 
For anyone interested in the set-theoretical foundation of the integers and 
rational numbers, we recommend the first four chapters of the book by 
Herbert B. Enderton, (Elements of Set Theory Academic Press, 1977). 

A.I Axioms of an Ordered Field 

The real number system ~ is a complete ordered field. In this section we 
state the axioms of an ordered field (not necessarily complete); complete­
ness is discussed in Section A.3 below. Informally speaking, a field is a set 
of quantities that satisfies all the usual commutative, associative, and dis­
tributive laws of arithmetic. An ordered field is a field in which there is an 
order relation a < b, which obeys all the standard arithmetic rules for such 
an ordering. 

Definition 1: An ordered field is a set IF of elements a, b, ... ,x subject to 
the following rules (axioms): 

(1) IF contains at least two distinct elements. (See "Note" below.) 
(2) Addition is defined in IF: if a and b are any elements of IF, then their 

sum, denoted by a + b, is also in IF. 
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(3) Multiplication is also defined in IF: if a and b are any elements of IF, 
then their product, denoted by ab, is also in IF. 

(4) Commutativity: a + b = b + a and ab = ba. 
(5) Associativity: (a + b) + c = a + (b + c); (ab)c = a(bc). 
(6) Distributivity: a(b + c) = ab + ac. 
(7) Additive identity: There is a unique element 0 such that a + 0 = a for 

all a in IF. 
(8) Multiplicative identity: There is a unique element E such that aE = a 

for all a in IF. 
(9) Additive inverse: For every a there is a unique element x such that 

a + x = 0; x is denoted by -a. For any a, b, a + (-b) is denoted by 
a-b. 

(10) Multiplicative inverse: For every a¥- 0, there is a unique x such that 
ax = E. x is denoted by a-I and ba- l is also denoted by bja; we say 
that b/a is the result of dividing b by a. 

(11) Law of cancellation: If ab = ac, where a ¥- 0, then b = c. 
(12) An order relation < is defined in IF. If a and b are any elements, then 

just one of the relations a < b, a = b, a > b (which means b < a) holds. 
(13) Sum and product of positive elements: If a > 0 and b > 0, then 

a + b > 0 and ab > O. (An element greater than 0 is called positive.) 
(14) Order preserved by addition: If a < b, then a + c < b + c for all c. 

Note: The set consisting of the single element 0 satisfies all the axioms 
(2) through (14) (some of them vacuously), provided that we define 0+0 = 
0, 00 = 0, and E = O. The purpose of axiom (1) is to avoid this trivial 
case. It will be seen that if IF contains at least two distinct elements and 
satisfies the axioms, then it contains infinitely many elements; it contains 
at least a subfield IF 0 isomorphic to the field Q of real rational numbers (see 
next section). 

We assume it is known that the rational number system Q satisfies all 
these axioms; we obviously must require that any model of the real number 
system satisfy them, too. Other laws, just as obvious, can be obtained from 
the ones given above. For example, because of commutativity (Axiom 3), 
the rules (6) and (7) can be written as 0 + a = a and Ea = a, and the 
distributive law (5) can be written as (b + c)a = ba + ca (see the Exercises 
below). 

Mathematical structures in which some, but not all, of these laws hold 
are discussed in courses on modern algebra; they include groups, semi­
groups, rings, more general fields (often without ordering), finite fields (nec­
essarily without ordering), integral domains, skew fields, modules, and vec­
tor spaces. See Survey of Modern Algebra by Birkhoff and Maclane (Macmil­
lan, 1953). 

These axioms do not suffice to determine IF completely; for example, 
some number fields contain the number J2 and some do not. However, if 
the further axiom of completeness is included, as in Section A.3 below, then 
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IF is determined completely, in the sense of isomorphism (see Section A.4). 
Under those circumstances, the set of axioms is called categorical. Peano's 
axioms for the natural number system N are categorical, if the induction 
axiom is stated in terms of arbitrary subsets of N, whereas the axioms of a 
group are not. In fact, there are so many different structures (groups) that 
satisfy all the group axioms that the full classification of finite groups was 
achieved only recently. 

Terminology: Axioms (1) - (11) determine a field; Axioms (1) - (14) 
determine an ordered field. (In books on modern algebra, the term "field" 
is used more generally; in the terminology of those books, the structures 
we are concerned with are called "fields of characteristic zero.") 

Exercises. Prove the following consequences of the axioms: 
n n 

1. a L bj = L abj . (Use induction on n.) 
j=l j=l 

2. 0 + a = a for all a. 
3. Ea = a for all a. 
4. (b + c)a = ba + ca. 
5. (-(-a»=a. 
6. If a > 0, then (-a) < 0 and if a < 0, then (-a) > O. Hint for the 

first: If a > 0, then either of the assumptions (-a) > 0 and (-a) = 0 
leads to a contradiction. 

7. a < b if and only if b - a > O. 
8. (Transitive law) If a < band b < c, then a < c. 
9. If a < band c > 0, then ac < bc. 

10. aO = 0 for all a. 
11. (-a)( -b) = abo Hint: Multiply the equation a + (-a) = 0 by band 

multiply the equation b + (-b) = 0 by (-a). 
12. E2 = E. 
13. E> O. 

A.2 The Rational Subfield 

Let IF be an ordered field. A subset of the set IF that satisfies all the axioms 
is a subfield. Let IFo be the intersection of all subfields of IF, that is, the 
set of all elements of IF, each of which is in every subfield. Clearly, IFo is a 
subfield (see Exercise 1 at the end of this section); it is in fact the smallest 
ordered field contained in IF. We wish to describe IFo. 

First, any subfield contains the elements 0 and E, because it is required 
to contain elements with their properties, and, according to the axioms, 
the elements 0 and E are unique in IF. Therefore, IFo contains them, and it 
contains all elements that can be obtained from 0 and E by finitely many 
additions, subtraotions, multiplications, and divisions (where, of course, 
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division by an element equal to ° is excluded). For example, IFo contains 
the element (E + E)/(E + E + E) (which we shall soon identify with the 
number 2/3). We shall now show that IFo is isomorphic to the field Q of 
rational numbers by defining an order-preserving isomorphism cjJ of Q onto 
IFo· 

We start by defining cjJ(O) = 0, cjJ(l) = E, and, for any positive integer 
n, we define cjJ(n) = E + E + ... + E, where there are n terms in the 
sum. We see that cjJ(n) =f. ° for any positive integer n, because a sum 
E + ... + E is always positive. Clearly, cjJ( n) + cjJ( m) is a sum E + ... + E of 
n + m terms; hence cjJ( n + m) = cjJ( n) + cjJ( m). If we multiply out a product 
cjJ(n)cjJ(m) = (E + ... + E)(E + ... + E), where the first factor contains n 
terms and the second m terms, and we use the equation E2 = E (Exercise 
12 in the preceding section), we see that cjJ(n)cjJ(m) = cjJ(nm). We define cjJ 
for negative integers by saying that if n > 0, cjJ( -n) = -E - E - ... - E, 
where there are n terms. This leads to the following result, of which the 
remainder of the proof is left to Exercise 2 below. 

Lemma: The mapping n ~ cjJ(n) is such that, for any integers n, m (positive, 
negative, or zero), we have 
(1) cjJ(n) = cjJ(m) if and only if n = m. 
(2) cjJ(n) + cjJ(m) = cjJ(n + m). 
(3) cjJ(n)cjJ(m) = cjJ(nm). 
(4) If n < m, then cjJ(n) < cjJ(m). 

So far, we have considered only the integers in Q. We denote by Z the 
set of all integers ... , -2, -1,0,1,2, ... , and we denote by cjJ(Z) the set of 
all elements of IF of the form cjJ(n) for n in Z. Note: Z and cjJ(Z) are not 
fields, because they do not have mUltiplicative inverses. They are in fact 
ordered rings, and cjJ is an isomorphism of the ring Z onto the ring cjJ(Z). 

To define cjJ(x) for an arbitrary rational number x, we write x in lowest 
terms as x = plq, where p and q are relatively prime integers and q > O. 
Since cjJ(q) =f. 0, we can divide by it, and we define cjJ(x) = cjJ(p)jcp(q). If 
this same x is expressed as a fraction min not in lowest terms, there is a 
nonzero integer r such that m = rp and n = rq. Then, 

cjJ(m) = cjJ(rp) = cjJ(r)cjJ(p) = cjJ(p) = cjJ(x). 
cjJ(n) cjJ(rq) cjJ(r)cjJ(q) cjJ(q) 

That is, cjJ(m/n) = cjJ(m)jcp(n) , whether min is in lowest terms or not. From 
that it is easy to establish that cjJ(x+y) = cjJ(x)+cjJ(y) and cjJ(xy) = cjJ(x)cjJ(y). 
That leads to the following theorem. 

Theorem: The mapping x ~ cjJ(x) is an order-preserving isomorphism of 
the field Q onto the field IF o. 

The remainder of the proof is left to Exercise 3. It must be proved that 
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4J(x) = 4J(y) if and only if x = y; that all elements of IFo are included; and 
that 4J(x) < 4J(y) if and only if x < y. Henceforth, we shall speak of the 
elements of IFo as "rational numbers." When we refer to a rational number 
x as an element of IF, we mean the corresponding element of IFo. In this 
sense, every ordered field contains Q as a subfield. 

Exercises 

1. Prove that the intersection IF 0 of all subfields of an ordered field is a 
set that satisfies all the axioms for ordered fields. 

2. Prove the Lemma. 
3. Prove the Theorem. 

A.3 The Completeness Axiom 

Two of the more common statements of the completeness of the real number 
system IR. are (1) any nonempty set in IR. that is bounded above has a least 
upper bound, and (2) every Cauchy sequence in IR. has a limit in IR.. As a 
further axiom to be applied to an ordered field, the two statements are not 
quite equivalent because of a further property of IR. called Archimedean. 

Definition 1: An ordered field is Archimedean if for any x in the field there 
is an integer n > x. 

Statement (1) above of completeness implies the Archimedean prop­
erty, while (2) does not. For an example of a non-Archimedean ordered 
field, see Chapter 9, Section 66 of B. L. van der Waerden, Modern Algebra 
(Frederick Ungar, 1949, published originally in German by Julius Springer, 
Berlin, 1931). If IF contains an element x that is greater than or equal to 
any positive integer, then 1/x is a positive number less than the reciprocal 
of any positive integer. Such "infinite" and "infinitesimal" elements play a 
role in Robinson's theory of "nonstandard analysis." To avoid infinities and 
infinitesimals we take the first statement above as the completeness axiom. 

Definition 2: An ordered field IF is complete if every nonempty set S in IF 
that has an upper bound has a least upper bound in IF. 

The final axiom of the real number system is then this: 

Axiom 15: The real number system IR. is a complete ordered field. 

It is easy to see that an ordered field that is complete in the sense of 
Definition 2 is Archimedean. The proof is indirect. If there were an element 
x ~ every integer, then the set S of all integers would be bounded, hence 
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would have a least upper bound B. Then, if n is any integer, n + 1 would be 
less than or equal to B - hence n would be less than or equal to B-1; B-1 
would also be a bound of S; and that would contradict the assumption that 
B is the least upper bound. 

For an Archimedean ordered field, the two statements of completeness 
in the first paragraph are equivalent, and there are various other equivalent 
statements. For example: 

(3) A nonempty set that is bounded below has a greatest lower bound. 
(4) Every bounded monotonic sequence has a limit. 
(5) Every continuous function defined on a bounded closed interval attains 

a maximum (hence also a minimum). 
(6) Every continuous function has the intermediate-value property. 

Exercises. In the following, IF is always a complete (hence Archimedean) 
ordered field, as defined above. 
1. Prove that if a is any positive element of IF, there are rational numbers 

x such that 0 < x < a. 
2. Prove that if a in IF is such that -g < a < g for every rational number 

g > 0, then a = O. 
3. Prove that if a < b in IF, then there is a rational x such that a < x < b. 
4. Prove that if B is the least upper bound of a set S in IF, then for any 

positive g in IF, there are elements x of S such that B - g < x $ B. 
5. Prove that a bounded nondecreasing sequence has a limit in IF, and so 

does a bounded nonincreasing sequence. 
6. Prove that a Cauchy sequence has a limit in IF. 

A.4 Categoricalness of the Axioms 

In the next section we describe several of the familiar models of the real 
number system JR, including the model based on (generally unending) dec­
imals, the model based on Cauchy sequences of rational numbers, and the 
model based on Dedekind cuts of the rational number system. It is fairly 
easy to establish that each of these models satisfies all the axioms of a 
complete ordered field. Here, we show that all such models are isomorphic, 
hence can be regarded as intrinsically indistinguishable.· Let IF and IF' be 
two complete ordered fields. We seek a one-to-one mapping 1/J of IF onto IF' 
that preserves both the arithmetic operations and the order; hence it is an 
isomorphism. 

Let lFo and lF~ be the rational subfields of IF and IF'; according to the 
preceding section, they are both isomorphic to the field Q of real rational 
numbers; hence they are isomorphic to each other. We denote that isomor­
phism by ¢, so that for any x in lFo, ¢(x) is the corresponding element of 
lF~. The problem is to extend ¢ to an isomorphism 1/J of all of IF onto all of 
IF'. 
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We use the technique of Dedekind cuts. For any x in IF (not necessarily 
rational) we define two subsets Lx and Ux oflFo, called "lower" and "upper" 
subsets, as follows: 

Lx = {a in IFo : a < x}, Ux={ainIFo:a~x}. (A.4-1) 

The pair Lx, Ux is a Dedekind cut of IFo, which means that they are disjoint 
subsets (no rational element is in both of them), their union is all of IFo, 
every a in Lx is less than every b in Ux, and finally Lx has no greatest 
member (if a is any rational element less than x, there is always another 
rational b such that a < b < x). The given x can be characterized as 

x = LU B(Lx) = GLB(Ux). (A.4-2) 

If x is rational, it is the least element of Ux . 

Under the mapping mentioned above of IFo onto IF~, Lx and Ux are 
mapped onto subsets of IF~ given by 

(A.4-3) 

Lemma 1: ¢(Lx) and ¢(ux) constitute a Dedekind cut of IF~. 

The proof is left to the reader as Exercise 1 below. The things that 
have to be proved are these: 
(1) ¢(Lx) and ¢(Ux) are disjoint. 
(2) The union of ¢(Lx) and ¢(Ux) is all of IF~. 
(3) Every a' in ¢(Lx) is less than every b' in ¢(Ux). 
(4) ¢(Lx) has no greatest member. 

We now define the mapping 'l/J from][i' to IF' by saying that for any x, 

'l/J(x) = LUB(¢(Lx)). (A.4-4) 

Lemma 2: The mapping 'l/J is an extension of ¢ and is a one-to-one mapping 
of IF onto IF' which preserves order. 

The proof is left to Exercise 2. One has to prove the following: 
(5) If x is rational, then 'l/J(x) = ¢(x). 
(6) If x < y, then 'l/J(x) < 'l/J(y). 
(7) For any x' in IF' there is an x in IF such that x' = 'l/J(x). 

Lemma 3: 'l/J preserves addition: 'l/J(x + y) = 'l/J(x) + 'l/J(y). 

Lemma 4: 'l/J preserves multiplication: 'l/J(xy) = 'l/J(x)'l/J(y). 

Main Theorem: Any two complete ordered fields are isomorphic. 
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Exercises 

1. Prove Lemma 1. 
2. Prove Lemma 2. Hint for {7}: Make use of the inverse mapping ¢-l. 
3. Prove Lemma 3. Hint: For any positive rational 6, there are rational 

elements all a2 such that al < x < a2 and a2 - al < 6. For elements 
of lFo, 'IjJ is the same as ¢ and preserves order. Derive inequalities 

-¢(6) < 'IjJ(x) + 'IjJ(y) - 'IjJ(x + y) < ¢(6), 

and show that ¢( 6) can be regarded as an arbitrary positive element 
of lF~, so that Exercise 2 of the preceding section can be used. 

4. Prove Lemma 4. Hint: Do it first when x and yare both positive. 
5. Let a be a positive element of IF. Let x = LU B{y in lFo : y2 < a}, and 

show that x2 = a. 

A.5 Some Models ofR 

The constructions of the models start with the field Q of rational numbers. 
We assume a complete knowledge of the properties of rational numbers, 
including terminating decimals. 

(A) The decimal model. In this model, each number is represented by a 
decimal (e.g., +31.672292· .. ) containing a + or - sign, followed by finitely 
many digits to the left of the decimal point and generally infinitely many to 
the right of it. If the sign is omitted, the + sign is understood. Terminating 
or "finite" decimals are included by simply filling them out to infinity with 
zeros, e.g., 31/5 = 6.2000···, although the zeros and dots are often omitted 
in writing. The digits to the left of the decimal point constitute an integer, 
called the integer part of the number. Any prefixed zeros, that is, zeros to 
the left of the integer part, can be ignored, so that for example, 008.174· .. 
means 8.174· ... If the integer part is zero, we indicate it by a single zero 
digit, so that we write 0.333· .. for 1/3. If all the other digits are also zero, 
there is no sign; in that case, we often write that number simply as "0" and 
omit the decimal part entirely. 

The terminating decimals are rational; a general rational number is 
a decimal that ultimately repeats, for example 3/14 = 0.2142857, which 
means that the digit combination 142857 is repeated infinitely often on the 
right. 

We recall the ambiguity concerning decimals that end in an infinite 
string of consecutive nines. For example, if we divide 1 by 3, we get 1/3 = 
0.333···, and if we divide 2 by 3, we get 2/3 = 0.666···. Adding the two 
gives 1 = 0.999···. Hence, we must assume that 1.000··· and 0.999··· are 
the same number. Similarly, we must assume that 

6.314999· .. = 6.315000· ... (A.5-1) 
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We assume that whenever a decimal ending in all nines results from an 
arithmetic operation, it is converted to the other form in the manner of the 
above equation. 

Definition: IRdec is the set of all decimals, as described above, subject to the 
following rules: 
Rule (1). No decimal ends in an infinite string of consecutive nines. 
Rule (2). Zeros prefixed to the integer part are omitted, except for a single 
zero when the integer part of the number is O. 
Rule (3). The zero of IRdec is 0.000· . " often abbreviated as "0"; it has no 
± sign. 

Further rules for the order and the arithmetic operations are described 
below. Note: The "kth decimal place" refers to the kth place after the 
decimal point, and the "kth digit" refers to the digit in the kth place. 

To define the order relation <, we first consider the case in which a 
and b are positive. If the integer part of a is less than that of b, we say that 
a < b. If the integer parts are the same, we compare the digits of a with 
those of b, starting at the decimal point and working to the right. Suppose 
that in this comparison we find disagreement for the first time in the kth 
decimal place. If the kth digit of a is less than that of b, we say that a < b. 
If a is negative and b positive, we write a < 0 < b. If a and b are both 
negative, we say that a < b if -b < -a. 

We next note one aspect of completeness. If {xn} is a bounded non­
decreasing sequence, it has a limit in lRdec. Suppose first that the xn's are 
positive; we write each of them in the form N.d1d2d3 .••• It is easy to see 
that, as n -t 00, the integer part N eventually settles down to a value N* 
and does not change after that. Then, for n large enough that N = N*, the 
digit d1 settles down to a value di and does not change after that; then, 
for members of the sequence such that d1 = di, d2 ultimately settles down 
to a value d2, and so on. We call x* the number N* .did;d;···, modified 
in the manner of (A.5-1) in case it ends in a string of nines. It is easy to 
prove that the sequence converges to x*. 

We now define addition and multiplication. First, suppose that a and 
b are positive. We denote by (a}n and (b)n their truncations to n places of 
decimals, that is, the result of replacing all digits after the nth by zeros. 
Then, we can form the sum (a}n + (b)n, because the truncations are ordi­
nary terminating decimals, and we can form also the product (a}n(b)n; the 
sequences (a)n + (b)n' n ::::: 1, and (a)n(b)n, n ::::: 1, are bounded nondecreas­
ing sequences, and we define a + band ab to be their limits. It is clear what 
to do if either or both of a and b is negative or zero. 

To show that the resulting structure ~ec satisfies all the axioms of a 
complete ordered field is now a matter mainly of juggling inequalities; it 
may be a bit tedious, but it is straightforward. 
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(B) The Cauchy sequence model. We wish the model to be such that, in 
particular, every Cauchy sequence of rational numbers has a limit in JR. In 
the special case that the limits are also rational, we know that two Cauchy 
sequences {xn} and {Yn} of rational numbers have the same limit if and 
only if they are equivalent sequences, that is, if and only if the sequence 
{xn - Yn} converges to zero. We therefore define each element of this model 
of JR to be an equivalence class of Cauchy sequence of rational numbers. 
For the proof that this model satisfies all the axioms of an ordered field, 
see any good book on advanced calculus or real analysis. Let us just point 
out, however, what has to be proved by way of completeness. Let {Zn} be 
a Cauchy sequence of elements (not necessarily rational) of lR. Then, each 
Zn is an equivalence class of Cauchy sequences of rationals, and we have to 
prove that there is a limit L (another equivalence class of Cauchy sequences 
of rationals) to which {zn} converges. 

(C) The Dedekind cut model. Dedekind cuts were defined in the preced­
ing section. A Dedekind cut of the rational number system Q is a disjoint 
pair Land U of nonempty subsets of Q such that each element of L is less 
than each element of U, such that the union of Land U is all of Q, and so 
that L has no greatest member. [The last means merely that if there is a 
rational number that is the least upper bound of L and also the greatest 
lower bound of U, then that rational number is put into U rather than 
L. That is purely arbitrary; it could have been done the other way.] Each 
Dedekind cut (L, U) of Q is defined to be an element of this model of JR, 
and the set of all of them is made into a field IF by suitably defining the 
sum and the product of any two elements - see Exercise 2 below. The 
rational subfield lFo consists of those cuts (L, U) such that U has a least 
element, which is necessarily rational, because all the numbers in Land U 
are rational. The order is defined by saying that (L, U) < (L', U') if L is a 
proper subset of L'. For completeness, see Exercise 3. 

In each of these models, we have added to Q further elements so as 
to make the smallest complete ordered field of which Q is a subfield. That 
process is called completing the field Q. Since the results are isomorphic, it 
is a matter of taste which method of completing Q is to be preferred. The 
completion by decimals may be slightly preferred for advanced calculus, 
because it is closer to familiar things (decimals), but the method of com­
pletion by Cauchy sequences has many other applications in mathematics, 
for example, to Banach and Hilbert spaces in functional analysis. 

Exercises 
1. Let {xn} be a Cauchy sequence of elements of JRdec. Show how to 

construct the limit L, decimal by decimal. Note: Two cases can arise; 
for some such sequences, the kth digit of Xn settles down to a fixed 
value, as n goes to infinity, for every k. In other cases, there may be at 
least one decimal place where the digit never settles down, but takes 
on each of two successive values for infinitely many values of n. 
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2. In the Dedekind cut model, show how to define the sum and product 
of two cuts so that the laws of arithmetic are satisfied. 

3. Show that the Dedekind model is complete. Hint: When any collection 
of Dedekind cuts is given, consider the union of the lower parts Land 
the intersection of the upper parts U. 

A.6 Categoricalness and the Godel 
Incompleteness Theorem 

The practical importance of categoricalness is that it permits one to use 
any model for proving things about the real number system R An example 
is provided by J2. According to Exercise 2 in Section A.4, it follows from 
the axioms that in any complete ordered field there is a number x whose 
square is 2. However, it is not necessary to go back to the axioms to prove 
that, provided one accepts the decimal model ~ec' There is a method, 
sometimes taught to young students, for extracting square roots by decimals 
to any number of decimal places. It then follows from the discussion in the 
preceding section that in IRdec there is a number x whose square is 2, and 
then it follows from categoricalness that the same is true in any other model. 

In a sense, then, a categorical set of axioms determines a mathematical 
structure completely. That might seem to contradict the work of G6del and 
Cohen. G6del proved that if an axiom system is sufficiently rich (in fact, it 
only has to be rich enough to imply the existence of the positive integers), 
then there are statements (called "undecidable") about the system that 
cannot be proved or disproved by use of the axioms. (One may then be able 
to prove or disprove a particular statement by introducing further axioms, 
but, no matter how many axioms are introduced, there will always be some 
such undecidable statements - that is G6del's incompleteness theorem.) 
Since a property of a structure can be described by making a statement, it 
would then seem that no set of axioms can determine a structure completely, 
that is, can determine all its properties. 

To resolve this paradox, we must be more precise as to what constitutes 
a statement about a structure. The statement can refer to the concepts 
contained in or implied by the axioms ("number," "less than," or "interval" 
in arithmetic, or "point," "line," or "triangle" in geometry), but it must say 
things about those concepts only according to a set of rules of discourse. 
Then, any property of the system specified by a proper statement, in this 
sense, is determined by the axioms, if they are categorical. 

Unfortunately, we cannot specify the rules of discourse completely 
(that would take us too far into logic and set theory). We merely describe 
an example. GOdel proved that the continuum hypothesis, introduced by 
Cantor late in the 19th century, cannot be disproved by the usual axioms of 
set theory. Later, Paul Cohen showed that it cannot be proved either. The 
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hypothesis says that there are no sets of numbers with cardinality between 
that of the integers (which is the same as that of the rational numbers) and 
that of the continuum, which is that of 1R. The statement of the hypothesis 
is this: 

"For every subset S of JR, either there is a one-to-one correspondence 
between S and a set of integers, or there is a one-to-one correspondence 
between S and JR." 

This statement is excluded (Le., is not a proper statement about JR), 
because one of the rules says that the quantifiers ("for every" or "there 
exists") can refer to specifiable objects, but not to arbitrary subsets of a 
given set. 

Therefore, categoricalness must be interpreted as saying that, within 
the universe of concepts and relations that can result by the rules of dis­
course from our axioms, our set of axioms determines JR completely. That 
is, all properties of JR that can be described within that universe are deter­
mined uniquely by the axioms. 



Chapter 2 

Some Neutral Theorems of Plane Geometry 

We disouss some of those theorems of Euclidean plane geometry that are 
independent of the parallel axiom. They will be needed in the development 
of hyperbolic geometry. We assume they are more or less known, so that 
our treatment is not as complete as a full treatment of Euclidean geom­
etry would be. Some of the theorems are weaker than the corresponding 
Euclidean ones, because the more complete form would require the parallel 
axiom. Some of them go a little beyond Euclid in that they use the notion 
of continuity as it appears in calculus. Results in the last two sections go 
beyond Euclid in that the ideas in them are more recent, as in the Jordan 
Curve Theorem or the study of isometries. 

2.1 Neutral Theorems 

A neutral theorem is one whose proof does not involve the parallel axiom, 
either directly or indirectly; such a theorem is valid in both Euclidean and 
hyperbolic geometry. Most such theorems are found in classical Euclidean 
geometry, but there are exceptions, namely, (a) theorems that ought to have 
been stated and proved in Euclid's Elements, but were assumed without 
proof; (b) theorems that, although valid in Euclidean geometry, are not 
generally mentioned there because they are of interest only in the hyperbolic 
case; and (c) theorems that involve concepts from analysis. An example of 
the first kind is the crossbar theorem, discussed below as the first corollary 
of Theorem 2.3. An example of the second kind is Theorem 2.12 below, 
which says that the sum of the angles of a triangle is less than or equal 
to 180°; in the Euclidean case the sum is actually equal to 180°, and the 
proof is easier than the one given below but requires the Euclidean parallel 
axiom. Examples of the third kind are theorems (like Theorems 2.2 and 2.3 
below) that say that certain functions are continuous, or satisfy a Lipschitz 
condition, or are differentiable. 

We give here some neutral theorems needed in subsequent chapters. 
The proofs are somewhat sketchy, with some details left to be filled in by 
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the reader, so that this chapter is just a review, which differs from other 
reviews only in that no parallel axiom is used. 

2.2 Alternate Interior Angles Theorem 

Theorem 2.1: If a line m cuts across distinct lines £ and £' in such a way 
that the alternate interior angles are equal, as indicated in Fig. 2.2a, then 
the lines £ and f' do not meet. 

£' ------------~~~----

£----?'~----------

m 

Fig.2.2a. 

The converse of this theorem is false in hyperbolic geometry; the lines 
may fail to meet even if the alternate interior angles are not equal. An 
example will be seen in the next chapter, in connection with the so-called 
angle of parallelism in which one of those angles is a right angle and the 
other is acute, and still the lines don't meet. The proof of Theorem 2.1 
proceeds directly from the axioms, but is indirect. One assumes that the 
lines do meet in a point P, and from that one shows that the two lines 
would coincide, which contradicts the hypothesis that they are distinct. 

Remark: It follows from the equality of vertical angles that the result is also 
true under the equality of alternate exterior angles, as in the left diagram in 
Fig. 2.2b, or of angles on the same side, one interior and the other exterior, 
as in the right diagram. 

Proof of Theorem 2.1 (Indirect): Assume, on the contrary, that the lines 
f and f' meet at a point P, as shown in Fig.2.2c, even though the angles 
labeled Q; are equal. Extend the line AP backward to a point Q such that 
IAQI = IBPI, and connect points Q and B. Then, by the SAS axiom, 
the triangles shown are congruent, because AQ is congruent to BP, AB 
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Fig.2.2h. 

is congruent to itself, and the included angles a are equal. It would then 
follow that the angles labeled f3 are also equal. By considering the situation 
at point A, it is seen that a + f3 = 1800 , and then, by considering point B, 
it is seen that QB would be an extension of BP; that is, Q would lie on 
line f, so that f and f' would have two points (P and Q) in common, and 
that would contradict the hypothesis that they are distinct lines. 0 

P 

Fig.2.2c. 

2.3 Existence of Perpendiculars; Properties of Certain 
Functions 

Theorem 2.2: Given a line f, a coordinate x on f, and a point Z not on 
f, then (1) the distance IZPI for points P on f is a continuous function of 
x = x(P); that function has a single minimum at a point B and increases 
to 00 as x ---+ ±oo; (2) the segment ZB is perpendicular to the line f and 
is unique (there is only one point B such that ZB 1. f). See Fig.2.3a. 

One says informally that one can always "drop a perpendicular" from 
Z to the line f. If Z lies on f, the existence of a unique perpendicular to f 
at Z follows from Axiom 5. 
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Z 

1\ 
B P 

x--.... 

Fig.2.3a. 

In the proof of Theorem 2.2, we need a lemma. It will be proved at 
this point, but the result will be incorporated in Theorem 2.5 below. 

Lemma 2.1 (Isosceles Triangles): If two sides of a triangle are equal, the 
opposite angles are equal. 

G,G' 

A,B' B,A' 

Fig.2.3b. 

Proof: Suppose that, in the triangle Ll = ABG, lAC! = IBGI. Denote by 
Ll' = A' B'G' the same triangle, but with the vertices labeled differently, as 
shown in Fig.2.3b. Then IAGI = IA'G'I, IBGI = IB'G'I, and L.G = L.G', 
hence the triangles Ll and Ll' are congruent, hence the angles L.A and L.A' 
are congruent, hence L.A and L.B are congruent, as required. D 

Proof of Theorem 2.2: If Q is another point on f and Llx = I PQ I, then, by 
the triangle inequality, we have 

IZPI- Llx:::; IZQI :::; IZPI + Llx. 

Therefore, IZQI --+ IZPI as Llx --+ 0; hence IZPI is a continuous function 
of x = x(P). We now show that IZPI --+ 00, as x --+ ±oo. If A is any fixed 
point of f, and if P is a point such that IPAI = GIZAI where G > 1, then, 
by the triangle inequality again, we have 
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Z 

l----------~~~-
x__ P Q 

Fig.2.3e. 

IZPI :::: IPAI-IZAI = (C -l)IZAI, 

which -+ 00 as C -+ 00. Also, IZPI is nonnegative; hence, as a function of 
x, it is continuous and bounded below and becomes infinite as x -+ ±oo in 
either direction. It follows that IZPI takes on a minimum value 80 for some 
x = Xo, and it follows that if 8 is any value greater than 80, IZ PI takes 
on the value 8 at least once on either side of Xo. That is, there are points 
PI and P2 on e such that the triangle Z PI P2 is isosceles, so the angles 
a shown in Fig.2.3d are equal. Then, if B is the midpoint of PI P2 , the 
triangles ZP1B and ZP2B are congruent. Since they are back-to-back, they 
are right triangles, hence ZB is perpendicular to l. To prove uniqueness of 
the point B, we note that if there were two points B and B' such that Z B 
and ZB' were both perpendicular to l, then, by Theorem 2.1 on alternate 
interior angles, the lines Z Band Z B' would not meet - but they do in fact 
meet at the point Z. We see also that the function IZPI increases strictly 
with respect to x for all x greater than Xo and decreases for all x < xo, 
for otherwise there would be another pair of points the same distance from 
Z, and on the same side of the point whose coordinate is xo, hence there 
would be another point, say B", such that ZB" is perpendicular to l. We 
have seen that there can be no such point distinct from B. 0 

Z 

ill 
B 

Fig.2.3d. 

Corollary 1: The hypotenuse of a right triangle is longer than either of the 
other two sides. 
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Proof: Let ABC be a triangle with right angle at B. Denote by f the line 
containing BC and relabel the points A, C as Z, P. Then, Theorem 2.2 
holds (see Figure 2.3a), hence AB is less than AC. By interchange of A and 
C, CB is less than AB. 0 

Corollary 2: For any points A, B, C, lAC! = IABI + IBCI if and only if the 
three points are on a line and B lies between A and C. 

Sketch of the Proof: The equation is clearly true if B is in the segment AC 
and clearly false if B is on the line of A and C but outside the segment AC. 
If B is not on the line, drop a perpendicular from B to the line, and let D 
be the foot of the perpendicular. Then AB and BC are the hypotenuses of 
right triangles, hence are longer than AD and DC. 

Definition: The minimum of IAPI, as P varies on the line m, is called the 
distance of the point A from the line m and is often denoted by dCA, m). 

Corollary 3: The distance dCA, m) is a continuous function of the point A. 
That is, for any c > 0 there is a 8> 0 such that if the distance IAA'I is less 
than 8, then Id(A', m) - dCA, m)1 is less than c. In fact, we can take 8 = c. 

Proof: Let lA' AI < c. By the triangle inequality, for any P on m, we have 
lA' PI ~ IAPI + lA' AI < IAPI + c. Similarly, IAPI <;:: lA' PI + c. Let B 
be the foot of the perpendicular dropped from A, and B' the foot of the 
perpendicular dropped from A'. Then, since lA' B'I is the minimum of lA' PI, 
lA' B'I is less than or equal to lA' PI for any P, hence is less than or equal 
to lA' BI in particular. Therefore, lA' B'I < IABI + c, and similarly IABI < 
lA' B'I + c, but lA' B'I is d(A', m) and IABI is dCA, m), and the continuity 
follows. 0 

The next theorem deals with the dependence on x of an angle. 

Theorem 2.3: Given a line f with coordinate x and a point Z not on f and 
points A and B on f such that x(A) < x(B); then, for points P between 
A and B, the angle a = L..AZ P is a continuous increasing function of 
x = x(P), for x(A) < x < x(B). See Fig. 2.3e. 

Proof: That the function a = a(x) is continuous follows from part (e) of 
Axiom 5. To show that it is increasing, let P' be a point to the right of P -but between P and B. Then, by the definition of interior, the ray ZP is 
in the interior of the angle L..AZ P', and it follows that the measure of the 
angle L..AZ P' is greater than that of L..AZ P, according to part (c) of that 
axiom. 0 
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Z 

i ----"----'--L~ 
A P x- B 

Fig.2.3e. 

--> 

Corollary 1 (Crossbar Theorem): Given a triangle ABC and a ray AD in 
the interior of the angle LCAB, then the ray intersects the side BC. See 
Fig.2.3f. 

C 

A~ 
B 

Fig.2.3f. 

Remark: It was discovered in the nineteenth century that Euclid had as­
sumed this result without proof. That there is something that needs proof 
is indicated by the fact that in the hyperbolic plane it is possible to find 

~~-+ -+ 

three rays h, j , k and a line i such that the ray j and the entire line i are --in the interior of the angle L h, k, but the ray j never intersects the line i, 
as indicated roughly in Fig. 2.3g. After we discuss the angle of parallelism 
in Section 3.1, it will be easy to see that such configurations exist. In the 
Crossbar Theorem it is not sufficient to have a line in the interior of that 
angle; one must have a "crossbar," namely, a segment BC with one end on 
each of the rays that bound the angle. 

--> --> 

Proof: Let () be the angle LAD, AB in Figs. 2.3f and 2.3h. According to part 
(c) of Axiom 5, () is between 0 and LBAC. Let x be a coordinate on BC 
increasing from B to C as in Fig. 2.3h. For any P on BC with coordinate x, 
let a = a(x) be the angle LBAP. Since a(x) is continuous and increasing, 
there is a value x = Xo such that a(xo) = O. Call Po the point on BC with 

--+ --+ 

coordinate Xo. Then the rays AD and APo make the same angle () with AB, 
hence they are the same ray according to the one-to-one relation between 
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.... 

Fig.2.3g. 

-rays and angles given by part (d) of Axiom 5. That is, the ray AD and the 
segment BC intersect in the point Po, as required. 0 

C 

B 

Fig.2.3h. 

Corollary 2 (Pasch's Theorem): If a ray enters a triangle through one side 
but does not pass through the opposite vertex, then it intersects one (only 
one) of the other sides. 

C 

A '-----~~----~B 

Fig.2.3i . 

.... 
Proof: Suppose k intersects side AB at point P, as shown in Fig.2.3i. 

.... -
According to part (d) of Axiom 5, the angle L k , P B is either less than or 
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greater than LCPB. In the first case, by the crossbar theorem, it intersects 
side BC of the triangle PCB; in the second case, it intersects side AC of 
the triangle PC A. 0 

2.4 The Exterior Angle Theorem and Its Consequences 

Theorem 2.4: An exterior angle of a triangle is greater than each of the 
opposite interior angles. That is, in Fig.2.4a, the angle TJ is greater than 
each of the angles 0:: and {3. Equivalently, the sum of any two angles of a 
triangle is less than 180°. 

Fig.2.4a. 

Note: In Section 2.7 below, we shall see that the sum of the three angles 
of a triangle cannot exceed 180°. In the proof of that result, we shall need 
as a preliminary fact that the sum of any two of its angles cannot exceed 
180°. 

Proof: We prove first that TJ is greater than {3. If TJ were equal to {3, then the 
lines i and i' would not meet, and we should not have a triangle. Assume, 

-> 

then, that {3 is greater than TJ. Construct a ray k from the point B in -the interior of the angle at B at an angle TJ with respect to BC, as in 
-> 

Fig. 2.4b. By the crossbar theorem, k would intersect the side AC of the 
triangle ABC, and that would again contradict the alternate interior angles 
theorem. 0 

Theorem 2.5: If a, b are the lengths of two sides of a triangle and 0::, {3 are 
the angles opposite those sides, then a = b if and only if 0:: = {3, and a < b 
if and only if 0:: < {3. 
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B 

",,' k 
" " I 

I 

A-'------------~~ 
C 

Fig.2.4h. 

b 

A~ 
B 

Fig.2.4c. 

Proof: Let ABC be the triangle, with a = IBCI and b = IACI. The angles 
opposite these sides are a = LCAB and {3 = LABC. Now assume first that 
a < b, as shown in Fig. 2.4c. Choose point P on AC so that IPCj = IBCI = 
a. Then the triangle PCB is isosceles, so that the angles labeled ware 
equal, by Lemma 2.1. Then LABC > w by Axiom 5, and w > LCAB by 
the exterior-angle theorem (Theorem 2.4) as applied to the triangle APB. 
Therefore a < {3, as required. Next, by interchanging a and b, we see that if 
a > b, then a > {3. Hence, a cannot be equal to {3 unless a = b. According to 
Lemma 2.1, if a = b, then a is equal to {3, and this completes the proof. 0 

a~ 
b 

6 
b 

Fig.2.4d. 

Theorem 2.6: If two sides of a first triangle are congruent respectively to 
two sides of a second triangle, while the included angles are unequal, then 
the greater third side is opposite the greater angle, as in Fig.2.4d. 
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Proof: Construct a copy of the second triangle (the one with the smaller 
included angle) on the base CA of the first, as in Figs. 2.4e and 2.4f. In 
either figure, ABC is the triangle with the smaller included angle at C, and 
AB'C is the one with the larger included angle; also, ICBI = ICB'I = a, 
while ICAI = b. Depending on the relative sizes of the two angles at A (not 
known in advance), there are three possibilities: 

(1) B lies on the line of AB'. 
(2) B is in the interior of the angle LCAB', as in Fig. 2.4e. 
(3) B' is in the interior of the angle LCAB, as in Fig. 2.4f. 

Fig.2.4e. 

B' 

a 

Ct..---------::lIoA 
b 

Fig.2.4f. 

In any case, B is in the interior of the angle LB'CA. In case (1), since A 
and B are on the same side of C B', AB is a subsegment of AB', hence is 

--+ 

shorter, as required. In case (2), the ray AB intersects CB' in a point P, 
and B lies between A and P, as shown in Fig. 2.4e. Therefore, by combining 
other facts with two uses of the exterior angle theorem (Theorem 2.4), we 
have 

LB'BA> LPB'B = LCBB' > LPBB' > LBB'A. 

The first step in this formula is the result of applying the exterior angle 
theorem to the small triangle P B' B; the next step follows from the fact that 
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the triangle GBB' is isosceles; the next step comes from Axiom 5, and the 
last step follows from applying the exterior angle theorem to the triangle 
B' BA. Then by the preceding theorem (Theorem 2.5), IB' AI > IBAI, as 

required. In case (3), the ray AB' intersects BG in a point Q; since B is 
in the interior of L.B'GA, Q is also, hence Q is between A and B', as in 
Fig. 2.4f. Then, we have 

L.B' BA > L.B' BG = L.BB'G > L.BB' A. 

Here, the first and third steps come from Axiom 5 and the second step 
from the fact that the triangle GBB' is isosceles. Then, by the preceding 
theorem, IB' AI > IBAI, as required. 0 

2.5 Congruence Criteria for Triangles 

The SAS criterion was Axiom 6. We now discuss the other familiar criteria, 
SSS, ASA, and SAA. In the hyperbolic plane, there is a fifth criterion, AAA, 
equality of the angles of a first triangle with the corresponding angles of 
a second one. In the Euclidean case, that condition gives only similarity 
of the triangles, that is, equality of the ratios of the side lengths. In the 
hyperbolic plane, it gives also equality of the lengths themselves, but the 
proof of that will have to wait until later. 

Theorem 2.7 (SSS Criterion): If the three sides of a first triangle are con­
gruent respectively to the three sides of a second, then the triangles are 
congruent. 

Proof: We note first that, according to Theorem 2.6, the function ¢( a, b, /) 
is an increasing function of /, for fixed a, b. If two triangles had the same 
values of a, b, c, but different values of /, then ¢( a, b, /1) would be equal to 
¢(a, b, /2), for /1 =f. /2, and that would contradict the increasing nature of 
the function. We conclude that the triangles have the same value of / and 
hence that they are congruent by the SAS criterion. 0 

We sometimes write the inverse of the equation c = ¢( a, b, /) as / = 
'IjJ(a, b, c), so that 'IjJ(a, b, c) is the angle opposite to the side c, and 'IjJ(a, b, c) = 
'IjJ(b, a, c). 

Theorem 2.8 (ASA Criterion): If two angles and the included side of a first 
triangle are congruent respectively to two angles and the included side of a 
second triangle, then the triangles are congruent. 
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B' 
B 

il 1\ 
A b G A' b G' 

Fig.2.5a. 

Proof: Let the two triangles be ABG and A' B' G', as shown in Fig. 2.5a, 
where the angles labeled a are congruent, the angles labeled 'Yare con­
gruent, and the sides labeled b are congruent. On the side A' B' layoff a 
distance A' X equal to AB. (It will turn out that the point X coincides with 
B', but we don't assume that in advance.) By the SAS axiom, the triangles 
ABG and A' X G' are congruent, hence the angles LA' 0' X and LA' 0' B' 
are both equal to 'Y, hence the line G' X coincides with the line 0' B', hence 
the given triangles are congruent. 0 

Theorem 2.9 (SAA Criterion): If a side and two angles, one of them op­
posite that side, of a first triangle are congruent respectively to a side and 
two angles, one of them opposite that side, of a second triangle, then the 
triangles are congruent. 

A o A' X G' 

Fig.2.5b. 

Proof: Let the two triangles be ABO and A' B' 0', as shown in Fig.2.5b, 
where the sides labelled c are congruent, the angles labelled a are congruent, 
and the angles labelled 'Y at the vertices 0 and G' are congruent. On the 
side A'G' layoff a segment A' X equal in length to AG. Then, by the SAS 
criterion, the triangles ABG and A' B' X are congruent, hence the two angles 
labeled 'Y in the second drawing are equal. By the alternate interior angle 
theorem (See Remark after Theorem 2.1), if X did not coincide with 0', 
then the lines B' X and B'G' would not meet, and that would contradict 
the fact that they do meet at B'. 0 
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Note that there is no angle-side-side criterion. As indicated in Fig. 2.5c, 
for a given angle LA and given lengths IABI, IBGI, there may be two pos­
sible locations G1 and G2 for the third vertex. However, see the corollary 
to Theorem 2.11 below for a special case. 

Fig.2.5e. 

We now consider the continuity of the triangle functions. First, a 
lemma: 

Lemma 2.2 (Thin Isosceles Triangles): ¢(r, r,,) - 0 as , - 0 for fixed r; 
in fact, there is a quantity h( r) such that ¢( r, r, ,) < h( r)r. 

For a proof, see Exercises 1 and 2, below. Now recall that the function 
¢(a, b, ,), introduced in connection with Axiom 6, gives the third side c of 
a triangle in terms of the first two sides a, b and included angle ,. Consider 
two values of" called'l and ,2; in Fig. 2.5d, ,I = LQAB and'2 = LPAB. 

P 

AL.------~B 
b 

Fig.2.5d. 

By the triangle inequality, we have 

1¢(a,b,,2) - ¢(a,b"dl = IIPBI-IQBIi ~ IPQI < h(a)('2 - ,I), 
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where h( a) is defined in Exercise 1. We see that ¢( a, b, 'Y) is Lipschitz con­
tinuous in 'Y for fixed a and b. If two triangles have the same value of 'Y 
and the same value of a or b, with the other varying, we have, again by the 
triangle inequality, that 

1¢(a2,b,'Y) - ¢(al,b,'Y)1 ~ la2 - all, 

1¢(a,b2,'Y) - ¢(a,bb'Y)1 ~ Ib2 - bll· 

We see that ¢( a, b, 'Y) is Lipschitz continuous in each of its variables. For the 
domain of this function, we have assumed that a, b, 'Yare in open intervals 
(0,00), (0,11"). The investigation of limiting cases is left to the reader, as 
is the investigation of the other criterion functions. The conclusion is the 
following: 

Theorem 2.10: In triangle congruences, the remaining sides and angles de­
pend continuously on the given sides and angles. 

Exercises 

B 

B' 

AC------..L.JG 
r 

Fig.2.5e. 

1. First consider thin right triangles by starting with triangle ABG as 
in Fig.2.5e, with lAG! = IBGI = r, LG = 90°, and LA = LB = aj 

a depends only on r. Bisect the angle LA, letting B' be the point 
between Band G where the bisector meets the opposite side. Then, by 
a suitable construction, by use of one of the congruence criteria, and 
by Theorem 2.2, show that IB'GI is less than half of IBG! = r. Then 
bisect the angle at A of the triangle AB'G, and so on, thus producing 
right triangles with angle at A equal to 2-n a, n = 1,2,... . Denote 
the length of the side opposite to A by r(r, 2-n a), so that 
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For any angle "I less than a choose n so that 2-n - 1a < "I ::; 2-n a, 
and show that r(r,"I) < 2rja 2-n - 1a < 2rja "I = h(r)"{, where h(r) 
stands for 2r j a. 

2. By a further construction and further use of Theorem 2.2, show that the 
third side of an isosceles triangle with two sides of length r and included 
angle "I is less than r(r, "I), and conclude that ¢(r, r, "I) < h(r)"{, as 
claimed in Lemma 2.2. Hint: Use one of the congruence criteria to 
show that the bisector of the angle "I is perpendicular to the opposite 
side. 

3. Show the Lipschitz continuity of the right triangle functions defined in 
terms of Fig. 2.5f as 

a(c,a)=a, ~(c, a) = b. 

a 

b 

Fig.2.5f. 

4. Show that the functions a and ~ are meaningful for the .limiting values 
a = 0° and a = 90°, and give their limiting values for those angles. 

2.6 Intersections of Lines and Circles 

The distance from a point to a line (if not zero) is defined as the length 
of the perpendicular ZB of Theorem 2.2. If the point is on the line, the 
distance is of course taken as zero. The circle of mdius r (> 0) centered at 
P is defined (as expected) to be the set of points Q such that IPQI = r. A 
point Q is inside the circle if IPQI < r and outside the circle if IPQI > r. 
A line is tangent to a circle if it has exactly one point in common with the 
circle, that is, if it has at least one point in common with the circle and is 
perpendicular to the line through that common point and the center of the 
circle. There is a tangent at every point of a circle. Two distinct circles are 
tangent if they intersect at a single point. Then, according to Exercise 2 
below, they have a common tangent line at that point. 

Theorem 2.11: If the distance from the center of a circle to a line is less than 
the radius of the circle, the line intersects the circle in just two points. If the 
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distance is equal to the radius, there is just one point of intersection, and 
the line is tangent to the circle. If the distance is greater than the radius, 
there is no intersection. If one point of a first circle lies inside a second 
circle while another point of the first circle lies outside, then the two circles 
meet in just two points; in that case, the distance between the centers is 
between the difference and the sum of the two radii. If the distance between 
the centers is equal to the difference or the sum of the radii, the circles are 
tangent; if the distance between the centers is greater than the sum of the 
radii or less than the difference, the circles do not intersect. 

Proof: The first three statements of the theorem follow from Theorem 2.2, 
according to which the distance IAPI from a fixed point A to a point P on 
a line is a continuous function of the coordinate x of P on the line, has a 
single minimum at a point B, which is the foot of the perpendicular dropped 
from A to the line, and increases to 00 as x goes to either +00 or -00. Now 
consider circles of radii a and c with centers at G and A, respectively, 
as in Fig.2.6a. If they intersect, say at a point P, then c = ¢(a, b, 'Y), 

-- --+ 
where 'Y is the angle between GA and GP, and b is the distance IGAI 
between the centers. Hence, the problem of intersection is to find solutions 
of the equation c = ¢( a, b, 'Y)' (We assume that b =I- 0, for if the circles 
are concentric, they are disjoint unless a = c, in which case they coincide.) 
According to Theorems 2.6 and 2.10, ¢(a, b, 'Y) is a continuous function of 
'Y, for fixed a and b, and increases, as 'Y increases from 0 to 71"; its limiting 
values are ¢(a, b, 0) = la - bl and ¢(a, b, 71") = a + b. Hence, if c = la - bl 
or c = a + b, there is just one point of intersection, at 'Y = 0 or 'Y = 71", 
respectively, hence on the line of AC. We now assume that c 2: a (if c < a, 
we interchange the circles). The circles are tangent if either 

(1) 'Y = 0, b = c + a (external tangency), or 
(2) 'Y = 71", b = c - a (internal tangency). 

If b < c - a or b > c + a, the equation has no solution (as also follows from 
the triangle inequality). If c - a < b < c + a, the equation has one solution 
'Y, and there is a point of intersection P in each of the half-planes bounded 
by the line through the centers C and A. Since the circles intersect or not as 
described in the theorem when the corresponding equalities or inequalities 
hold, this completes the proof. 0 

In connection with Fig. 2.5c, we noted that there is in general no ASS 
criterion. However, if the angle is 90°, there is such a criterion. 

Corollary (Right Angle Side Side criterion for congruence of right triangles): 
If triangles ABC and A' B'G' are such that LG = LG' = 90°, IGAI = 
IG' A'I, and IABI = lA' B'I, as in Fig.2.6b, then IBGI = IB'G'I, hence the 
triangles are congruent. 
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Fig.2.6a. 

B B' 

x 

A G A' G' 

Fig.2.6b. 

Proof: Suppose that IBGI ~ IB'G'I. Choose a point X on the segment B'G' 
such that IG' XI = IGBI. Then, by the SAS criterion, triangles ABG and 
A' XG' are congruent, so that IABI = lA' XI. Hence X and B' lie on a 
circle of radius IABI about the point A'. Since there is only one point of 
intersection of the circle and the line B' G' on each side ofthe line A' G/, we 
see that X and B' coincide, so that IB'G'I = IXG'I = IBGI, as required. 0 

Exercises 

1. In Fig.2.6c assume that the angles labeled O! are equal and the sides 
labeled b are equal. Prove or disprove: It then follows that the two 
smaller triangles are congruent. 

2. Show that if two circles have a single point of intersection, they have 
a common tangent line at that point. 
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b b 

Fig.2.6c. 

2.7 The Angle Sum ofa Triangle 

Theorem 2.12: The sum of the three interior angles of a triangle is $ 1800 • 

B E 

A~--~------------~~~ c 

Fig.2.7a. 

Remark: This theorem is usually attributed to Saccheri and Legendre. It is 
one of the neutral theorems, since it holds for both Euclidean and hyperbolic 
geometry, but it is not usually regarded as relevant to the Euclidean case, 
since there the sum of the angles is actually equal to 1800 • We give a 
standard proof. (The theorem does not hold on a sphere.) 

Proof (Indirect): Assume that the sum of the angles of the triangle ABC 
in Fig.2.7a is 1800 + 6, where 6 is a positive quantity. From this we shall 
derive a contradiction. Construct the figure shown. D is the midpoint of 
BC, AD is extended an equal distance to E, as shown. Then, by the SAS 
criterion and the equality of vertical angles, the triangles ABD and ECD 
are congruent, hence the two angles labeled 1 are congruent and those 
labeled 2 are congruent. The original triangle ABC and the triangle AEC 
both have angle sums equal to L1 + L2 + L3 + L4. Angle LA is equal to 
L2 + L3, hence the new triangle AEC has one angle (either at A or at 
E) less than or equal to one-half of the angle LA of the original triangle. 
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By repeating the procedure we get a sequence of triangles, all having angle 
sum 1800 + 8 and with one angle less than or equal to ~,~,... times the 
angle LA of the original triangle, hence eventually less than 8. Then the 
sum of the other two angles would exceed 1800 , and that would contradict 
the exterior angle theorem (Theorem 2.4). 0 

2.8 Quadrilaterals 

A Lambert quadrilateml is a quadrilateral with three right angles, as in 
Fig.2.8a. (In the Euclidean case, the fourth angle is also a right angle, and 
the quadrilateral is a rectangle.) 

D 

A 

B L...L.-____ OU G 

Fig.2.8a. 

Theorem 2.13: In a Lambert quadrilateral, the fourth interior angle is ~ 900 

and either side adjacent to that angle is at least as long as the opposite side. 

Proof: Let the vertices be A, B, G, D, with right angles at A, B, G, as in 
Fig. 2.8a. We must prove that the angle at D is ~ 900 and also that IABI ~ 
IDC! and IBC! ~ IADI. Draw the diagonal BD. The sum of the six angles 
of the two resulting triangles is equal to the sum of the four angles of the 
quadrilateral. By Theorem 2.12 applied to those triangles, we see that the 
sum of the four angles of the quadrilateral is ~ 3600 , hence the angle at 
D is ~ 900 • To prove the second part, let E be the midpoint of BG and 
construct the perpendicular to BG at E, and let F be the intersection of 
that perpendicular with AD, as in Fig. 2.8b. (That perpendicular cannot 
intersect either AB or G D, for to do so would create a triangle that would 
violate Theorem 2.12; hence, by a variant of the crossbar theorem it must 
intersect AD.) Now construct the quadrilateral A' B'G' D' that results from 
reflecting the points A, B, G, D in the line EF, as shown in Fig. 2.8b. 
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D'r----=~~~=-~~I 
D 

A 

L..J....---J...L-----1..JC 
E B' 

Fig.2.8b. 

Since the segments BE and EC are congruent and the angles at Band C 
--+ --+ 

are congruent, the ray B' A' lies along CD. Since the angle at A' is 900 , the 
point A' cannot lie above D, for if it did, the triangle FDA' would have 
angle sum greater than 1800 • Therefore IABI = lA' B'I :::; ICDI; the proof 
that IBG! :::; IADI is similar. 0 

An application of these ideas that will be useful in the next chapter is 
the following: 

Theorem 2.14: Consider isosceles triangles all having the same angle 0: but 
variable length a of the sides adjacent to 0:, as in Fig. 2.8c. Then, the length 
c of the third side is an increasing function of a. Indeed, if a is doubled, c 
is also at least doubled. 

Z c 

Fig.2.8c. 

Note: This theorem is valid in both the Euclidean and the hyperbolic 
planes, but is not true on a sphere, where c increases with a until a becomes 
equal to one-quarter of a great circle and then decreases from then on, 
becoming zero when the point antipodal to Z is reached. 

Proof: In Fig. 2.8d, let ZAB and ZA' B' be isosceles triangles, and suppose 
that IZA'I > IZAI. C is the midpoint of AB, and C' the midpoint of A'B'. 
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A' 

.-o"'1"F-----I D' 

Z 

B' 

Fig.2.8d. 

We erect the perpendicular AD' to AB at A, as shown. The angles {3 are 
less than 900 , because the angle sum of the triangle Z AB is not more than 
1800 , and a > O. Therefore, AD' is in the interior of LA' AG, so that D' 
is in the segment A'G', hence ID'G'I < IA'G'I. But AGG'D' is a Lambert 
quadrilateral, so ID'G'I ~ IAGI. The fact that c increases with a follows 
easily. Now suppose IAA'I = IZAI. If ')' = LD' AA', we get 2')' ~ a because 
of the inequality on 2{3+a and the equation relating 'Y and {3. In an isosceles 
triangle with angle 2')' between sides of length a, the third side has length 
at least c, so the distance from A' to the line through A and D' is at least 
c/2. Hence lA' D'I ~ c/2, so IA'G'I ~ 2IAGI, as required. 0 

Question: How does this proof fail on a sphere? 

Corollary: If we consider a set of isosceles triangles with a fixed value of c 
and variable angle a, then a ~ 0 as the length a ~ 00. That is, in terms 
of the function 1jJ(a, b, c) mentioned in Section 2.5, which gives the angle 
opposite to the side c, the function 1jJ(r, r, c) decreases with increasing r 
and fixed c, and 1jJ(r, r, c) ~ 0 as r ~ 00. 

Exercises 

1. Show that each of the following criteria implies the congruence of 
quadrilaterals ABG D and A' B' G' D': 
(SASAS): IABI = lA' B'I, LB = LB', IBGI = IB'G'I, LG = LG', 

IGDI = IG'D'I· 
(ASASA): LA = LA', IABI = lA' B'I, LB = LB', IBGI = IB'G'I, 

LG=LG'. 
(SASAA): IABI = lA' B'I, LB = LB', IBGI = IB'G'I, LG = LG', 

LD = LD'. 
Are there other such criteria? 
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2. A Saccheri quadrilateral is one with right angles at B and C and ver­
tical sides AB and CD of equal length. Prove that the angles at A and 
D are equal. 

3. For the Saccheri quadrilateral in the preceding exercise, show that the 
perpendicular bisector of the lower side BC also bisects the upper side 
AD perpendicularly, and conversely. 

4. Show that if directed lines R. and m intersect, then the distance from 
a point P on R. to m (obtained by dropping a perpendicular) increases 
with increasing coordinate x = x(P) on R. for all x past the point of 
intersection. (Note that this is not true for great circles on a sphere.) 
Hint: In Fig. 2.8e the angle 0: is obtuse. (Why?) 

m----~~--------~~~~m 

Fig.2.8e. 

2.9 Polygons 

The notion of polygon is neutral, and this section provides neutral proofs 
that it is possible to identify an interior and an exterior of a polygon and 
that the interior can be divided into triangles. 

Definition: A (parametrized) curve in the plane lP is a continuous function, 
C, from a closed interval, [a, b], in lR. to lP. The curve C is simple if it 
is one-to-one, closed if C(a) = C(b), and is called a simple closed curve if 
C(a) = C(b), but otherwise s # t implies C(s) # C(t). A curve C on [a, bl is 
linear if there is a line R. and a coordinate function x on R. such that a :::; t :::; b 
implies C(t) E R. and x(C(t)) = t. A curve C is called polygonal ifits domain 
[a, bl contains a finite number of points, a = to < tl < ... < tn = b such 
that Ci[ti-l, til is linear for i = 1, ... ,n. A simple closed polygonal curve 
will be called a polygon, as will the range of the curve, and the points C(ti), 
i = 1, ... ,n, will be called its vertices. The segments joining successive 
vertices will be called edges. A polygon is of order n if it has n vertices. 

A polygon of order 3 is a triangle, a polygon of order 4 is a quadrilateral, 
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and so on. Observe that a polygon is the image of a continuous function on 
a compact set in lR so it is a compact set in lP. The reader is encouraged 
to supply the proof of the following lemma, to help clarify the concept of a 
linear curve. 

Lemma: A curve C : [a, b] -+ lP is linear if and only if it is isometric, that 
is, a::; s ::; t::; b implies that IC(s)C(t)1 = t - s. 

For triangles, the interior is easy to define, as we did in Chapter 1, 
but for more general polygons more work is required to make the notion 
rigorous. (The intuitive idea is clear enough.) Still more work is needed to 
handle general simple closed curves. The standard tool is the Jordan Curve 
Theorem, which says that a simple closed curve divides the plane into two 
parts, one of which is bounded, and we call the bounded part the interior 
of the curve. 

We will prove the Jordan Curve Theorem for the special case of poly­
gons in order to provide the needed rigor. The proof we will give is a mod­
ification of one given in What Is Mathematics'? by Courant and Robbins 
for polygons in the Euclidean plane. This proof is neutral in that it makes 
no distinction between the Euclidean plane and the hyperbolic plane. 

The task at hand is to identify two "components" of the complement of 
the polygon in lP. One is to be the interior of the polygon and the other is to 
be the exterior of the polygon. Intuitively, the interior should be bounded 
and the exterior should be unbounded. We declare a point to be interior to 
the polygon if a ray starting there crosses the polygon an odd number of 
times and exterior to the polygon if a ray starting there crosses the polygon 
an even number of times. We must make all this precise by showing that 
the parity of the number of crossings is independent of the ray chosen. We 
also prove that any two points in either the interior or the exterior can be 
connected by a polygonal path that consists entirely of points of the same 
kind. 

Definition: Let P be a polygon, let A be a point not on P, and let k be 
-+ 

a ray starting at A. We say that k is a proper ray if it does not contain 
-+ 

any edges of P. We say that a proper ray k crosses P through an edge E 
-+ -+ 

if k intersects E and E contains points on both sides of k. We say that k 
-+ 

crosses P at a vertex V if V is on k and the edges of P that meet at V lie 
-+ 

on opposite sides of k. No other points of any kind are considered crossing 
-+ 

points. The ray k is even if it crosses P an even number of times and odd 
if it crosses P an odd number of times. 
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The number of times a proper ray crosses a polygon is always finite, 
because the polygon has only finitely many edges and vertices. In Fig. 2.9a, 

~ 

Q1 is a point where k crosses an edge, Q2 is a point where k crosses P 
through a vertex, and Q3 is not a crossing point. 

A 

Fig.2.9a. 

Lemma: Let P be a polygon and let A be a point that is not on any line 
that contains an edge of P. Then every ray starting at A is proper and any 
two rays starting at A have the same parity. 

Proof: The first assertion is easy to prove. For the second assertion, we 
consider rays from A in the direction of other points Q. The idea of the 

~ -
proof is that the parity of the crossings of k = AQ depends continuously 
on Q when A is such a point, from which it follows that the parity is 
independent of Q. To be more precise, observe that because P is compact, 
there is a positive r such that no point of the closed disc D = {Q : IAQI ~ r} 

is on P. We study the behavior of the parity of k as a function of Q on the -circle C = {Q : IAQI = r}. Then continuity of the parity of k is sufficient to 
prove that it is constant, which we proceed to do. Let C be a crossing point 
~ -

of k. Observe that points of k near C but on opposite sides of C are initial 
points of rays that have opposite parity. If C is not a vertex, there exist 
points C1 and C2 on the edge containing C such that C lies strictly between 
C1 and C2, so that Q is in the interior of the angle LC1AC2. Then a point 
Q' near enough to Q must also be in the interior of LC1AC2 (IQQ'lless 
than the minimum of the distances from Q to the lines ACt and AC2). In 

that case, the Crossbar Theorem says that AQ' meets the segment C1 C2 -and hence crosses P in the same segment as k. If C is a vertex, similar -reasoning shows that if IQQ'I is small enough then AQ' either crosses P 
at C or crosses P through one of the edges of P that meet at C. Since 
~ 

k is proper, it does not contain an edge of P. Hence the only remaining 
~ 

possibility for a point of intersection between k and P is at a vertex V for 
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which both edges that meet there lie on the same side of k. In that case, 
reasoning similar to what we used in the first case shows that for Q' close 

--+ 

enough to Q and on the same side as the two edges of P, AQ' crosses both 
-+ 

those edges. For Q' close enough to Q and on the opposite side of k from 
--+ 

the edges that meet at V, AQ' does not intersect P near V. This establishes 
the required continuity. 0 

Lemma: If A is a point not on a polygon P, then any two proper rays 
starting at A have the same parity. 

-+ ---+ -+---+ 

Proof: Let k = AQ and J = AR be proper rays starting at A. Let A' be 
-+ 

in the ray opposite to k. If IAA'I is less that the distance from A to P, the 
-+ 

parity of A'Q is the same as that of k. Furthermore, a continuity argument 
similar to those in the proof of the preceding lemma shows that if IAA'I 

--+ 

is small enough the parity of A'R is the same as that of J. In this case, 
one must consider points of intersection between A and R as well as those 
beyond R, but the basic principle is the same. Now A' is a point to which 
the preceding lemma applies, so the desired result for A follows. 0 

Definition: If P is a polygon, its interior is the set of points not on P from 
which some ray has odd parity and its exterior is the set of points not on 
P from which some ray has even parity. 

Lemma: For a triangle, this definition of interior agrees with the one in 
Chapter 1. 

Lemma: If P is a polygon, there is a circle whose interior contains P, and 
every point on the circle or outside it is exterior to the polygon, while every 
point interior to the polygon is interior to the circle. 

Lemma: Every point of the plane not on the polygon P is either interior to 
P or exterior to P, but not both. 

Proof: If A is not on the polygon, there are only finitely many lines to avoid 
in order to choose rays that are proper. Hence, infinitely many of the rays 
that start at A are proper, each of these has a well-defined parity, and those 
parities are all the same. 0 

Lemma: If P is a polygon then the set of interior points of P is open and 
the set of exterior points of P is open. 

Proof: We give the proof for the interior points. The proof for the exterior 
points is the same. Let A be an interior point of P. Then A is not on P. 
Choose r > 0 so that the open disk D = {Q : IAQI < r} is disjoint from 
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P. There is a point A' in D that is not on any line containing an edge of 
P. Then every ray starting at A' is proper and cannot cross P until after 
it leaves D. Thus every point of D on a ray starting at A' is interior to P, 
and every point of D is on such a ray. 0 

Lemma: Let P be a polygon and let Qo be a point on P. If Qo is an interior 
point of an edge E of P, then there is a positive number r such that if 
IQQol ::; rand Q is on P, then Q lies on E. If Qo is a vertex of P, and the 
two edges that meet at Qo are E and E', then there is a positive number r 
such that if IQQol ::; rand Q is on P, then Q is on E or E'. If E, E', and E" 
are successive edges of P, then there is an r > 0 such that if d(Q, E') ::; r 
and Q is on P, then Q is in E U E' u E". 

Lemma: Let P be a polygon. Write U for the set of interior points of P 
and write W for the set of exterior points of P. If Qo and Ql are both in 
U then there is a polygonal path connecting Qo to Ql that lies entirely in 
U. A similar statement holds if both points are in W. 

Fig.2.9b. 

Proof: Suppose the vertices of P are VI. ... , Vn . We analyze the situation 
near a particular vertex Vi in order to prepare for the rest of the proof. 
(See Fig.2.9b.) First, choose a positive number ri so that if IQViI ::; ri 
and Q is on P, then Q is on one of the edges of P that meet at Vi. Let 
Di = {X :IXViI < ri} be the open disc of radius ri centered at Vi. We 
will see that the points of Di interior to the angle LVi-l Vi Vi+! are either 
all interior to P or all exterior to P (compute subscripts modulo n), and 
that the points of Di exterior to the angle are of the opposite kind. Note 
that there exists a point (even many points) Qi E Di such that the ray 

QM is proper. Then by considering rays along the line Qi Vi it can be 
seen that points between Qi and Vi are on the same side of Pas Qi, while 
points of Di on the ray that are on the opposite side of Vi from Qi are 
on the opposite side of P from Qi. Every point of Di that is not on P is 

---> 

the initial point of at least one proper ray that meets the ray Qi Vi before 
intersecting P or leaving D i . Hence we see that the part of Di inside the 
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angle LVi-1 Vi Vi+! is all interior to P or all exterior to P, and the part 
of Di outside the angle is just the opposite. Let us write D!nt for the part 
of Di interior to P and Dixt for the part exterior to P. Choose a point 

--+ 

Q~ in Di on the ray Qi Vi and beyond Vi from Qi. Now choose a positive 
number Ei ::; ri small enough that every point of P whose distance from 
Vi-1 Vi is at most Ei is in Vi-2 Vi-1 U Vi-1 Vi U Vi Vi+1' Now we are ready to 
begin constructing a polygon interior to P that will be useful in connecting 
points of U by polygonal paths. Let E = min(Eb'" ,En). For each i, choose 
a point Vi' in QiQ~ n D!nt that is not on any line determined by an edge of 

--+ 

P. Then each ray Vi'Vi'+.1 is proper. By making every Ilrj Vll small enough 
we can guarantee that Q E Vi'V!+1 implies d(Q, ViVi+!) < E. Then every 
segment Vi'V!+1 lies entirely in U, so that the segments taken in order form 
a polygon pint that is contained in U. At last we come to the construction 
of a polygonal path that connects Qo to Q1' Let Ro and R~ be the points of 
P nearest to Qo and Qb respectively. Then we can choose points Ro and Rl 
on P close to RO and R~ and on the same edges of P, respectively, so that 

--+ --+ 

the rays QoRo and Q1R1 are proper, and the segments QoRo and Q1R1 
intersect P only at Ro and R 1. Then the interior points of the segments 
QoRo and Q1R1 are contained in U. Let Vk be the vertex at one end of the 
edge Eo of P containing Ro and let lrj be a vertex at one end of the edge El 
of P containing R l . There is a segment connecting a point of QkQ~ n D~nt 
to an interior point of QoRo, all points of which are in U. There is a similar 
segment for Q1R1. Then segments that are parts of QoRo, QIRb QkQ~, 
QjQj, these two new segments, and segments of pint can be combined to 
make a polygonal path in U from Qo to Q1. D 

These lemmas combine to give the proof of the following theorem: 

Theorem 2.15 (Jordan): If P is a polygon in the plane lIP, then the com­
plement of P in lIP is the disjoint union of two polygonally connected open 
sets, exactly one of which is bounded and is called the interior of P. The 
other open set is called the exterior of P. 

Definition: A polygon P can be triangulated if the polygon and its interior 
can be represented as the union of a finite number of nonoverlapping trian­
gles and their interiors. Two triangles are nonoverlapping if they have no 
interior points in common. 

Theorem 2.16: Any polygon can be triangulated. 

Proof: We induct on n. Any triangle is already triangulated, so suppose that 
n > 3 and that every polygon of order less than n can be triangulated. Any 
polygon has at least one vertex where the interior angle is less than 1800 • 

To see this, let A be any point of the polygon P and consider the distance 
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function IAP(t)1 for t in the domain of P, [a, bJ. This function is continuous 
and hence has a maximum value, say at a point t'. Set Q = P(t'). Then the 
entire polygon is contained in the closed disk of radius r = IAQI centered 
at A, and Q is on the boundary circle. To see that Q must be a vertex, 
notice first that Q is in the range of a linear part of P. That segment cannot 
go outside the circle, and the entire line could have at most two points on 
the circle. Thus Q must be an endpoint of its segment. The cases when 
Q = Vn or Q = VI require only slightly different notation, so we suppose 
that Q = Vk, where 1 < k < n. See Fig.2.9c. 

Fig.2.ge. 

Fig.2.9d. 

If the interior points of the segment Vk-I Vk+1 are all interior to the 
polygon, we can reduce to a polygon of order n - 1 by using the triangle 
Vk- I Vk Vk+1 as part of a triangulation, together with a triangulation of the 
polygon gotten by replacing the edges involving Vk by the one segment from 
Vk- I to Vk+1. In the contrary case, there is a point of the polygon not on 
Vk- I Vk or Vk Vk+1 that is on Vk- I Vk+1 or on the same side of Vk-I Vk+1 as 
Vk , and at least one such point must be a vertex. If such vertices are all on 
Vk-I Vk+ I let '0 be one of them. Otherwise, let x be a coordinate on the line 
f = Vk V k-I such that a = X(Vk) < b = X(Vk- I ). There is at least one point 
C on f such that a < x( C) < b and the interior of the triangle CVk Vk+1 
is interior to P. Choose Co so that x(Co) is the least upper bound of the 
coordinates of all such points C, as in Fig. 2.9d. Then the segment COVk+1 
must intersect P at an interior point of the segment. Hence there must be 
a vertex of P in the interior of Co Vk+1 j denote that vertex by '0. Then we 
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can combine edges of P with the segments Vk Vj and Vj Vk to create two 
polygons of order less than n. If A is a point in the interior of the segment 
Vk Vj, then A is in U, and points near A on opposites sides of Vk Vj will 
both be in U, one of them in the interior of one of the new polygons and 
the other in the interior of the other new polygon. Since all three interiors 
are polygonally connected, we see that U is made up of the interiors of the 
two new polygons together with the interior of Vk Vj. These new polygons 
are of order less than n, so they can be triangulated. The segment Vk Vj 
will be covered by edges of triangles in each of the triangulations, so we can 
combine the two triangulations to get a triangulation of P. 0 

2.10 Isometries; The Isometry Group 

An interpretation of Axioms 5 and 6 is that all angles and all triangles obey 
the same laws, no matter where in the plane they are located, and no matter 
what their orientations. We shall see that that applies to general figures, 
not merely angles and triangles. We say that the plane is geometrically 
homogeneous and isotropic. In this section, all considerations apply equally 
to the Euclidean plane JE2 and the hyperbolic plane 1H12 • The symbol IP may 
represent either of them. The isometry group of 1H12 is examined in greater 
detail beginning in Section 6 of Chapter 3, where polar coordinates are 
used. 

General Facts About Isometries 

The way we are going to make the homogeneity and isotropy explicit is 
by studying isometries of the plane. These are also sometimes called rigid 
motions of the plane. Following the definition and some observations on the 
definition, we investigate some particular kinds of isometries: reflections in 
lines, rotations about points, and translations along lines. We shall discover 
that every isometry can be expressed as a composition of no more than three 
reflections. For a given isometry, the number of reflections used must always 
have the same parity, and this fact will enable us to give a precise definition 
of the notion of orientation of IP. 

Definition: A mapping a of IP into itself is called an isometry if it preserves 
distances. That is, if for every pair of points P, Q we have IPQI = IF'Q'I, 
where pI = a(P) and Q' = a(Q) are the images of P and Q under the 
mapping. The set of all isometries of IP will be denoted by G. 

An isometry must be one-to-one, because P =I Q implies that IF'Q'I = 
IPQI > O. When we know that each isometry is a composition of reflections 
in lines, it will follow that each isometry maps IP onto itself. Then it is easy 
to verify that G is a group. 
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From the fact that an isometry a preserves distances, it follows that 
a also preserves angles. Any angle can be given by three points as LPQ R, 
and then we can consider the triangle PQ R. If P' Q' R' is its image under 
a, then, since JPQI = JP'Q'I, etc., the sides of the first are respectively 
congruent to the sides of the second, and the SSS criterion (Theorem 2.7) 
shows that the triangles are congruent, so that LP' = LP, LQ' = LQ, 
LR' = LR. 

An isometry necessarily maps lines onto lines. According to Corollary 2 
of Theorem 2.2 in Section 2.3, points A, B, C are collinear, with B between 
A and C if and only if IACI = IABI + IBCI. Since distances are preserved, 
that relation holds also for A' = a(A), B' = a(B), C' = a(C), so that the 
primed points are collinear if the unprimed Ones are. 

Since geometrical properties are based On lines, distances, and angles, 
we see that all geometrical properties of figures are preserved by an isome­
try. 

If a E G, a point P is said to be fixed by a provided that a(P) = P. 
We are going to prove that if a fixes three noncollinear points, then a must 
be the identity transformation, that is, must fix all points. In these lemmas, 
we assume that a E G. 

Lemma: If a fixes two distinct points, A and B of a line f, then a fixes 
every point of f. 

Proof: Each point Con f is determined by the two numbers IACI and IBCI, 
and the hypotheses imply that IAa(C)1 = IACI and IBa(C)1 = IBCI. 

Lemma: If there exist three noncollinear points A, B, C that are fixed by a, 
then a is the identity. 

Proof: First, a fixes all points on each of the three lines AB, AC, and BC. 
Choose a point Z that is interior to the triangle. Then if X is any other 
point the line X Z must contain points V and W that are on AB, AC, or 
BC, and hence distinct from Z. Since a fixes both V and W, it must fix X. 

Isometries in Terms of Reflections 

Let f be a line. There is an isometry of period two called reflection in f, 
which we denote by M£ and define as follows. For A E f, M£(A) = A. For 
A rf. f, let m be the line through A and perpendicular to f, and let F be 
the intersection of f and m. Let Ml(A) be the point On m different from A 
whose distance from F is IAFI. The symmetry of the relationship makes is 
clear that M£(M£(A)) = A for all A. 

Lemma: For each line f, M£ is an isometry. 

Proof: Let A, B be two points, set A' = M£(A), and B' = M£(B), and prove 
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that lA' B'I = IABI by taking three cases: (a) A, B E f, (b) A ~ f, B E f, 
(c) A, B ~ f. The first case is clear. The second case is true by the definition 
of A' if B is the foot of the perpendicular from A to f. Otherwise, let C be 
the foot of that perpendicular line and notice that the triangles ABC and 
A' BC are congruent by the SAS criterion and the fact that IA'GI = IAGI. 
The third case is easy if the line m = AB is perpendicular to f: choose a 
coordinate x on m that is 0 at the point where m and f intersect, and use 
familiar facts about reflecting JR. If m is not perpendicular to f, let C and D 
be the respective feet of perpendiculars to f. First suppose that A and Bare 
on the same side of f, as in Fig. 2.lOa. Then the SAS criterion shows that 
the triangles ACD and A'CD are congruent, so that LADC is congruent 
to LA'DC. Hence, LBDA = LB'DA'. We also have IADI = IA'D!, so the 
triangles ADB and A' DB' are congruent, again by the SAS criterion. The 
case in which A and B are on opposite sides of f is similar and the details 
are left as an exercise. 

A 

C 

A' 

Fig.2.10a. 

The next two results are presented here because they use reflections, 
and will be useful later, even though they are not needed to prove that 
every isometry is a composition of reflections. 

Lemma: Let f be a line and let A be a point not on f. Set B = M£(A). Then 
the half-plane of points on the same side of f as A consists of the points P 
for which IAPI < IBPI. 

Proof: If P ~ f, then P is either in the half-plane containing A or in the 
half-plane containing B. (These half-planes are different because the point 
C on f and on the perpendicular to f through A is in the segment AB.) By 
symmetry, it will suffice to prove that IAPI < IBPI in the first case. In that 
case, the segment PB contains a point Q of f. Then IBPI = IBQI + IQPI, 
IBQI = IAQI, and the points A, P, and Q are not collinear, so IAPI < 
IAQI+IQPI· 

Corollary: Half-planes are open sets. 
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Lemma: If u is not the identity, but fixes every point on some line £, then 
u = Mi. 

Proof: There must be a point A for which u(A) #- A. Let m be the line 
through A perpendicular to £, meeting £ in the point F. Since u(£) = £, 
and u must preserve angles, u(m) 1. £. Since u(F) = F E m, u(m) = m. 
Thus u(A) is a point of m that is distinct from A but the same distance 
from F as A. Thus u(A) = Mi(A), so Ml 0 u fixes A and all points on £. 
Hence Mi 0 u is the identity, which implies the desired conclusion. 

Lemma: If £ is a line, u 0 Ml 0 u- 1 = Ma(t). 

Proof: Just calculate to see what each isometry does to points on and off 
u(£). 

Lemma: Suppose that u fixes a point P, but does not fix all the points on 
any line. If A is any point different from P and £ = AP, then there is a 
unique line m through P such that u = Mm 0 MI. 

Remark: An isometry of this type is called a rotation about P. 

Proof: If u 0 MI. is a reflection, its line is determined, so the existence 
is the main part of the proof. Let A be a point distinct from P and set 
B = u(A). Then B #- A. Let m be the line bisecting LAPB, and let G be 
the intersection of m with AB. Then IP AI = IP BI because u fixes P and 
takes A to B, so the SAS criterion shows that the triangles P AG and P BG 
are congruent. Hence lAC! = IBGI and LPGA = LPGB. Since the two 
latter angles are supplementary, they must be right angles. This proves that 
Mm(A) = B, and hence that Mm 0 u fixes both P and A. By hypothesis, 
u is not a reflection, so Mm 0 u is not the identity, but the fact that it 
fixes P and A then implies that Mm 0 u is M pA , which implies the desired 
conclusion. 

Theorem 2.17: Every isometry u that is not the identity is a product of 
one, two, or three reflections. 

Proof: By the lemmas, we may assume that u has no fixed points. Choose 
a point A and define B = u(A). Let £ be the perpendicular bisector of 
the segment AB. Then MI. 0 u fixes A, but is not the identity, because 
then u would be a reflection and hence have fixed points. If Ml 0 u fixes a 
point other than A, then it must be a reflection, so u is a product of two 
reflections. If Ml 0 u fixes only A, then it is a rotation and u is a product 
of three reflections. 

The method used to prove Theorem 2.17 can be used to establish two 
forms of the homogeneity mentioned at the beginning of this section: 
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Lemma: If AB and DE are congruent segments, there are two reflections 
whose composition takes A to D and B to E. 

Theorem 2.18: If ABC and DEF are congruent triangles, then there is a 
unique isometry u such that u(A) = D, u(B) = E, and u(C) = F. 

We know that two reflections in intersecting lines combine to have a 
fixed point. What about lines that don't intersect? 

Lemma: Let f and m be nonintersecting lines and set u = Mm 0 Me. Then 
u has no fixed points. 

Proof: If P is a point on the opposite side of f from m, then 

d(u(P), m) = d(Me(P), m) < d(P, m), 

so u{P) =I P. Similar reasoning will provide the proof if P is on the same 
side of f as m, and points on f are clearly moved. 

Lemma: Let f and m be distinct lines that are perpendicular to a third line, 
n. Set u = Mm 0 Me and let x be a coordinate function on n. Suppose that 
f intersects n at a point A and that m intersects n at a point B. Then for 
PEn, 

x(u(P)) = x(P) + 2{x{B) - x{A)). 

Remark: Such an isometry is called a translation along n (by 2(x{B) -
x{A))). 

Proof: It suffices to verify the formula for a single point of n, because of 
what is known about isometries of JR, and it is clear for the point A. 

Lemma: Let n be a line, H P a half-plane bordered by n, and u an isometry 
that takes n to n, H P to H P, and has no fixed points on n. Let A be any 
point of n and let f be the line perpendicular to n at A. Then there is a 
unique line m perpendicular to n such that u = Mm 0 Me so that u is a 
translation along n. 

Orientation 

A reflection has a line of fixed points, while a product of two reflections 
has a single fixed point if the two lines intersect but are not identical, 
and no fixed points at all if the two lines do not intersect. Hence, if u is a 
product of two reflections it is not itself a reflection. In order to prove that a 
composition of an even number of reflections is never equal to a composition 



64 Chapter 2. Some Neutral Theorems of Plane Geometry 

of an odd number of reflections, we could develop information about the 
compositions of translations and rotations enabling us to reduce the number 
of reflections involved. Instead, we are going to introduce the notion of an 
orientation of IP' and prove that reflections reverse orientation. There are 
clear intuitive notions of orientation that we need to make rigorous. We need 
to know that "right-handed" and "left-handed" orientations are different, 
that is, that there are exactly two possible choices of orientation. We can 
describe these intuitively in terms of handedness or in terms of clockwise 
or counter-clockwise rotations, but mathematically one must simply choose 
one of two possible orientations. Pictures on a sheet of paper fit the natural 
intuition about orientation, and Figs. 2.lOb and 2.lOc illustrate the concept 
graphically. 

Fig.2.1Ob. 

00 
Fig.2.1Oc. 

In order to make the notion of orientation rigorous, begin by intro­
ducing coordinates in IP': choose a line l and a coordinate function x on l, 
and choose H P to be one of the two half-planes determined by i. Define 
<p = (<Pl,<P2) from IP' to]R2 as follows: if A is a point of HP, let F be the 
foot of the perpendicular from A to l and let <p(A) = (x(F), IAF\). If A is 
in the opposite half-plane from HP, replace IAFI by -IAFI. If A E l, let 
<p(A) = (x(A),O). It is easy to see that <p is one-to-one and onto. Theorem 
2.13 can be used to prove that the first component of <p is continuous, and 
the continuity of the second component follows from Corollary 3 of The­
orem 2.2. We can use this function <p to distinguish "right-handed" and 
"left-handed" orientations. A different choice of oriented line or half-plane 
could switch the two categories. Our current need is just to provide some 
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way of distinguishing two orientations. On general manifolds, it is usually 
necessary to compare orientations of two coordinate systems by taking the 
determinant of a matrix of partial derivatives of one set of coordinate func­
tions with respect to the other. Because we are in such a special situation, 
the derivatives are not necessary, but we still use the standard test of pos­
itivity of a determinant. We are going to test everything against the one 
coordinate system introduced above. 

Let us use the term frame for an ordered triple of points, (Ao, AI, A2), 
with the property that IAoAl1 = IAoA21 = 1, and such that the angle 
LAIAoA2 is a right angle. We can make a metric (distance function) on 
the set of all frames by saying the distance between two frames (Ao, AI, A2) 
and (Bo, B I , B2) is IAoBol + IAIBII + IA2B21. It is straightforward to check 
that this function is symmetric, nonzero on distinct frames, and satisfies 
the triangle inequality. 

If we begin to choose a frame by choosing two points Ao and Al that 
are a distance 1 apart, the third point to complete a frame must be on 
the line perpendicular to AoAI at a distance of 1 from Ao. Thus there 
are exactly two ways to form a frame from such a pair. Our objective is to 
provide a clear criterion for distinguishing the two choices. In the process, it 
will be useful to know a fact about the situation in which 'P2(Ad = 'P2(A2). 

Lemma: Let m be a line and let A and B be points in the same half-plane of 
m and at the same distance from m. Suppose that IABI < 1. If P is a point 
such that IAPI = IBPI = 1 (there are two such points, by Theorem 2.11), 
then the foot of the perpendicular from P to m lies between the feet of the 
perpendiculars from A and B. 

Proof: Let E be the foot of the perpendicular from A to m and let F be 
the foot of the perpendicular from B to m. Then the triangles AEF and 
BF E are congruent by the SAS criterion. Using the SAS criterion again, 
we see that the triangles ABF and BAE are congruent, so that the angles 
LABF and LBAE have the same measure. Let C be the midpoint of the 
segment AB and let D be the midpoint of the segment EF. Then the 
triangles CAE and CBF are congruent, so that ECF is isosceles. Hence 
CD is perpendicular to m. Now the point P must lie on the line CD, so 
that D is the foot of its perpendicular to m. 

Intuitively speaking, if rotating from Al to A2 is counter-clockwise, we 
call the frame "right-handed" and the other case is "left-handed." To get 
something precise, first define 

and 
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These are both pairs of real numbers, so we can form a 2-by-2 matrix using 
Ll1(Ao,AllA2) as the first row and Ll2(Ao,All A2) as the second row. Let 
Ll(Ao, All A2) be the determinant of the resulting matrix. Observe that Ll 
is continuous: it is a polynomial in the coordinates of the points that are in 
the frame. 

Theorem 2.19: Ll(Ao, All A2) is never O. 

Remark: We call the frame (Ao, All A2) positive (relative to the coordi­
nates determined by a coordinate on l and a choice of half-plane) provided 
Ll(Ao, All A2) > 0, and negative in the opposite case. 

Proof: For the determinant to be 0, one row must be a multiple of the 
other. To see that the latter is impossible, use a consequence of the con­
dition IAoAll = 1. By the preceding lemma, we see that for each point 
y E 1<p2(Ao)-1, <P2(Ao)+1] there is exactly one point A such that IAoAI = 1, 
<P2 (A) = y, and <Pl (A) > <Pl (Ao). If there were two such points, we could 
take them to be the A and B of the lemma, and Ao to be the P. In other 
words, <Pl(A) is determined by <P2(A), if <Pl(A) > O. A similar statement is 
true for points A such that <Pl (A) < O. Hence the only possible multiples 
for the second row to be of the first are 1 and -1. But if <P2(A2) = <P2(Ad, 
then <Pl(A2) = -<Pl(A1) (and there are only two such configurations). 

Continuous Curves of Isometries 

We already have the notion of a continuous curve in the plane lP, and want 
to extend the notion to curves in the isometry group G. (There could even 
be continuous functions from other spaces to G.) If la, b] is an interval in JR, 
and we have an isometry O't for each tEla, b], we say this is a continuous 
curve in G if the function taking t to O't(P) is a continuous curve in lP for 
every point P. 

Theorem 2.20: If O't is a continuous curve in G, defined on la, b], and 
(Ao, All A2) is a frame, then (O't(Ao), O't(Ad, O't(A2)) has the same orienta­
tion for all values of t. 

Proof: This is immediate from the continuity of the determinant function 
used to define the orientation. 

Our next goal is to show that continuous curves in G can be constructed 
to achieve certain motions. 

Lemma: Let A and B be distinct points, set l = AB and let H P be one of 
the half-planes determined by i. Let n A be the set of rays in H P starting 
at A and let n B be the analogous set for B. Consider the one-one corre-
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spondence between subsets of'RA and 'RB that associates two rays iff they 
...... --+ ...... 

meet at right angles. For j E 'RA, let 0: be the angle between AB and j, 
...... ...... 

and for the ray k E 1<-B perpendicular to j, let /3 be the angle between 
...... 

BA and k. Then /3 is a strictly decreasing continuous function of 0:. 

Proof: Let / be the function defined in the theorem: for 0 < 0: < 7r /2, the 
ray starting at A with angle 0: meets exactly one ray starting at B at a 
right angle, and we write /(0:) for the angle at B. (See Fig.2.lOd.) Take 

...... 
0:0 in that range, set /30 = /(0:0), denote the corresponding rays by j 0 and 

ko, and call their point of intersection Z. Let f > 0, and choose /3' so that 
...... 

/30 - f < /3' < /30, Let k be the ray at B with angle /3', which intersects 
...... 
j 0 at a point X such that the angle LAX B is greater than a right angle. 
(Consider first the triangle BZX, which has one right angle.) Then there 

is an angle 0:1 > 0:0 such that if j is a ray at A of angle between 0:0 and 
...... ...... 

0:1 then j also meets k at an angle greater than 90°. It follows that if 
0:0 < 0: < 0:1 then /30 - f < /(0:) < /30, This proves that / is continuous 
from the right. To see that / is continuous from the left, a similar argument 
can be given. 

Fig.2.10d. 

Lemma: Take the situation and notation of the preceding lemma, and de­
note the point of intersection of corresponding rays by Q. Then IBQI is an 
increasing continuous function of 0:, and Q is a continuous function of 0:. 

Proof: In the previous proof, the point Z was the Q for 0:0. The Q for an 0: 

between 0:0 and 0:1 is in the quadrilateral bounded by the four rays named 
in the proof. The continuity of a point of intersection of a ray with a fixed 
line as a function of the angle the ray makes with another fixed line allows 
us to show that IZQI can be made as small as desired by making 0:1 close 
to 0:0. A similar argument can be used for left continuity. 

Lemma: If A, B, P are three points, set l = AB and define /(A, B, P) = 
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MlP, The function f is a continuous function of the three points. 

Proof: It suffices to prove that f is continuous as a function of each indi­
vidual variable separately. The continuous dependence on P follows from 
the fact that Ml is an isometry. To discuss the dependence of f on B for a 
fixed A and P, apply the preceding lemma to the pair A and P in place of 
A and B. If B is changed so that the angle a changes, the point Q in that 
lemma is the foot of the perpendicular from P to AB and since that varies 
continuously, so does the image of P. 

Lemma: Let A and B be any two points on a line £. Then there is a con­
tinuous curve, (1t for t E [0, IABIl, consisting of translations along £, such 
that (10 is the identity and (1IABI(A) = B. 

Proof: Choose a coordinate function x on £ such that x(A) = 0 and x(B) > 
O. For each t, let mt be the line perpendicular to £ at the point whose 
coordinate is t/2. Set (1t = Mm. 0 Mmo ' and verify that this (1t does what 
is needed. 

Lemma: Let P be any point and let A and B be any two points at the 
same distance from P. Then there is a continuous curve of rotations about 
P that starts at the identity and whose endpoint carries A to B. 

Theorem 2.21: Let AB and CD be any two congruent segments. Then 
there is a continuous curve of isometries that starts at the identity and 
whose endpoint carries A to C and B to D. 

Theorem 2.22: Let (Ao, Al, A2) and (Bo, Bl, B2) be two frames that have 
the same orientation. Then there is a continuous curve in G starting at the 
identity, whose endpoint carries (Ao, A l , A2) to (Bo, B l , B2). 

Theorem 2.23: If £ is a line and (Ao, A l , A2) is any frame, then (Ao, A l , A2) 
and its image under M£ have opposite orientations. 

Proof: We can reduce to proving that Ml reverses orientation for frames 
whose first two points lie on £. Then Mt switches the two possible third 
components and thus reverses orientation, as claimed. 

Corollary: A product of an odd number of reflections reverses orientation 
and a product of an even number of reflections preserves orientation. Thus 
a product of an even number of reflections is never a product of an odd 
number of reflections. 

Corollary: Translations and rotations preserve orientation. 
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Qualitative Description of the 
Hyperbolic Plane 

The hyperbolic plane is qualitatively different from the Euclidean plane in 
a number of ways. Among these are the fact that the sum of the angles 
of a triangle is strictly less than 7r (radians). The difference between 7r 

and the sum is called the defect of the triangle and is proportional to the 
area of the triangle, so the areas of triangles are bounded above. It is true 
in the hyperbolic plane that the length of a circular arc and the area of 
a circular sector are both proportional to the angle of the arc. What is 
different is the way the proportionality depends on the radius of the circle. 
Another difference is in the structure of the group of isometries, which are 
mappings of the plane that preserve distance. Since tilings and lattices are 
tied so closely to the isometries of the plane, they are also very different 
from the Euclidean case. All of the distinctive properties can be traced to 
the hyperbolic parallel axiom, so we begin with the theory of parallelism, 
presented in roughly the form in which Gauss derived it. 

3.1 The Angle of Parallelism and Asymptotic Pencils 

We now assume the validity of the hyperbolic parallel axiom, Axiom 7bj 
hence, one can find a point A and line m for which at least two lines f. 
and f.' through A do not intersect m. Let A, m be such, and let B be the 
foot of the perpendicular dropped from A to m. Of the four rays from A 
contained in those two lines, it is clear, by consideration of supplementary 

-+ 

angles, that at least one of those rays, say ray k, makes an acute angle (Jo -with the ray AB, as indicated in Fig. 3.1a, in which we have also indicated 
by m the ray from B in the line m that is on the same side of the line AB as 

the ray k. If a ray from A at an angle (J2 intersects m, then any ray at any 
angle (Jl < (J2 also intersects m, by the Crossbar Theorem, as in Fig.3.1b. 
Therefore, if a is the least upper bound of the angles (J such that 

a ray at angle (J intersects m, then all rays at angles less than a intersect 
m and all rays at greater angles do not intersect m. We call a the angle of 
parallelism (for the point A and the line m); a is S (Jo, hence less than 7r /2. 
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A 

k 

BU----------------+ m 

Fig.3.1a. 

A 

BL----lo..----~--m 

Fig.3.1h. 

It is easy to see that the ray at the angle a also does not intersect m, for 
it it did, say at a point C on m, and if D were a point farther away on m, 

---+ 

then the ray AD would be at an angle greater than a and would intersect 
m (namely, at D), and that would contradict the statement that a is an 
upper bound of the angles of rays that intersect m. The ray at angle a is 
asymptotic to m. 

We now consider any other segment A' B' in the plane, of the same 
length as AB, and a line m' through B' perpendicular to A' B'. Let m' 
be one of the two rays (Le., in either direction) from B' along m' as in 
Fig.3.lc. If C is any point on m and C' is the point on m' at the same 
distance from B' as C is from B, then, by the SAS axiom, the triangles 
ABC and A' B'C' are congruent, hence LBAC = LB' A'C'. Therefore, a 
ray from A at an angle f) intersects m if and only if the ray from A' at the 
same angle f) intersects m'. Therefore, the entire discussion above applies 
also to the figure with primed symbols; hence the angle of parallelism for 
A' and m' is the same as that for A and m. 

We have proved the following result: 

Theorem 3.1: The angle a of parallelism of a point A with respect to a line 
m depends only on the distance y = IABI of the point A from m. (That is, 
in this respect, at least, the hyperbolic plane is homogeneous and isotropic 
throughout.) 
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A' 

B' 

Fig.3.le. 

We denote by II(y) the angle a as a function of y. 
As a special case of the above argument, if AB is the same segment 

as A' B' , while iii and iii' are opposite rays in the line m, we see that there 
are two rays through A, one on each side, which are asymptotic to m, both --making angle a with respect to AB, as in Fig. 3.1d. 

A 

:T: 
B m 

Fig.3.ld. 

If f,m are directed lines that contain rays R,m (it being understood 
that in each case, the direction of the ray agrees with the direction of the - -line), we say that f is asymptotic to m if f is asymptotic to m, and we 
wish to show that being asymptotic is a property of the directed lines, and 
is independent of the choice of the point A on f. 

Theorem 3.2: Let f and m be directed lines and A, A' points on f. Then 
f is asymptotic to m through A if and only if it is also asymptotic to m 
through A'. 

Proof: Suppose that A' is beyond A (in the direction of increasing coor­
dinate on f) as in Figs. 3.1e and 3.1£. (Otherwise, interchange A and A'.) 
Then, assume first that £ is asymptotic to m through A. To show that it 
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Fig.3.le. 

'-. -+ 

k' 

----~U-------~~-----m 
B B' 

Fig. 3. If. 

-+ 

is also asymptotic to m through A', we note that if there were a ray f I 

below f on the right from A' that does not intersect m, we could take a 
-+ 

point D on it, and then a ray k' from A through D (shown dashed) would 
-+ 

not intersect m (because points of k I beyond D are on opposite sides of 
-+ 

£' from A, hence from B, hence from all of m). That would give a con-
-+ 

tradiction, because the ray k I, since it lies below the asymptotic line £, 
would necessarily intersect m. Therefore, there is no ray from A' below f 
that fails to intersect m, while f itself does not intersect m. Therefore, £ is 
asymptotic to m through A' (as well as through A). Now assume that £ is 
asymptotic to m through A'. The argument is similar; if there were a ray 
-+ ' 

£ I through A below £ that does not intersect m, as in Fig. 3.1f, we could 
extend it backward and choose a point E on it to the left of A. Then the 
ray from E through A' would not intersect m, and that would contradict 
the assumption that £ is asymptotic to m through A'. 0 

We now wish to show that the relation of being asymptotic is sym­
metric. If £ is asymptotic to m, then m is asymptotic to £. We recall from 
Theorem 2.2 that if A is any point and m any line, and x is a coordinate 
on m, then the distance IAPI from A to a point P on m with coordinate 
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x is a continuous function of x. That function has a single minimum and 
increases with increasing Ixl as P moves to infinity in either direction. 

In the proof of the next theorem, we make use of Corollary 3 to The­
orem 2.2, according to which the distance d( C, f) of a point C from a line 
e is a continuous function of the position of C in the plane, so that, in 
particular, if C varies on a line k, then d(C, f) is a continuous function of a 
coordinate of C on the line k. 

Theorem 3.3: Let f and m be directed lines. Then f is asymptotic to m if 
and only if m is asymptotic to e. 

--1------e' 

_J-b----- m 

A' 

Fig.3.1g. 

Proof: Drop a perpendicular from a given point A on f to m, as in Fig. 3.1g. 
Let C be an intermediate point on AB (to be chosen in a moment), and 
let A' B' be a segment passing through C and perpendicular to f, as shown. 
As the point C moves downward from A to B, the distance I C B I decreases 
to zero, while the distance ICB'I is, as noted above, a continuous function 
of ICBI, which is zero when C coincides with A and is positive otherwise. 
Therefore, by continuity, the distances ICBI and ICB'I are equal for some 
choice of C. The ASA criterion for congruence implies that the triangles 
AB'C and A' BC are congruent, so that lA' B'I = IABI and L.CAB' = 
L.CA' B since L.CAB' is the angle of parallelism for the distances IABI, 
then angle L.CA' B is the angle of parallelism for the (same) distance lA' B'I 
so it follows that m is asymptotic to f. Hence d( A' , f) -+ 0 as A' -+ 00 on 
m. 0 

(We note in passing that it is essential to have directions specified on 
the lines. Lines that are asymptotic in one direction are not asymptotic in 
the opposite direction. In Fig. 3.1d, the two rays from A asymptotic to m in 
the two directions do not lie in a single line, because the angle of parallelism 
0: is less than 7r /2. We shall see that asymptotic lines get closer together in 
the specified direction and farther apart in the other.) 
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Last, we show that the asymptotic relation is transitive, as stated in 
the theorem below. We need first a lemma. 

Lemma 3.1: If distinct directed lines k and m are both asymptotic to di­
rected line i, then one of the three lines lies between the other two. That 
is, the other two lie in opposite half-planes bounded by the first line. 

A 

i 
-~-----m 

k 

i 
- ......... t----k 

m 

C 
B 

k 
---++--___t-- i 

m 

Fig.3.lh. 

Proof: We note first that the lines k and m don't intersect, for if they did, 
we could drop a perpendicular from the intersection to i. Then, k and m 
would both make the same angle with respect to that perpendicular (and 
on the same side of that perpendicular), namely, the angle of parallelism, 
hence k and m would coincide, but we have assumed them distinct. We now 
see that none of the three lines intersects either of the other two: k and i 
don't intersect, because they are asymptotic, and the same holds for the 
lines m and i. We show next that we can find a line p that intersects all 
three given lines. From an arbitrary point A of i, we drop perpendiculars 
AB and AC to k and m. If points Band C are on opposite sides of line i, 
as in the bottom drawing of Fig.3.lh, then segment BC intersects line l, 
by Axiom 4, and BC is the desired line p. If B and C are on the same side 

-+ 

of line i, as in either of the top drawings, we proceed as follows: Let i be 
- -+ -a ray from A in the direction of the line i. The angles LAB, i and LAC, 
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f are on the same side of f. If those angles are equal, then points A, B, C, -are collinear, and their line is the desired line p. If ray A B lies in the 

interior of the angle LAC, f as in the top drawing of Fig. 3.1h, then that 
ray intersects m, by definition of asymptotic lines, because f is asymptotic 
to m through A; hence the line of AB is the desired line. In the other case, 

where the ray AC lies in the interior of the angle LAB, f, as in the middle 
drawing of Fig.3.1h, is similar. Now let K, L, M be the intersections of 
k, f, m with the line p. One of those points lies between the other two on 
the line p. Suppose, for example, that L lies between K and M. Then, K 
and M are on opposite sides of the line f, and, from the obvious fact that 
if two lines do not intersect, any two points of the first are on the same 
side of the second, because the segment joining them does not intersect the 
second line, we see that the entire lines k and m are on opposite sides of f. 
The other cases are similar, and that completes the proof of the lemma. 0 

(We note in passing that the lemma would be false if we had not 
assumed that k and m are asymptotic to f. In the hyperbolic plane, it 
is possible for three nonintersecting lines to be such that none of them is 
between the other two, as indicated schematically in Fig. 3.1i.) 

Fig.3.1i. 

Theorem 3.4: Let k, f, m be directed lines. If k and m are both asymptotic 
to f, then they are asymptotic to each other. 

Proof: We have to consider two cases. First, suppose that f lies between k 
-+ 

and m, as in Fig.3.1j. From a point A of k, any ray k' below k intersects 
-+ 

f at a point, say B. Past B, k' lies below f, hence eventually crosses m, 
-+ 

because f is asymptotic to m. That is, any ray k I from A that lies between 
k and m intersects m. It follows that k is asymptotic to m, as was to be 
shown. Now suppose that one of k, m is between the other two, say k is 
between f and m, as in Fig. 3.1k. Then, from a point of m any ray ni' above 
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m crosses f, because m is asymptotic to fj hence it crosses k, because m 
and f are on opposite sides of k. Therefore m is asymptotic to k. 0 

A 

~------k 
~ 

_-------m 
Fig.3.1j. 

-k 

__ --~~----m--'--------m 

Fig.3.1k. 

In order to make the asymptotic relation reflexive, we define a directed 
line as being asymptotic to itself. Then the relation is symmetric, reflexive, 
and transitive. 

Definition 3.1: The set of all directed lines that are asymptotic to a given 
directed line is called an asymptotic pencil of lines. They are all asymptotic 
to each other. 

3.2 Angular Defects of Triangles and Other Polygons 

According to Theorem 2.12, the sum of the angles of a triangle is less than 
or equal to 1r. We shall see later in this section that it is always less in 
hyperbolic geometry, but in any case we define the angular defect (or often 
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simply the defect) of the triangle as 71' minus the sum of its angles. Suppose 
a triangle is divided into two smaller triangles by a line from one vertex to 
a point on the opposite side, as in Fig. 3.2a. Since "( + t5 = 71', the sum of the 
defects ofthe smaller triangles is 271'-(a+,8+"(+t5+e-+() = 71'-Q-(,8+e-)-(, 
and that is the defect of the large triangle. We have proved the following 
theorem. 

Fig.3.2a. 

Theorem 3.5: When a triangle is decomposed as the union of two smaller 
triangles, as in Fig. 3.2a, the angular defect of the large triangle is equal to 
the sum of the defects of the smaller triangles. 

We mention a grand generalization of this, according to which if a large 
polygon is decomposed as the union of a finite number of smaller polygons, 
then the defect of the large polygon is the sum of the defects of the smaller 
polygons. We shall not prove this in all generality, but consider some special 
cases. First, of course, we have to define the angular defect of a polygon. 

We consider first a convex n-sided polygon or n-gon. From an interior 
point Z we draw lines connecting Z to the vertices of the n-gon. Since the 
n-gon is convex, these connecting lines are all interior and they divide the 
n-gon into n triangles, as indicated schematically in Fig.3.2b. 

Fig.3.2h. 



78 Chapter 3. The Hyperbolic Plane 

Let the angles of the ith triangle be ai, (3i, "ti, in clockwise order around 
the triangle such that "ti is the vertex at Z. An (interior) angle of the n-gon 
is of the form (3i + ai+b except for the last, which is (3n + al' Hence the 
sum of the angles of the n-gon is E~=l (ai + (3i). Since the sum of the angles 
"ti at Z is 271', we can write 

sum of the angles of the n-gon = ~)ai + (3i + "ti) - 271'. 

If 6i denotes the defect of the ith triangle, we have ai + (3i + "ti = 71' - 6i . 
We therefore make the following definition. 

Definition 3.2: The defect of the n-gon is (n - 2)71' - the sum of its angles. 

Theorem 3.6: When a convex n-gon is the union of n triangles as in Fig. 3.2b, 
its angular defect is equal to the sum of the defects of the triangles. 

The theorem is obviously still true if we include degenerate vertices, 
by which we mean points in otherwise straight sides, as at A in Fig.3.2c. 
The angle of the polygon at such a vertex is defined to be 71'. 

A 

Fig.3.2c. 

We now suppose that we have one convex polygon inside another. Let 
Z be a point in the interior of the inner polygon and draw lines from 
Z to all the vertices of the two polygons (thus generally creating some 
degenerate vertices where these lines meet the sides of the polygons). Let 
one of the triangles into which the outside polygon is decomposed be AEZ 
as in Fig. 3.2d, where BDZ is a corresponding triangle of the inside polygon, 
as in Fig. 3.2e. 

We draw the line BE. The defect of EBZ is the sum of the defects 
of the triangles labeled 1 and 2, and then the defect of AEZ is the sum 
of that defect and the defect of the triangle labeled 3. Consequently, the 
defect of BDZ is less than or equal to the defect of AEZ. By adding 
together contributions from all the triangles, we have the following result. 

Theorem 3.7: If one convex polygon lies inside another convex polygon, 
then the defect of the first is less than or equal to the defect of the second. 
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Fig.3.2d. 

E 

AL-~:""-'--~Z 
B 

Fig.3.2e. 

For a nonconvex polygon with a reentrant vertex at a point Q, as in 
Fig.3.2f, we define the (interior) angle at Q to be equal to 21T minus the 
exterior angle a. Then, the above theorem continues to hold when the words 
"convex" are omitted. The proof is similar to the one above, but a number 
of special cases have to be considered. The reader will surely be able to 
give proofs for many of those special cases. We shall see later that in the 
hyperbolic plane angular defects are never zero, hence "less than or equal" 
in the above can always be replaced by "less than." 

Fig.3.2f. 

Theorem 3.8: There exists in the hyperbolic plane a triangle with nonzero 
(hence positive) angular defect, that is, with angle sum less than 1T. 
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Proof: Recall that the angle of parallelism a = n (y) is less than 7r /2 for 
certain values of y. (It is less than 7r /2 for all y, but that has not been 
proved yet.) Let AB be perpendicular to a line i and of length y, as in 
Fig. 3.2g. Let € be an angle less than a and less than 7r /2 - a, and let C 
be such that AC makes angle a - c with AB, as shown. Let D be a point 
sufficiently far to the right on i that lAC! = ICDI. Then the triangle ACD 
is isosceles. The angle CAD is less than e, hence the angle eDA is also 
less than e. The angle BAD is less than a, the angle of parallelism; hence 
the angle sum of the large triangle AB D is less than 7r /2 + a + c. Thus the 
defect of ABD is greater than the positive number 7r /2 - a - e, and in fact 
can be made as close as we wish to the positive quantity 7r /2 - a, by taking 
c small. 0 

A .""::--._ .f' asymptotic to i 

y 

B '--___ ---lo ______ """'--_ i 
C D 

Fig.3.2g. 

Theorem 3.9: In the hyperbolic plane, every triangle has positive defect. 

Proof: We shall show that if there were a triangle with zero defect, then all 
triangles would have zero defect, and that would contradict the preceding 

[;77B 
A D i 

Fig.3.2h. 

theorem. Assume that triangle ABC in Fig. 3.2h, with angles a and f3 has -zero defect. From point A draw a ray i at angle f3 with AB and so that -i and AC are on opposite sides of AB, and on that ray i choose D so 
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that IADI = ICBI. Then, by the SAS criterion, the two triangles shown in 
Fig. 3.2h are congruent, hence both have zero defect, and the quadrilateral 
ABDC has zero defect, equal opposite angles, and equal opposite sides, 
that is, it would be a parallelogram. By placing copies of that parallelo­
gram end to end and side by side, we could construct an arbitrarily large 
paralellogram with zero defect. Then, given any triangle whatever, we could 
choose the paralellogram large enough to contain it; hence, by Theorem 3.7, 
the triangle would have zero defect. That is, all triangles would have zero 
defect, and that would contradict Theorem 3.8, according to which there 
exists at least one triangle with positive defect. 0 

In Section 3.9 below it will be seen that the angular defect of a triangle 
is proportional to its area. Hence, very small triangles have very small 
defects, as already seems evident from Theorem 3.5 above. Here we prove 
a partial result. 

Theorem 3.10 (Thin Triangles): If the length of the shortest side of a 
triangle tends to zero, while the lengths of the other sides are kept below a 
fixed bound, then the angular defect tends to zero. 

B'-'---------=-C 

Fig.3.2i. 

Proof: In the right triangle AlBC shown in Fig. 3.2i, we bisect the angle at 
C, we call A2 the intersection of the bisector and side AlB, and we drop a 
perpendicular from A2 to AlC with foot at D. Then the triangles A2DC 
and A2BC are congruent by the AAS criterion. The defect of A2DC is less 
than that of A2Al Cj hence the defect of A2BC is less than half that of 
AlBC. We then bisect the angle at C of the triangle A2BC similarly, and 
so on. The defect of AnBC tends to zero, as n ---t 00, and any triangle that 
can fit inside AnBC has a still smaller defect, and the theorem follows. 0 
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3.3 Application to the Angle of Parallelism 

Theorem 3.11: The function II(y) is continuous and decreasing, for 0 < 
y < 00. Its limiting values are 7r /2 as y -t 0 and 0 as y -t 00. 

Fig.3.3a. 

A 

P 

Fig.3.3b. 

Proof: According to Theorem 3.10 above on thin triangles, if the points B 
and C in Fig. 3.3a are held fixed, while y -t 0, the defect of the triangle 
ABC goes to zero. The angle LC also goes to zero, hence angle a -t 7r /2, 
but the angle of parallelism is greater than a and less than 7r /2. Therefore 
II(y) -t 7r/2 as y -t o. Next, in Fig.3.3b, let m and m' be asymptotic to 
i (not shown) at distances y and y + L1y along the line AB, and consider 
the angles labeled 1, 2, 3, 4. The angle L2 is less than 7r /2, because m 
is asymptotic to m'. Therefore, Ll + L3 > 7r /2. Since the angle sum of 
the small triangle cannot exceed 7r, we have L3 + L4 :::; 7r /2. Subtraction 
gives Ll - L4 > O. That is, II(y + L1y) < II(y), so II(y) is decreasing. 
Next, to show continuity, we consider letting L1y -t o. The angle L2 = 
II(IPQI) > II(L1y) -t 7r/2, so that L1 + L3 -t 7r/2. And by Theorem 3.10 
again, L3 + L4 -t 7r /2, so that by subtraction once more, we have that 
L1 - L4 -t 0, hence II(y + L1y) -t II(y), as required. Last, the proof that 
II(y) -t 0 as y -t 00 is indirect. Since II(y) decreases and is bounded 
below by 0, it has a limiting value ao, as y -t 00. We assume that ao > 0 
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and obtain a contradiction. We consider values I1(na) for some positive 
constant a and integer n. In Fig. 3.3b, we now take y = na at point P and 
y = (n + l)a at a point A (so that Lly = a). As n --+ 00, L4 would --+ ao. 
Now IPQI is given by the function associated with the SAA criterion in 
terms of side a, angle L4, and the right angle at Q. By the continuity of 
that function, IPQI would converge to a positive value b, and the angle L2 
would converge to II(b) , which is < 7r/2. Since the angle sum of the triangle 
shown is less than 7r, L4 < 7r /2 - L3 = L2 + L 1 - I' Therefore, for large n, 

7r 
II((n + l)a) - II(na) < I1(b) - "2' 

Since the right member is negative, II(na) would eventually become neg­
ative as n increases, and that would contradict the positivity of I1(y). We 
conclude that ao = O. This completes the proof of Theorem 3.11. D 

3.4 Polar Coordinates and Ideal Points at Infinity 

--+ 

Let £ be any line and Z any point ("origin") on it, let k be one of the two 
rays on the line £ with Z as initial point, and let H P be one of the half­
planes bordered by the line £, called the positive half-plane, as in Fig. 3.4a. 

HP I P 

£ ~ k 
Z 

Fig.3.4a. 

Any point P in the plane can be characterized by two numbers rand 
(), called polar coordinates, where r is the distance IZPI, and () is defined as 

--+ --+ 

follows: (1) it is plus or minus the measure of the angle LZP, k with the 
plus sign when P is in the half-plane H P and the minus sign when it is in 

--+ 

the other half-plane, and (2) () is 0 when P is in the ray k and is 7r when -P is in the opposite ray k. Then, () varies in the interval -7r < () $ 7r. If 
P = Z, so that r = 0, then () is undefined. With that understanding, there 
is a one-to-one correspondence between number pairs r, () (with r 2: 0) and 
points of the hyperbolic (or, for that matter, Euclidean) plane. 
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Theorem 3.12: Let r and (J be polar coordinates with respect to an origin 
Z and a line e, as above. Let m be any other directed line in the plane, 
with x the coordinate on it. Let r(x) and (J(x) be the polar coordinates of 
the point P(x) on the line m. Then (J(x) has a limiting value as x -+ 00 

and any two lines are asymptotic in the direction of increasing coordinate 
if and only if they have the same limiting value of (J. 

m 

m 

Fig.3.4b. 

Proof: Let k be the ray from the origin Z asymptotic to m, and let (Jo be 
the polar angle of that ray. We consider first the case in which the line m 
lies as indicated in Fig.3.4b, so that, at least for all points sufficiently far 
along on m, (J(x) > (Jo. Then if X2 > xI, a ray at angle (J(X2) lies in the 

~ 

interior of the angle between k and the ray at angle (J(Xl); hence (J(x) is 
a decreasing function. Since it is also bounded below by 00 , it has a limit 
as x -+ 00. If that limit were greater than (Jo, then any ray from the origin 
Z at angle (J between that limit and (Jo would fail to intersect m, and that 

would contradict the statement that k is asymptotic to m. We conclude 
that the limit is (Jo. The other case, in which (J(Xl) and (J(X2) are less than 
(Jo (Le., when the origin Z is above the line m in the diagram) is similar. If 

~ 

another line m' is asymptotic to m, then it is also asymptotic to k; hence 
the limiting value of (J is the same on the two lines. Last, we now assume 
that the limiting value of (J on a line m is 00, and we wish to show that then 

~ 

m and k are asymptotic. We drop a perpendicular from the origin Z to m 
and we let B be the foot of that perpendicular. According to Section 3.1, 
the angle of parallelism a for the distance IZBI is the least upper bound 
of the angles L.BZX as the point X goes to infinity along the line m. 
Under the assumption we have made, that least upper bound is the angle - ~ 
(J(B) - (Jo = L.ZB, k; hence m and k are asymptotic. 0 

All lines of an asymptotic pencil have the same limiting value of (J. We 
now introduce the notion of ideal points ("at infinity") in the hyperbolic 
plane. We think of each asymptotic pencil as determining an ideal point 
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in the direction of the lines of the pencil, and, when polar coordinates 
have been defined, we assign to the ideal point the polar angle () that is 
associated with the pencil in the manner stated in the theorem. Since, as 
we shall see below, the distance between two lines of the pencil approaches 
zero in the limit, we think of the lines as "meeting" at the ideal point. 
The formal definitions are these. Each ideal point is an asymptotic pencil 
and two directed lines meet at the same ideal point if they are asymptotic. 
(We should point out that the association of values of () with ideal points 
depends in a rather complicated way on the choice of the polar coordinate 
system.) We shall sometimes represent ideal points by symbols A, B, ... , 
as for ordinary points, and rely on the text for clarification. 

Theorem 3.13: Any two ideal points determine a unique line; that is, there 
exists a unique directed line that meets one of the ideal points in the spec­
ified direction and, with direction reversed, meets the other ideal point in 
the reversed direction. 

Proof: Let Z be the origin of a polar coordinate system, and let the ideal 
points have polar angles (}l and (}2 with respect to that system, and with 

(}2 > (}l' Let k and j be rays from Z in those directions, as in Fig. 3.4c. 

m 

j 

k 

Z 

Fig.3.4c. 

We first consider the case in which (}2 - (}1 < 71'. (If (}2 - (}1 = 71', those 
two rays lie on one line, and that line is the desired one. How to modify 
the argument given below if (}2 - (}l > 71' is left to the reader.) Let m be a 
line through Z at angle () = 1/2 ((}l + (}2), as shown; m bisects the angle .......... 
Lj, k and makes an angle a = 1/2 ((}2 - (}d with each of the rays. Since 
a < 71'/2 and since the angle of parallelism II (y) decreases continuously 
from 71'/2 to 0 as y varies from 0 to infinity, there is a unique distance d 
such that II(d) = a. The desired line f is the line perpendicular to m and 
intersecting m at distance d from Z, as shown in Fig. 3.4c. Since a is the 

angle of parallelism for the distance d, f is asymptotic to j in one direction ..... 
and to k in the other. 0 
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Since the case of one finite point and one ideal point can be taken care 
of by observing that a line can be drawn from any point in any direction, 
we see that the statement in Axiom 1 can be generalized to say that any 
two points, finite or ideal, determine a unique line. (That is not true in the 
Euclidean case.) 

Exercise 

1. Given an asymptotic pencil and a line f not in it, show that there is a 
unique line of the pencil perpendicular to f. 

3.5 Ultraparallel Lines 

If two lines do not intersect and are not asymptotic in either direction, 
they are called ultraparallel. (In this section, we are concerned only with 
the hyperbolic case.) For example, if two lines are both perpendicular to a 
third line, they do not intersect, according to the alternate interior angle 
theorem, and they are not asymptotic because the angle of parallelism is 
always less than 90°. We shall see that, conversely, any two ultraparallel 
lines do have a common perpendicular, and the common perpendicular is 
unique, for the given lines. We use properties of Lambert quadrilaterals. 
(Recall that a Lambert quadrilateral is one with three right angles.) 

Remark: Examination of the proof of Theorem 2.13 in Section 2.8 shows 
that in the hyperbolic plane, where every polygon has a nonzero defect, that 
theorem can be strengthened. In a Lambert quadrilateral in the hyperbolic 
plane, the fourth angle is less than 90° and each side adjacent to that angle 
is longer than the side opposite to it. 

f 

y 

m ----~U-------LL _____ m 
B B' 

Fig.3.5a. 

Let f and m be nonintersecting lines, with x a coordinate on f. From 
point A on f with coordinate x, we drop a perpendicular to m and we 
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denote by y = y{x) the length IABI of that perpendicular, as shown in 
Fig. 3.5a. One of the angles between f and the perpendicular at A is greater 
than or equal to 11'/2, and we assume that it is the angle a on the side of 
increasing coordinate x on f (in the opposite case, we reverse the direction 
of f by replacing x by -x). Let A' be a point with coordinate x' > x. 
Since the angular defect of the quadrilateral ABB' A' is positive, the angle 
a' = a{x') is greater than a{x). By comparing that quadrilateral with the 
Lambert quadrilateral having right angles at Band B' and also at A (this 
right angle is not shown in the figure), we see that y{x') > y{x). Therefore, 
a(x) and y(x) are increasing functions, at least for all x> x{A), where A is 
the point we started with. As x decreases from x(A), those functions may 
decrease indefinitely, or a(x) may become 90° at some point Ao. Then, y{x) 
increases again with further decrease of x. At Ao, y{x) has a minimum and 
the lines have a common perpendicular. The case in which the lines have 
no common perpendicular is discussed more fully below. 

f n 

--~~u---~---m 

Fig.3.5b. 

We now show that as x --+ +00, y{x) also --+ +00. According to Ex­
ercise 1 in the preceding section, there is a line n asymptotic to f and 
perpendicular to m at some point, say B l , as in Fig.3.5b. Intuitively, the 
perpendicular to m dropped from the ideal point at the end of f is of infinite 
length; hence y(x) would seem to become arbitrarily large as x increases. 
If you want a formal proof, do Exercise 2 below. 

We now consider the case in which y(x) has no minimum. Since y(x) 
decreases as x --+ -00, but is positive (we assumed that the lines are non­
intersecting), it has a limit Yl, and we claim that Yl = O. We assume that the 
limit Yl is positive and show that we could then find a quadrilateral with 
zero angular defect, which would contradict Section 3.2. Similarly, a{x) 
would decrease to a limiting value al as x --+ -00. We think of moving 



88 Chapter 3. The Hyperbolic Plane 

the quadrilateral ABB' A' of Fig. 3.5a indefinitely to the left, keeping the 
angles at Band B' at 90°, and keeping the distance IBB'I fixed at some 
value L. According to Exercise 1 below, if w is a coordinate on m that 
also decreases to the left, and if w(x) is the coordinate of the foot of the 
perpendicular dropped from point at x on f, then w(x) decreases, as x 
decreases. It follows that if A is at any x less than the coordinate of A in 
the figure, then there is an x' such that w(x') - w(x) = L. Furthermore, 
x' -+ -00 as x --t -00, because, by the triangle inequality, x' - x cannot 
be more than y(x) + L + y(x'). The interior angle at A' of the moving 
quadrilateral would have the limiting value 7r - al; hence the angular defect 
of the quadrilateral would have the limit 0 as x --t -00. We now consider 
a Saccheri quadrilateral with base of length L, right angles at each end of 
that base, and vertical sides both of length Yl. It would fit inside all the 
moving quadrilaterals that we have considered; hence it would have to have 
angular defect zero, and that gives the contradiction. Hence, Yl = O. 

If the lines are asymptotic, y(x) cannot have a minimum, since a com­
mon perpendicular would imply an angle of parallelism of 90°. Therefore, 
for asymptotic lines, y(x) --t 0 at one end and 00 at the other. Conversely, 
if y(x) goes to zero at one end, then the lines are asymptotic, for it then 
follows from the corollary to Theorem 2.13 in Section 2.8 that, when a polar 
coordinate system is established, the two lines have the same limiting value 
of the polar angle (), and then it follows from Theorem 3.12 in Section 3.4 
that the lines are asymptotic. We summarize. 

Theorem 3.14: Ultraparallel lines have a unique common perpendicular 
and the distance between them increases without limit in either direction 
from the common perpendicular. The distance between asymptotic lines 
converges to 0 in the direction in which they are asymptotic and increases 
without limit in the other direction. 

Exercises 

1. Explain what one means by saying that if f and mare nonintersecting, 
a coordinate x on f and a coordinate w on m increase in the same 
direction. Hint: Consider a transversal. Then show that if w(x) is the 
coordinate of the foot of a perpendicular dropped to m from point x 
on f, then w( x) is an increasing function. Hint: If x < x', why cannot 
w(x) be equal to w(x'), and why cannot it be greater than w(x')? 

2. Suppose that line n is asymptotic to f and perpendicular to m at 
point B l , as in Fig.3.5b. Show that as x --t 00, the point B at w(x) 
approaches Bl and y(x) --t 00, where y(x) is the distance from m of a 
point on f at coordinate x. Hint: Let A' be a fixed point on f at coor­
dinate x'. Then let A be at x > x', and let B' and B be the feet of the 
corresponding perpendiculars. To show that IBBII --t 0, drop a per­
pendicular from A to n and use a property of Lambert quadrilaterals. 
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To show that IABI-+ 00, show by the triangle inequality that 

IABI > x - x' -IA'BI > x - x' -IA'Bll· 

3. Let e and m be nonintersecting lines, with ideal endpoints at A, A' for 
e and B, B' for m. Discuss the lines from A to B' and from A'to B. 
Do they intersect? If so, where? 

4. Show that the figure consisting of two ultraparallel lines is invariant 
under reflection in their common perpendicular. (See the next section 
for an analysis of reflections.) 

3.6 Isometries 

In Section 10 of Chapter 2, we introduced the isometry group of IP' as one 
expression of the homogeneity and isotropy of the plane. Although Chap­
ter 3 is primarily about JHI2, until later in this section, all considerations 
apply equally to the Euclidean plane E2 and the hyperbolic plane JHI2. The 
symbol IP' may represent either of them. We continue to write G for the 
isometry group. 

We begin by showing how to produce isometries in the plane using 
two independent sets of polar coordinates r, () and r', ()'. The first set is 
determined as in Fig. 3.4a of Section 3.4, and the second is determined as 

-+ 

in Fig. 3.6a, in terms of another choice of origin Z', line e', ray k', and half-
plane H P'. We introduce a mapping a of the plane onto itself by mapping 
a point P with coordinates r, () onto the point pI with the same coordinate 
values in the primed system: r' = rand ()' = (). 

e' 

-+ 

k' 

Fig.3.6a. 

We show that a is an isometry. If P and Q are two points and P' 
and Q' are their images, then, first, the angles LP Z Q and LP' Z' Q', with 
vertices at the corresponding origins, are equal because they are both equal 
to (}(P) - (}(Q), and it follows that IPQI is equal to IPIQ'I by the SAS 
criterion. That is, the mapping a preserves distances. Now, P can be any 
point and then pI is uniquely determined. Conversely, P' can be any point, 
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and then its preimage P is uniquely determined; hence a maps the entire 
plane one-to-one onto itself and is an isometry as defined above. 

Any isometry of the plane can be produced in that way. It is only 
-+ 

necessary to choose Z,i, k,HP arbitrarily, and then set ZI = aZ, i' = ai, 
-+ -+ 

k I = a k, and H pi = a H P, where af denotes the line consisting of all the 
images of the points in i, and so on. 

We now consider special cases. First, assume that i and i ' are the same 
-+ -+ 

line (while Z and ZI are different points on it) and the rays k and k I are 
in the same direction on that line and the half-planes H P and H pi are 
the same. Then the isometry is called a translation along the line i by a 
distance X = x(Z') - x(Z), where x is a coordinate on i in the direction 

-+ 

of k. That translation is denoted by Tx. 
-+ 

Next let Z and ZI be the same point, while k and k I are in different 
lines through Z and make an angle (l. The mapping is a rotation or a 
rotation combined with a reflection (but see Exercise 3 below), depending 
on the relation of the two half-planes. The cases that lead to a rotation are ..... 
as follows: (1) The new ray k' is in the old half-plane HP, and HP' is the 

-+ 

half-plane bounded by k' that does not contain k, as in Fig. 3.6b . 

..... 
k' 

k 

Fig.3.6b. 

Detailed consideration shows that if P is a point with angular coordinate 
() = ()(P) and pi is its image, then the coordinate of pi in the unprimed 
system is 

()(PI ) = ()(P) + (l (mod 211"). (3.6-1) 
..... 

(2) The new ray k' is in the half-plane opposite to HP, and HP' is the 
-+ -+ 

half-plane bounded by k' that does contain k. The above equation holds. 
~ ~ -. -+ 

(3) k' = k and HP' = HP; then (l = O. (4) k' and k are opposite and 
H pi and H P are opposite; then (l = 1800 • 

-+ -+ 

Last, if Z and ZI are the same and the rays k and k I are the same, 
while H P and H pi are opposite, the mapping is called a reflection in the 
line i and is denoted by M (for "mirror") or by Mi. That amounts to 
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mapping point P at r, () onto pI at r, -(). Since PZpl is isosceles, pI is 
obtained by dropping a perpendicular from P to e and continuing to an 
equal distance on the other side of e. 

We now show that a general isometry can be represented as the com­
position of mappings of the above three types. Consider the isometry (T 

described above as a mapping from the r, () polar coordinate system to the 
r',()' system. First, we can "undo" the mapping (find its inverse) by first 
performing a rotation ROIl to bring the origin Zl onto the axis of () = 0 
(with 0::1 = 0 if Zl was already there); then we perform a translation Tx 
along e that brings Zl into coincidence with Z, then a rotation R0I2 about - -the origin Z that brings k I into coincidence with k. Then the half-plane 
H pI is either the same as H P or opposite; in the latter case, we perform a 
reflection M. Since the inverse of a general isometry is a completely general 
isometry, we have proved the following: 

Theorem 3.15: The general isometry can be written either as 

(3.6-2) 

So far, we have defined translations only along the line e and rotations 
only about Z. Other translations and other rotations can be defined in 
evident ways. For example, for any 0:: and any X, R_OITx ROI is a translation 
along some other line through the origin, and T -x ROITx is a rotation about 
another point on the line e. (But see Exercise 4 below.) 

Isometries that contain no reflection, as on the left of (3.6-2), are direct 
because they preserve orientation; ones that contain a single reflection, as on 
the right, are called reverse because they reverse orientation. The structures 
of direct and reverse isometries in the hyperbolic plane are discussed in 
Section 3.8 below. 

The Euclidean and hyperbolic planes have quite different isometry 
groups, because the individual isometries combine in different ways. The 
following are some of the differences. 

(1) In the Euclidean plane, a translation by a certain distance along a 
line e is exactly the same mapping as the translation by the same distance 
along any line m parallel to e. In the hyperbolic plane there are many lines 
m parallel to e through any point P, and translations along those lines m 
are all different; hence we should expect that there are more translations, 
in a sense, in the hyperbolic case than in the Euclidean. It will be seen 
in Chapter 8 that although a Euclidean translation can be specified by 
giving the values of two parameters, three parameters are required in the 
hyperbolic case. 

(2) In the Euclidean case, the composition of two translations is another 
translation (obtained by vector addition of the 2-component vectors that 
represent the translations). As shown in the next section, the composition 
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of two translations in the hyperbolic plane is not generally a translation at 
all. Hence, the set of all translations form a subgroup of G in the Euclidean 
case but not in the hyperbolic case. 

(3) In the Euclidean case, any direct isometry has either a fixed point 
(i.e., a fixed finite point) (in which case it is a rotation about that point) 
or an invariant line (in which case it is a translation along that line). In 
the hyperbolic plane, an isometry may not have either a fixed point or an 
invariant line. It is then neither a rotation about any point nor a translation 
along any line, but a new kind of isometry, called an ideal rotation. See 
Section 3.8. 

We are thus led to the following problem. 

Problem: Given an isometry of the hyperbolic plane, determine whether it 
has a fixed point or an invariant line. (A line is called invariant if every point 
of it is mapped onto a point of it.) If it has neither, describe the isometry. 
The solution of this problem, in terms of the parameters appearing in (3.6-2) 
is found in Section 3.8 below. Its solution in terms of matrix representations 
of the isometries is found in Chapter 8. 

Exercises 

1. Show that if an isometry has a fixed point Z, it is either the identity 
or a rotation about the point Z or a reflection in a line that passes 
through the point Z. 

2. Show that if an isometry leaves a line invariant, then it is either a 
translation along that line, or such a translation followed by a reflection 
in the line. 

3. Show that if a rotation ROt about the origin is combined, in either 
order, with the reflection M described above, the result is a reflection 
in some line through the origin. 

4. Show that a rotation about a point in the line i can be written in 
the first form in (3.6-2). In that case, what is the relation between the 
angles (}:1 and (}:2? 

5. Let W1,W2,W3 be any three distinct ideal points at infinity, and let 
w~, w~, w; also be any three distinct ideal points at infinity. Under what 
circumstances does there exist a direct isometry of the plane that maps 
Wi onto w~ (i = 1,2,3), and under what circumstances does there exist 
a reverse isometry that does the same? 

6. Under what circumstances are two quadrilaterals with all four vertices 
at infinity congruent? 

7. Under what circumstances are two triangles, each with two vertices at 
infinity, congruent? 

8. Under what circumstances are two generalized quadrilaterals with 
three right angles and the fourth vertex at infinity congruent? 
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3.7 Rotation by a Composition of Thanslations 

We now show that, in the hyperbolic plane, the composition of three pure 
translations can be a rotation. (A similar composition of two translations is 
considered in Exercise 1 below.) Let LlABG be a given triangle, with angles 
a., (3" at A, B, G, respectively. Consider three translations as follows (see 
Fig.3.7a): 

0"1 = translation by distance IABI along the ray AB, 
--+ 

0"2 = translation by distance IBGI along the ray BC, 
--+ 

0"3 = translation by distance ICAI along the ray CA. 

In the composition of these mappings, taken in the above order, the point A 
is mapped onto itself. The composition preserves orientation so it is either 
the identity or a rotation about A, and we shall show that it is in fact a 
rotation through the angle 7r - a. - (3 - " which is the angular defect of the 
triangle, hence is =I o. 

C 

r 

A'-------'------
K 

Fig.3.7a. 

The ray AB is mapped by 0"1 onto a ray BK on the continuation of 
--+ --+ --+ 

AB, as shown in the drawing. We write BK = 0"1(AB), and so on. By 
analysis of the angles, we find that 

--+ 

The angle between 0"1 (AB) and BG is 7r - f3. 
--+ 

The angle between 0"2(0"1 (AB)) and AC is 7r - (3 -,. (3.7-1) 
--+ 

The angle between 0"3(0"2(0"1 (AB))) and AB is 7r - (3 -, - a.. 

That is, the ray AB has been rotated through the angle 7r - (3 - , - a.. 
--+ 

We say that the ray AB has been carried round the triangle by pamllel 
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transport. Parallel transport round any closed polygon can be similarly 
defined. It produces a rotation equal to the angular defect of the polygon. In 
differential geometry there is further generalization to the parallel transport 
round any closed curve in a general Riemannian space. 

Exercises 

1. Let ABC D be a so-called Saccheri quadrilateral with right angles at A 
and B and with IADI = IBCI, as in Fig.3.7b. (This is not a rectangle; 
there are no rectangles in the hyperbolic plane.) Let 0'1 be the trans--lation along AB by the distance IABI, and let 0'2 be the translation -along CD by the distance ICDI. Discuss the composition 0'200'1 of 
these two mappings. 

D....--------.C 

Ah w _____ ur: B 

Fig.3.Tb. 

2. Show the steps involved in establishing the relations (3.7-1). 

3.8 Analysis of Isometries by Reflections 

The difference between direct and reverse isometries can be characterized 
as follows. First, we think of a polar coordinate system r, (J as referring to 
points in a diagram drawn on a piece of paper, and we call the system 
clockwise or counter-clockwise according as an increase of (J within the 
interval (-11",11") at constant r causes the point r, (J to move clockwise or 
counter-clockwise about the origin, as we view the paper from above. When 
an isometry is given in terms of two coordinate systems r, (J and r', (J', as in 
Section 3.6, the isometry is direct if both coordinate systems are clockwise 
or both counter-clockwise. Otherwise it is reverse. It is easily verified that a 
rotation ROt and a translation Tx are both direct, while a reflection M is a 
reverse isometry. When an isometry is the resultant of any finite collection of 
mappings, each of which is a rotation ROt or a translation Tx or a reflection 
M, the resulting isometry is direct or reverse according to whether the 
number of reflections M in the collection is even or odd. 
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We showed in Section 10 of Chapter 2 that every direct isometry is 
a composition of two reflections, say in lines e and n. If the lines e and n 
intersect in a single point, the isometry is a rotation about the point of 
intersection. If they are asymptotic, it is an ideal rotation, which will be 
described below. If they are ultraparallel, it is a translation along the line 
that is the common perpendicular of the lines. If the two lines are identical, 
the isometry is the identity. 

We now consider the case of ideal rotation in more detail. We assume 
that the lines e and n have had directions put on them and are asymptotic 
in that direction, as defined in Section 3.1. The reflection M l , being an 
isometry, maps asymptotic lines into asymptotic lines. In particular, it maps 
any line of the asymptotic pencil to which it belongs onto another line of 
that pencil. Mn does the same, because it belongs to the same pencil. 
Therefore, the direct isometry (J = MnMt maps each line of the pencil 
onto another line of the pencil. Since the pencil represents an ideal point 
at infinity, the mapping is a direct isometry that leaves fixed the ideal 
point at infinity at which the lines e and n meet. It may be thought of 
as a "rotation" about that ideal point. It is sometimes called a parallel 
displacement (because some authors, starting with Lobachevski, have used 
the word "parallel" for our "asymptotic"). 

In the next section, an explicit formula for an ideal rotation is found, 
in terms of a special set of coordinates in the plane. 

Exercises 

1. When the lines e and n intersect at a finite point, determine the angle 
a of the resulting rotation. 

2. When the lines e and n are ultraparallel, find the distance X of the 
resulting translation. 

3. Let Tx and Ra be isometries as defined in Section 3.6 in reference to 
a particular polar coordinate system. Let y be a positive distance. Let 
a = II(y) and (3 = 90° - a. Show that the isometry 

(3.8-1) 

is an ideal rotation. Where is the ideal point invariant under it? 
4. Show that no finite point is fixed under an ideal rotation. (It is assumed, 

of course, that e and n are not the same line.) 
5. Show that no line is invariant under an ideal rotation. Hint: If P is any 

point, pI = (J P, and P" = (J pI, show that P, pI, P" are not collinear. 

Now let (J be a reverse isometry. If (J has any fixed points, it must 
have at least a line of fixed points, because an isometry with exactly one 
fixed point is a rotation. An isometry with a line of fixed points is either 
a reflection or the identity. Since the identity is direct, if (J has any fixed 
points it must be a reflection. We will prove that a reverse isometry (J that 
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has no fixed points is what is called a glide reflection. That is, there exists 
a line e and a number x such that 

(3.8-2) 

so that u is obtained by translating along e and then reflecting in f.. 
One feature of a glide reflection is that it exchanges the half-planes on 

opposite sides of e. If Z is not on e, let F be the foot of the perpendicular 
from Z to e. Let F' be the translate of F along e, which is its image under 
the glide reflection. Then the image of Z under the glide reflection is the 
point in the half-plane opposite Z whose distance from F' is IZFI. Thus 
the midpoint between a point and its image is always on e. We can use 
this fact to find the glide reflection representation of an arbitrary reverse 
isometry that has no fixed points. 

Fig.3.S. 

Let u be a reverse isometry that has no fixed points. We seek a point 
P such that the points P, Q = u(P), and R = u(u(P)) are collinear. If 
we have such a point, then P, Q, and R must be distinct: if not, R = P 
(why?), and the midpoint between P and Q is fixed by u, a contradiction. 
Let e be the line through P and Q, and let T be the translation along e that 
takes P to Q. Then T also takes Q to R. Hence, u 0 T-1 fixes every point 
of e, and being a reverse isometry, it must be Mi. 

To find such a point P, start with any point X, let Y be its image 
under u, let Z be the image of Y and let W be the image of Z, as in 
Fig. 3.8. Let P be the midpoint of the segment XY. Then the image of P 
is the midpoint of YZ and its image is the midpoint of ZW. The image of 
the segment Pu(P) is the segment u(P)u(u(P)). Because u is an isometry, 
the triangles PYu(P) and u(P)Zu(u(P)) are congruent. Hence the angles 
L.Yu(P)P and Zu(P)u(u(P)) are congruent. It follows that we have three 
collinear points, as desired. 
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Further Exercises 

6. Is the a given by (3.8-2) also equal to Tt,xMt? 
7. Represent the mapping a given by (3.8-2) by a composition of three 

reflections. 
8. Let a be the resultant of a rotation about a point Z followed by a 

reflection in a line m that does not pass through Z. Show how to find 
the line f and the distance X when a is represented in the form (3.8-2). 

9. Show that given any two lines of an asymptotic pencil, there is an ideal 
rotation that carries one into the other. Hint: See Fig.3.1g. 

10. Let m and n be lines at right angles. Let a be an ideal rotation about 
the ideal point at one end of m followed by a reflection in n. Show 
how to determine f and X when a is written as (3.8-2). Hint: Write 
a as a composition of three reflections, and then recombine them in a 
different order. 

11. Show that the set of all ideal rotations about a given ideal point at 
infinity constitutes a group (a subgroup of the isometry group). 

3.9 Horocycles - A Special Coordinate System 

Let P, Q be points on a line f, and let C be a circle of radius IPQI with 
center at Q. In the Euclidean case, if the point Q moves off to infinity long 
the line f, keeping P fixed, the circle converges to the straight line through 
P perpendicular to f in the limit. In the hyperbolic case, it converges to 
a curve called a horocycle. Let P R be a chord of the circle, with midpoint 
at S as in Fig.3.9a. Then the segment QS is perpendicular to the chord 
P R. Let r, () be polar coordinates of the point R, with P as origin and the 
line f as the axis of () = O. Then IPRI = r, IPSI = r/2. We let Q move 
to the right, but we keep r fixed, so that the point R moves on a circle of 
radius r about the point P. Since the baselength of the isosceles triangle 
P RQ is fixed, the angle () increases, but remains less than 90°, and we wish 
to find its limiting value. The angle L.P SQ continues to be a right angle, 
and the lines PQ, SQ, and RQ become asymptotic as Q moves to infinity 
along the line f, so that the angle () = L.SPQ becomes equal to the angle 
of parallelism II(y), for y = ISPI = r/2. Hence, in the limit 

(3.9-1) 

We now let r (hence also ()) vary. The above relation between them is 
the equation in polar coordinates of a curve called a horocycle; an explicit 
equation for it will be found in Chapter 6. (We have as yet no formula for 
the function II.) 

For any r, the final configuration is as in Fig.3.9b, where the lines 
f, m, n are all asymptotic. R is the image of P under reflection in the line 
m, and the horocycle consists of the images of P under reflection in all the 
lines of the asymptotic pencil. 
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Fig.3.9a. 

RV-__ ___ 
a n 

S r:r------- m 

P'--'--------i 

Fig.3.9b. 

Furthermore, R is then invariant under reflection in n, hence the hora­
cycle can also be characterized as the images of P under ideal rotations 
about the ideal point where those lines meet. According to Exercise 11 in 
the preceding section, those ideal rotations form a group; hence, if R and 
R' are any two points of the horocyde, each of them is the image of P 
under a member of that group; hence R' is the image of R under a member 
of the group. That is, the entire horocyde is invariant (mapped onto itself) 
by ideal rotations. At P, the horocyde lies between any of the cirdes men­
tioned and their tangent at P; hence the horocyde is perpendicular at P 
to the line i. Hence, since the ideal rotations are isometries, the horocyde 
cuts all the lines of the asymptotic pencil orthogonally. If we repeat the en­
tire construction starting with another line f.' and point P', then the entire 
Fig. 3.9a is replaced by another figure congruent to it, with IPQI = IP'Q'I, 
etc. Hence, all horocydes are congruent. In particular, if i and i' are the 
same line, we get in this way a new horocyde obtained from the first by 
a translation through the distance IP P'I along the line i. Each line of the 
asymptotic pencil cuts both horocydes orthogonally, and since the entire 
structure is invariant under ideal rotations, we see that the distance be­
tween the horocydes along such a line is equal to I P pI I for all lines of the 
pencil. (See Exercise 6 below.) 
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We now introduce the notion of arclength along a horocycle. Generally, 
if C is any piece of curve given parametrically by P(t) for a :::; t :::; b, where, 
for each t, P{t) is a point on C, we consider a partition P of the interval 
[a, bj by values ti of the parameter such that 

P : a = to < tl < ... < tn = b. 

Then a polygonal approximation to the length L{ C) is given by 

n 

s{P) = E IP{ti-1)P{ti)l, 
i=l 

where, as usual, IABI denotes the distance from A to B. We consider a 
sequence of partitions Pk, where Pk has nk points in the interval {a, bj, and 
nk -+ 00 as k -+ 00. For simplicity, we assume that Pk+1 contains all the 
values ti of Pk and more too. It then follows from the triangle inequality 
that the approximations increase increase as k -+ 00. We also assume that 
the largest increment Max(i){ti - t i - 1 } tends to zero, as k goes to infinity. 
If we can somehow prove that those approximations are bounded above for 
all k, we say that the curve C is rectifiable, and we define 

L{C) = lim S(Pk). 
k-oo 

(3.9-2) 

In particular, let C be a portion of the horocycle given by (3.9-1), with 
the parameter t taken as r. (Recall from Theorem 3.11 in Section 3.3 that 
II(y) is a continuous decreasing function of y.) Then L{C) is the arclength 
of the part of the horocycle for a :::; r :::; b (where we assume that a is 
nonnegative - see Exercise 8 below). If b - a is not too large (see Exercise 
7 below), we can find an upper bound for the polygonal approximations by 
placing a tangent line to the horocycle at some point of the part C. Then 
the length Lo of that part of the tangent line cut out by the lines of the 
asymptotic pencil through the endpoints of C at r = a and r = b is an 
upper bound for the polygonal approximations. (For larger values of b - a, 
the arclength can be obtained by adding the arclengths of shorter pieces.) 

We now describe a coordinate system in which there are explicit for­
mulas for the isometries in a certain subgroup of the isometry group. 

We consider an asymptotic pencil of lines (Section 3.1) and the family 
of horocycles everywhere orthogonal to those lines, as shown in Fig.3.9c. 
With respect to an arbitrary origin 0, we define coordinates ~,,,., as follows: 
TJ is constant along each line; it is the arclength from the point 0 along the 
primary horocycle (the one that passes through O), and ~ is the distance 
along any of the lines, taken as zero at the primary horocycle and increasing 
to the left. Then, ~ and TJ are orthogonal coordinates that cover the entire 
hyperbolic plane; each of them varies from -00 to +00. 

We now consider arclength s along a horocycle at position ~ = 6, and 
we denote by s( 6, TJ) the arclength along that horocycle from the point 6, 0 
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Fig.3.9c. 

Fig.3.9d. 

asymptotic 
lines 

-1] = 1 

to the point ~1,1]. We shall show that for fixed ~1,s(6,1]) is proportional 
to 1] = s(O, 1]). We consider the region bounded by lines at 1] = 0 and 1] = 1 
and by horocycles at ~ = 0 and ~ = ~1' as in Fig. 3.9d. 

Let the interval [0,1] of 1] be divided into q equal subintervals to give 
lines at 1] = p/q, (p = 0,1,2, ... ,q). As we have seen, there is an ideal 
rotation or "rotation about a point at infinity" that maps each line of 
the pencil onto another line of the pencil, leaving the horocycles invariant. 
The ideal rotation that maps the line at 1] = 0 onto the line at 1] = 1/ q 
maps each of the lines in the figure onto the one just above it. Since it is 
an isomorphism, all the thin strips in the figure are congruent; hence those 
lines also subdivide the horocyde arc at { = 6 into equal subarcs. It follows 
that 

S(~l>~) =~ s(~l,l) 
Since the function s(~, 1]) is clearly continuous in each of its variables, the 
above holds for irrational values of 1], and we have generally 

s(~, 1]) = 1]s({, 1). 
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Now consider a second figure congruent to the one in Fig. 3.9d obtained 
by a translation by a distance 6 along the ~-axis, as shown in Fig.3.ge. 

~. 0 
6+66 

n 
6 0 

Fig.3.ge. 

Since translation is an isomorphism, * the amplification of the horocycle 
arclength from ~ = 0 to ~ = 6 is the same as that from 6 to 6 + 6, hence 

8(6 + 6, 1) 8(6,1) 
=---

8(~2,1) 1 

so that 
In 8(6 + ~1' 1) = ln8(6, 1) + ln8(6, 1). 

We know from calculus that if a continuous function f(x) is such that 
f(a+b) = f(a)+ f(b), then f(x) = const·x. We conclude that 8(~, 1) = eKe, 
where K is a constant, hence 

(3.9-3) 

Clearly, K is positive, because the above quantity increases with increasing 
~. We have proved the following: 

Lemma 3.2: Let e and e' be two lines of the asymptotic pencil. The distance 
(arclength) along a horocycle at position ~ from e to ef is proportional to 
eKe, as ~ varies, for fixed e and ef , where K is a constant. 

The value of K clearly depends on the unit of length in the hyperbolic 
plane, which has so far not been chosen (see Section 1.2). (Often, that unit 
of length will be so chosen that K = 1.) 

Equation (3.9-3) is the first quantitative formula of the theory; other 
formulas will be obtained in Chapter 6. The formula was obtained by appeal 
to the isometries of the hyperbolic plane. That is a special case of the thing 
pointed out in 1872 by F. Klein in his "Erlanger Program," according to 
which the geometry of a space is largely determined by its isometry group. 

The isometries that we have used are ideal rotations RA and transla­
tions Tx along the ~-axis (the line at 'rJ = 0). Together, these generate a 

* Recall: All horocycles are congruent. 
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two-parameter subgroup of the isometry group. The corresponding map­
pings are: 

RA : e --+ e, ", --+ ", + A, 

Tx : e --+ e + X, ", --+ e-KX ",. 

It can be shown (Exercise 2) that a commutator 

(3.9-4) 

(3.9-5) 

(3.9-6) 

is of the form RA' for some A'. Therefore, in any product of the form 
TIRIT2R2T3R3"', the Ri can be moved to the left in the product and the 
Ti to the right. The result is of the form RATx for some A and some Xj 
hence the subgroup generated has two parameters, A and X. 

Exercises 

1. Verify (3.9-4) and (3.9-5). 
2. Show that the commutator (3.9-6) is of the form RAt. 
3. Show that RATx R-A is a translation along another line of the pencil. 
4. Show that under any transformation of the subgroup a vector that 

points to the ideal point at infinity (of the pencil) continues to do so 
afterward. 

5. For what reflections can you give formulas in terms of the coordinates 
e and",? 

6. Resolve the following apparent intuitive contradiction: It was said that 
the horocycle through B can be obtained from the one through A 
by a translation by the distance IABI along the line f. Under that 
translation, the point G moves to the point D in Fig.3.9f. It would 
seem then that the shortest distance from the point G to the second 
horocycle, namely, the distance IGEI along the common perpendicular 
would be less than IABI, not equal to IABI, as stated in the text. Hint: 
See the next section. 

f A 

Fig.3.9f. 
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7. Explain why, in the discussion of the upper bound Lo for the polygonal 
approximations by means of a tangent line to a portion of the horocycle, 
it was necessary to assume that b - a is not too large, and then show 
that with that restriction, Lo is an upper bound. 

8. In that same discussion, it was assumed that 0 :$ a < b. What is to be 
done if a < b:$ 0 or if a < 0 < b? 

9. Find the equation in the ~,TJ system of a general equidistant to a line 
TJ = TJo (a constant). 

3.10 Equidistants 

The circles and the horocycle constitute a continuous family of types of 
curves, each of which is invariant under a (one-parameter) subgroup of G, 
so that it slides along itself under the isometries of the subgroup. When 
drawn so as to pass through the origin vertically, they look roughly as 
shown in Fig. 3.lOa. They occupy the shaded region of the plane. 

gap 

Fig.3.10a. 

The question naturally arises whether there is another family of "slid­
ing" curves that fill the gap between the horocycle and the vertical straight 
line. There is, and the curves are called equidistants. Let m be a straight 
line, as shown vertically in Fig. 3.lOb. For each point P define the distance 
(P, m) by dropping a perpendicular to m and defining that distance as 
IPQI, where Q is the foot of the perpendicular. The set of all points P at 
a given distance x from m is a curve C called an equidistant. It is clearly 
invariant under translations along m, because a perpendicular PQ, when 
translated, becomes another perpendicular P'Q' of the same length x, so 
C slides along itself under a translation along m. For x = 0, C is the line 
m. As x increases and the line m moves to the right to infinity, the line 
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m 

x 
Pt---'T"IQ 

x 
P' t-----,-t Q' 

Fig.a.lOb. 

x 
P ~~------~--+----

m 

Fig.a.lOc. 

m becomes a point at infinity (see Comment below), and C converges to a 
horocycle. 

Comment: It was seen in Section 3.3 that the angle of parallelism 
a = II(x) goes to zero as x --+ 00. Hence, if P is a fixed point on a line f, 
and if m is a line perpendicular to f at a distance x, the line m is confined 
to the interior of the angle of measure 2a shown in Fig.3.10c for x large 
enough so that II(x) < a. As a tends to zero, the two rays shown approach 
coincidence, and in this sense we can say that the entire line m converges 
to the ideal point at infinity along the line f. 

3.11 Tiling, Lattices, and Triangulations 

A tiling of a plane (Euclidean or hyperbolic) is, roughly speaking, a set of 
bounded regions Ro, R1 , ••• , all congruent to each other, which cover the 
plane without overlap (which means that no two of them have common 
interior points - they may have common boundary points). THings of 
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the Euclidean plane by parallelograms and by hexagons are indicated in 
Fig.3.lla. 

Fig.3.11a. 

The words "roughly speaking" in the above definition refer to two 
provisos: 

(1) We shall consider only polygonal regions, not regions with curved sides. 
(2) The congruences involved must constitute a subgroup Go of the group 

G of isometries of the plane, and the regions of the tiling must be 
precisely all those regions that can be obtained from one of them (e.g., 
the one shaded in the drawings) by the isometries of the subgroup Go. 

For the parallelogram tiling shown in the first drawing, the subgroup Go 
can be taken as the group of all translations by amounts of the form n u + 
m v, where u and v are noncollinear vectors that describe the sides of the 
parallelograms, and nand m are arbitrary integers (positive,negative, or 
zero). 

Note 1. In the hyperbolic case, the subgroup Go cannot be of the 
kind just described, because, as noted in Section 3.6, a collection of pure 
translations cannot be a group, unless they are all translations along the 
same line. 

Note 2. In the parallelogram tiling of the Euclidean plane described 
above, the subgroup could be taken· also to include 1800 rotations about 
the centers of the parallelograms, about their vertices, and about the centers 
of their sides. If the parallelograms are squares, there are further isometries 
that could be included. It is sometimes convenient to take Go as the smallest 
subgroup that will generate the tiling. 

Note 3. Reverse isometries sometimes appear, as in the triangulations 
described below, in which each triangle is reflected in its sides. 

Note 4. A simple arrangement that violates the second proviso is ob­
tained by starting with a rectangular tiling and then drawing a diagonal in 
each rectangle, but choosing the orientations of those diagonals randomly 
from one rectangle to the next, as in Fig.3.llb. Then all the triangles are 
congruent, but they cannot be obtained by means of a group Go as de­
scribed above. 



106 Chapter 3. The Hyperbolic Plane 

Fig.3.1lh. 

THings of the sphere or of the hyperbolic plane are similar to tHings 
of the Euclidean plane, except that G is then the group of isometries of 
the sphere or of the hyperbolic plane, and the polygons have an angular 
excess in the spherical case and an angular defect in the hyperbolic case. 
THings of the sphere can be obtained by enclosing the sphere in any of the 
classical regular solids and projecting the faces and edges of that solid onto 
the sphere by radial lines drawn to the center of the sphere. 

We now consider tHings by triangles; they will be called triangulations 
(of the sphere or plane). We further assume that the triangles can be ob­
tained from each other by reflections in lines along the sides of the triangles; 
that gives a reflection-triangulation. We start with a given point Po and a 
given triangle having Po as a vertex. By successive reflections, we get a 
set of triangles as shown in Fig.3.11c, and so on. Unless the triangles are 
isosceles . (which we do not assume), there· will be an even number of trian­
gles meeting at Po. The same is true of the other vertices, and it follows 
that the angles of the triangle have to be of the form 71'/ i, 71'/ m, 71'/ n, where 
i, m, n are integers greater than or equal to 2. 

~ . 
lInes of 

reflection 

/ 

Fig.3.1lc. 

The group Go of isometries is generated by the reflections referred 
to above. (We recall that, on the sphere, two reflections give a rotation; 
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on the Euclidean plane they can give a rotation or a translation, and on 
the hyperbolic plane they can give a rotation, a translation, or an ideal 
rotation.) 

For the Euclidean case, the sum of the angles is equal to 71'; hence we 
must have 

1 1 1 - + - + - = 1; 
i m n 

it is easily seen that there are just three possibilities 

111 
-+-+-
333 
111 
-+-+-
244 
111 
-+-+-
236 

(3.11-1) 

The tiling that corresponds to the last of these is shown in Fig.3.11d. 
In the spherical case, we have 

1 1 1 - + - + - > 1, 
i m n 

and the possibilities are 

1 1 1 
-+-+-
2 2 n 
1 1 1 
-+-+-2 3 n 

(n ~ 2), 

(n = 3,4,5). 

Fig.3.11d. 

(3.11-2) 
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Except for the first of these cases, when n 2: 3, each of these triangulations 
can be obtained from one of the classical regular solids by suitably triangu­
lating the faces of that solid. For example, the regular dodecahedron has 12 
faces, each of which is a regular pentagon. Each pentagon can be divided 
into ten triangles, so that the sphere is triangulated into 120 triangles, all 
having angles 7r/2,7r/3, and 7r/5. The case 1/2 + 1/2 + l/n, with n 2: 3 
can be visualized by dividing the equator of the sphere into 2n equal parts 
and then connecting the points of subdivision to the poles by arcs of great 
circles, as in Fig.3.11e. 

Fig.a.11e. 

In the hyperbolic case, we have 

1 1 1 -+-+- < 1, i m n 
(3.11-3) 

and now there are infinitely many possibilities for each of the integers 
i, m, n. As indicated in Exercise 1 below, when positive angles a, {3, 'Y are 
given such that a + {3 + 'Y < 7r, there is always a triangle in the hyperbolic 
plane with those angles. In fact, such a triangle can be obtained by a simple 
construction. Each of the choices (3.11-3) leads to a triangulation, and we 
state that fact as a theorem. 

Theorem 3.16: If we are given a triangle .:10 with angles 7r/i,7r/m,7r/n, 
where the integers i, m, n satisfy (3.11-3), if we obtain further triangles by 
reflection in the sides of .:10, then obtain further triangles by reflections in 
the sides of the new ones, and so on, the result is a set of infinitely many 
triangles, no two of which overlap (adjacent ones have common boundary 
points), and which together cover the entire hyperbolic plane. The entire 
structure is invariant with respect to each of the reflections mentioned. 

We shall give the proof only in the relatively simple case of equilateral 
triangles with 45° angles. The proof for the general case can be found in 
Caratheodory, Theory of Functions of a Complex Variable, Vol. II, Chelsea, 
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New York, 1964. It is longer than the proof given here because of the large 
number of special cases that have to be considered, but it follows the same 
principles. 

The triangles to be considered have angles of 45° = 7r / 4, hence, ac­
cording to Chapter 6, have sidelength equal to 1.5288570918· .. (we shall 
not use this number). 

We choose an arbitrary point 0 in the hyperbolic plane as origin, and 
we construct the eight triangles with 0 as a vertex in such a way that each 
is a reflection of its neighbors, as indicated in Fig.3.1If. These are called 
triangles of the first order. Their outline is an octagon with 90° angles and 
is denoted by Pl. About each of the vertices of PI we construct similarly 
six more triangles with centers at that vertex, as in Fig.3.llg. One of the 
six is shared with the next vertex (say clockwise) of PI, hence there are 40 
new triangles, which are called triangles of the second order. 

Fig.3.11f. 

Fig.3.11g. 

The outline of these triangles of the second order is a polygon P2 of 32 
vertices, at 8 of which the internal angle is 135° and at 24 of which it is 90°. 
We continue this procedure, to construct triangles of order 3,4, ... ,k, ... , 
and polygons P3, P4,'" ,Pk, .... Clearly each of the polygons lies inside 
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the next, the origin 0 is at the center of all of them (the entire structure is 
invariant with respect to eightfold rotations about the origin 0), and the 
triangles of order k lie between 'Pk-l and 'Pk. Each vertex of 'Pk is a vertex 
of either two or three of the triangles of order k; hence the interior angles 
of the polygons are all either 90° or 135°. It follows just as in the Euclidean 
case that the region bounded by each of these polygons is convex, since all 
the angles are less than 180°. Clearly, the triangles of order k fill up the 
region between 'Pk-l and 'Pk, and we now prove by an induction on k what 
may seem obvious on intuitive grounds, but really has to be proved: 

No triangle of order k overlaps any other triangle of order k, by which 
we mean, of course, that no two of them have any interior points in com­
mon. 

To prove this, we note that it is obviously true for triangles of the 
first order; we assume that it is true for triangles of order $ k - 1, and we 
prove that it is then true for the triangles of order k. We consider first those 
triangles of order k that have a side in common with the polygon 'Pk-l, and 
we call them Zl. Z2,"'; we prove that they do not overlap each other. Let 
Vo, Vi, ... , Vq = Vo be the vertices of'Pk-l. taken, say, in clockwise order. It 
is shown in Exercise 2 below that the angular regions LV;-l0V; (j = 1, ... ) 
are nonoverlapping, and we show that precisely one of the triangles of type 
Z lies in each of them. Let Z be the triangle with segment V;-l V; as a side. 
The angle f3 shown in Fig. 3.11h is $ 3.45°, and we see that the triangle 
Z is to the right of the ray 0V;-l. 

1.11"-....... -"7 

...- triangle Z 

o 

Fig.3.llh. 

Similarly, it is to the left of the ray OV;, hence it lies in the angular region 
LV;-l0V;. Therefore, the triangles of type Z do not overlap. Now let Zj-l 
and Zj be two adjacent triangles of type Z, with outer vertices Wj - l and 
Wj and let El. E2,'" be the other triangles of order k (either 3 or 4 in 
number) that have a vertex at the vertex V; of 'Pk-l , as shown in Fig. 3.11i. 
Since triangle Zj_l lies in LV;-l0V;, the ray OWj-l. passes through Zj-l; 
hence the angle LOWj -1 Q is less than 90°, and we see that the triangles 
E l , E2, ... all lie in the angular region LWj_10Wj 11M so they do not 
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o 

Fig.3.11i. 

overlap any triangles E1, E~ that have vertices at any other of the points 
l-'i. By construction, the triangles El , E2 , • •• that have a vertex at Vj do 
not overlap each other and do not overlap Zj-l or Zj and we see that the 
triangles or order k are all nonoverlapping, as required. 

It remains to show that the region R covered by all the equilateral 
triangles generated in this way is the entire hyperbolic plane. To that end, 
we show that R has no boundary. Let P be any point of R. Then P is at a 
distance :::; a from a vertex of one of the triangles, where a is the sidelength 
(= 1.528570918· .. ) but that vertex is surrounded by e~ght of the triangles, 
so P is an interior point of R. That is, R has no boundary points and 
hence is the entire plane. The invariance of the structure under reflections 
can be seen in the following way: If the common edge of any two triangles 
is continued in either direction as a straight line, it continues to lie along 
common edges of triangles that are reflections of each other as in Fig. 3.llj. 

Fig.3.11j. 

From the laws of congruence, it follows that the entire construction on one 
side of that line is identical with the reflection of the construction on the 
other side. 

From the theorem and the earlier comments on the more familiar Eu­
clidean case, we arrive at the following conclusion: 

Theorem 3.17 (Contrast Between the Euclidean and the Hyperbolic Planes): 
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In reflection triangulations of the Euclidean plane, there are just three pos­
sible shapes of the triangles, but they can be of arbitrarily small size (or of 
arbitrarily large size). In the hyperbolic case, there are infinitely many pos­
sible shapes of the triangles, but their sizes are determined by their angles, 
and the smallest possible triangle that can be used has an angular defect 
(which is equal to its area in suitable units according to Section 3.12) equal 
to 7r/42. 

Closely related to tHings are lattices. Given a point Po and a sub­
group Go of G, the set C = {Po, PI, ... } of the images of Po under all the 
isometries of Go is a lattice if the following conditions are satisfied: 

(1) The point set C is discrete, which means that for each point Pj of C, 
there is a distance c > 0 so that no other point of C is within a distance 
c of Pj' 

(2) For each point Pj there is a polygon P whose vertices are points of C 
and which contains Pj in its interior. 

Note 1. C can also be described as the images of any given point Pj of 
C, not necessarily the originally given point Po. 

Note 2. To establish the discreteness, it suffices to show that condition 
(1) holds for any single point of C, for example for Po. 

Note 3. If the point Po is moved to a point Po not in C, a different 
lattice C' is obtained, for the given group. For example, if Go is the group 
associated with the Euclidean tiling shown in Fig. 3.11d, lattices with quite 
different appearances are obtained by taking Po as (1) a six-fold center of 
rotation, (2) a three-fold center of rotation, (3) a two-fold center of rotation, 
or (4) a general point in the interior of one of the triangles. Hint: Sketch 
these lattices. 

Note 4. Requirement (2) serves to exclude cases in which C consists 
merely of equally spaced points on a single line or equally spaced points on 
a single circle. 

The group Go associated with any tiling determines a lattice (in gen­
eral, many lattices); the converse is true only if we include cases in which 
the regions Ro, Rl, ... are unbounded. A triangle (or polygon) one or more 
of whose vertices is an ideal point at infinity is called degenerate. Consider a 
triply degenerate triangle obtained by taking any three distinct ideal points, 
say at angles (h'(h, 03 in some polar coordinate system, and joining those 
ideal points in pairs by straight lines, according to Theorem 3.13 in Section 
3.4. One's first thought is that one can get triangles of different "shapes" 
by different choices of 01, O2 and 03 , However, one can then choose a new 
coordinate system r', 0' with an origin at the center of the triangle, as de­
scribed in Exercise 11 below, then the triangle has a threefold symmetry of 
rotation about the new origin, and the angles O~, O~, and O~ differ in pairs 
by 1200 • A tiling by such triangles is the subject of Exercise 12. Degener­
ate triangles that satisfy (3.11-3) correspond to taking at least one of the 
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integers e, m, n as infinity and at least one of the others greater than 2. 

Exercises 

1. Show that if ex, /3, 'Yare positive and ex + /3 + 'Y < 7r, there exists in 
the hyperbolic plane a triangle with angles ex, /3, 'Y. Hint: Do it first 
for the case ex = 90°; on one of two orthogonal lines construct a ray 
...... 
k at distance y and at angle /3, as shown in Fig. 3. 11k. If y is small 
enough, /3 < II(y), so that the ray intersects the vertical line. From 
the properties of the triangle functions described in Section 2.5, show 
that for some (unique) value of y, the desired triangle is obtained. 

k 

y 

Fig.3.11k. 

-+ -+ -+ 

2. Show that ifrays k, k I, k /I emanate from a point P, with k I between 
--+ -+ --+ --+ 

k and k 1/, then the regions interior to the angles L k , k I and L k I, k /I 
do not overlap. 

3. Consider how to generalize the argument in the text to a triangulation 
by equilateral triangles with angles 7r In, for n > 4. 

4. Show how to choose e, m, n so that the angular defect of the triangle 
is 7r I 42, and show that the angular defect can never be less than this, 
for integer e, m, n. 

5. Let Llo be the triangle with angles 7r/e,7r/m,7rln at vertices A,B,C. 
Show that the subgroup Go of G generated by reflections in the 
sides of that triangle contains rotations RA, RB, Re through angles 
27r I e, 27r 1m, 27r In about those vertices. 

6. In the notation of the preceding exercise, show that if a subgroup of G 
contains the rotations RA and RB, then it automatically contains Re. 

7. Show that, although the subgroup generated by the rotations RA, RB, 
Re cannot be all of the subgroup Go generated by reflections in the 
sides of the triangle Llo, the subgroup generated by RA and 11.B to­
gether with reflection in the line AB is all of Go. 

8. Let RA and RB be the rotations in the preceding exercises, but now let 
the distance y = IABI be variable. For what values of y is the subgroup 
generated by RA and RB the subgroup of a lattice? Hint: Unless y is 
properly chosen, the point set consisting of all images of a fixed point 
Po may not be discrete. 
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9. Prove or disprove: If the subgroup Go connected with a tiling contains 
only direct isometries, then Go can be generated by two suitably cho­
sen isometries. What about the case where Go also contains reverse 
isometries (Le., ones containing reflections)? 

10. Let Go be a subgroup of G associated with a tiling of the plane (Eu­
clidean or hyperbolic), and let S be the set of all images of a given point 
Po under the isometries of Go. Show that there are only finitely many 
points of .c in each of the regions R j (hence the set is discrete, there­
fore a lattice). Under what conditions does each Rj contain exactly 
one point of S? 

11. Let .10 be a triply degenerate triangle with vertices at infinity and with 
sides iI, i 2, £3' The sides £2 and i3 are asymptotic at one of the vertices 
and orthogonal to a horocycle with that ideal point as center. Let P 
be the midpoint of the horocycle segment between £2 and i 3 , and let 
m1 be the line through P asymptotic to i2 and i 3. We may regard m1 
as the angle bisector of the sides i2 and i 3. Let m2 be similarly the 
angle bisector for sides £3 and i 1 . Show that the intersection Z of m1 
and m2 is equidistant from £1 and £2, so that the third angle bisector 
also passes through Z. Show by consideration of congruent triangles 
that Z is equidistant from the three sides of the triangle and that the 
triangle has threefold symmetry of rotation about Z, so that, in terms 
of polar coordinates with origin at Z, the angles of the ideal vertices 
are separated pairwise by 1200 • 

12. Let .10 be the triply degenerate triangle of the preceding exercise. 
Consider the set of triangles obtained by reflecting .10 in its sides, then 
reflecting the new triangles in their sides, and so on. Let Po, PI, ... , be 
the centers of those triangles. Show that those points form a lattice. 

13. Consider similar tilings by singly or doubly degenerate triangles. 
14. Show that there is no lattice associated with any subgroup of the 2-

parameter group of isometries discussed in Section 3.9. If the subgroup 
is large enough so that condition (2) for a lattice is satisfied, that is, 
so that the lattice doesn't reduce to a set of points on a single line or a 
single curve, then condition (1) fails. The set of points is not discrete. 

3.12 Area and Angular Defect; 
Equivalence of Polygons 

In both Euclidean and hyperbolic geometry (also spherical), the intuitive 
concept of area is subject to the following fundamental principles: 

(1) It is additive; if two regions are placed side by side so as to make 
a larger region, then the area of the larger region is the sum of the areas of 
the two smaller ones. 

(2) Congruent figures have the same area. 
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From these, it follows, for example, that if a polygon is triangulated, 
that is, is represented as the union of several nonoverlapping triangles as in 
Theorem 2.15 of Section 2.9, and if those triangles are then moved around 
in the plane, without change of size or shape, and then reassembled in a 
different arrangement to make a second polygon, then the two polygons, 
which are said to be equivalent by triangulation, have the same area. 

In Euclidean geometry, formulas are derived for the areas of squares, 
rectangles, triangles, and so on. One starts with squares, as indicated by 
the expressions "square inch," "square meter," etc. One observes that a 
square of sidelength L is exactly the union of n2 squares of sidelength 
Lin; hence one defines the area of any square as equal to the square of 
its sidelength. The given square has been covered by a tiling by smaller 
squares (tHings in general were discussed in the preceding section). Then a 
rectangle whose length and width have a rational ratio can be represented 
as the union of a number of smaller squares, from which one decides (via a 
limiting process, in which the dimensions of the small squares tend to zero, 
in order to cover the case of an irrational ratio) that the area of a rectangle 
is equal to the product of its two dimensions. Then, given a triangle, one 
reduces the problem to that of a rectangle in two steps: first, one doubles 
the area by adjoining another triangle obtained by rotating the first one 
through 1800 about the midpoint of one of its sides, to form a parallelogram. 
Any parallelogram can be made into a rectangle by adding and subtracting 
congruent triangles. In this way one decides that the area of a triangle is 
one-half its base times its altitude. 

The discussion in the hyperbolic case is similar, but with the difference 
that there are no squares in the hyperbolic plane, and, more generally, no 
polygons that can be decomposed into smaller identical polygons similar 
to the given one. In fact, there are no similar polygons except congruent 
ones. As pointed out in Section 3.11, there are no tHings of the hyperbolic 
plane by arbitrarily small "tiles." The smallest possible triangle that can 
be used for a certain kind of triangular tiling has angular defect equal to 
7'1/42; smaller ones don't fit properly. 

In the hyperbolic case, we show first that if two polygons are equivalent 
to a third by triangulation, then they are equivalent to each other. (That 
holds also in the Euclidean case.) Then, we show that if two triangles have 
the same angular defect and a common base, they are both equivalent to 
a certain quadrilateral, and hence are equivalent to each other. Then, we 
show that the requirement of a common base can be omitted so that any 
two triangles with the same defect are equivalent, and hence have the same 
area. It then follows, since area and defect are additive, that the area of a 
triangle, or of any polygon, is proportional to its angular defect. Finally, 
we establish the proportionality constant by considering the limit of very 
small triangles and requiring that in that limit the area be equal to one-half 
the base times the altitude (Exercise 5 in Section 6.3). Then, if the unit 
of length is so chosen that K = 1, the area is equal to the defect. Hence, 
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the area of a triangle cannot exceed 1[' .and the area of a triangle with its 
vertices at infinity (at ideal points) is equal to 1['. 

Theorem 3.18: If each of two polygons is equivalent to a third, then the two 
are equivalent to each other. 

Sketch of the Proof. Since any polygon can be triangulated, the relation 
of equivalence, as we have defined it, is reflexive. It is also evident from the 
definition that the relation is symmetric: if P is equivalent to Q, then Q is 
equivalent to P. What we have to prove is that the relation is transitive: if 
P is equivalent to Q and Q is equivalent to R, then P is equivalent to R. 
In the two given equivalences, the intermediate polygon Q gets in general 
two triangulations. If these triangulations are superposed by drawing in 
Q simultaneously all the sides and vertices of both triangulations, then 
Q is represented as made up of many small figures, some of which may 
be triangles and other more general polygons. Then, we triangulate the 
more general polygons. The result is many tiny triangles, which, when put 
together in one order, give a representation of P and when put together in 
another order, give a representation of R. Hence P and R are equivalent. 

Theorem 3.19: Let ..1 be any triangle. Let a be the length of one of its sides. 
Then, ..1 is equivalent to a unique Saccheri quadrilateral with sidelength a 
between its acute angles and with defect equal to the defect of ..1. 

Sketch of the Proof. Let e be the line joining the midpoints of the other 
two sides, as shown in Fig. 3.12a. Drop perpendiculars (dashed lines) from 
the vertices of the triangle to that line. It is then left to the reader to show 
that the smaller right triangles in Fig. 3.12a are congruent in pairs. That 
proves the equivalence (hence the equality of the defects) and shows that 
the quadrilateral BB'GG' is a Saccheri quadrilateral, that is, its angles at 
B' and G' are right angles and IBB'I = ICC'I, so that its angles at Band 
G are equal acute angles. If the vertex A is moved along an equidistant to 
the line i, keeping the distance IAA'I fixed, all the resulting triangles are 
equivalent to the same Saccheri quadrilateral. That proves the following: 

Corollary: Two triangles with a common side length are equivalent if and 
only if they have the same angular defect. 

We wish to show now that two triangles with the same defect are 
equivalent even if they don't have a common side length. Let ..1 and ..1' 
be the triangles, with a, b, c the side lengths of the first and a', b', d the 
side lengths of the second. We shall show how to construct a triangle ..1" 
with the same angular defect as the given triangles and with one side of 
length a and one of length b'. According to the Corollary, ..1" is equivalent 
to each of the given triangles; hence they are equivalent to each other, by 
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A 

B a 

Fig.3.12a. 

Theorem 3.18. Let Ll be the triangle ABC of Fig.3.12a, with a = IBCI 
and b = IACI. We assume that b < b' (otherwise, we interchange the two 
triangles; if b = b', the two triangles are equivalent by the Corollary and 
there is nothing further to prove). In Fig.3.12a, we draw a circle about 
vertex C with radius 1/2 b', which is greater than 1/2 b, and hence greater 
than ICC'I, so that the circle intersects the line £ in two points. Let X be 
one of the points and extend C X an equal distance to point Y, as shown 
in Fig. 3.12b. By consideration of congruent triangles, it is easy to see that 
Y is at the same distance from the line i as the point A in Fig.3.12a. By 
the proof of Theorem 3.19, it is seen that BCY has the same defect as 
the given triangles, and its side YC is of length b'; hence it is the required 
triangle Ll", and we have proved the following: 

B a C 

Fig.3.12h. 

Theorem 3.20: Two triangles are equivalent if and only if they have the 
same defect. 

It was noted above that, since the equivalence of polygons involves 
triangulation, equivalent polygons have equal area, under any definition of 
area which is additive and is such that congruent triangles have equal area. 
It then follows from the above theorem that, at least for triangles, the area 
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A depends only-on the angular defect Dj A = A(t5). From the additivity of 
both area and defect, we have 

It follows, since area and defect are inherently positive quantities for any 
triangle, that the function A( 15) is increasing. It is a theorem of calculus 
that any such function [additive, increasing, and defined for all 15 in an 
interval such as (0,11')] is homogeneous linearj that is, A(t5) is equal to a 
constant times 15. It then follows further, from the additivity of area and 
angular defect, that this result holds not only for triangles, but also for 
other polygons, since any polygon can be triangulated. Hence, we have the 
following: 

Corollary: As in the Euclidean case, area is uniquely defined, up to a mul­
tiplicative constant, by the requirements that it be additive and that con­
gruent figures have equal areas. 

As a final comment, it can be proved that any two polygons (not nec­
essarily triangles) with the same angular defect are equivalent. That is 
known as Bolyai's Theoremj see The Foundations of Geometry and the Non­
Euclidean Plane, by George Martin, Chapter 33, (Springer Verlag, Berlin, 
1975). That is of course a statement about the existence of triangulations 
of the two polygons such that the conditions in the definition of equivalence 
are satisfied. An alternative statement is that any two polygons with the 
same area are equivalent. 

An alternative approach is described in Non-Euclidean Geometry, by 
H.S.M. Coxeter (University of Toronto Press, Fourth Edition, 1961), Chap­
ter XIII, based on certain unbounded figures with finite area. It is shown 
that a horocycle sector (a figure bounded by an arc of a horocycle and two 
asymptotic lines) is equivalent to a certain bounded region. 

The conclusions reached in this section are also obtained in Chapter 5 
by the methods of differential geometry. 

3.13 A Misunderstanding About 
Astronomical Parallax 

In some books there is an argument that appears to go as follows: Let C 
be a distant star, and let B be a point of the earth's orbit such that the 
angle L.BAC is a right angle, where A is the center of the earth's orbit. (See 
Fig. 3.13. Can you prove that there always is such a point B?) It is then 
said that the astronomers measure the angle L.ABC, whose complement is 
the parallax of the star. Then the angular defect of the triangle ABC would 
be less than that parallax. For a few nearby stars, the parallaxes have been 



3.13 A Misunderstanding About Astronomical Parallax 119 

measured and are found to be a few hundredths of a second of arc; hence, it 
is concluded that there exist very large triangles with defect less than a few 
hundredths of a second. Such an analysis is misleading, for the following 
reasons: 

Earth's orbit 

D' 

Fig. 3.13. 

(1) The astronomers don't measure the angle LABC. There is no way of 
"sighting along" the line BD, which is the diameter of the earth's orbit. 
(It takes the earth six months to get from D to B.) The astronomers 
could in principle calculate the angle LABC to a certain accuracy (not 
hundredths of a second) by a complicated calculation which would take 
into account the motion of the earth in its orbit, the perturbation of 
that orbit by the moon and Jupiter, together with observations of the 
stars and planets. Surely, the angle would turn out to be 900 to within 
the accuracy of the calculation. 

(2) If the astronomers could calculate LABC for some star and if we were 
to use the result to put an upper bound on the defect of a triangle, 
we would not use for that purpose a nearby star, such as the ones for 
which parallax has been measured, but a more distant star. 

(3) Astronomical parallax is a purely relative measurement made by taking 
two photographs of a given star field six months apart. Microscopic 
examination of the photographs reveals that all the stars are in exactly 
the same positions with respect to each other, except for a few bright 
stars, which have been displaced slightly, in the six months, relative to 
the rest. The displacement corresponds to a few hundredths of a second 
of arc, as seen from the center of the earth's orbit. That displacement 
is then interpreted, according to Euclidean geometry, to determine the 
distances to those nearby stars. 

(4) The conceptually relevant measurement of angular defect is the one 
allegedly made by Gauss (though never published) on a triangle whose 
vertices were at the summits of three mountains in Germany. The de­
fect was found to be zero to the accuracy of the measurement. Although 
that triangle was small and the accuracy was low, the interpretation 
was clear and correct. It is remarkable that Gauss had the imagination 
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and the audacity needed to make that measurement, 100 years before 
Einstein. 

(5) Quite a bit is known about the geometry of the space-time in which 
we live, from the general theory of relativity; it is neither Euclidean 
nor hyperbolic. 

Exercise 

1. To get an idea of the magnitudes involved, calculate how far away an 
apple would have to be to subtend an angle of one-hundredth of a 
second of arc. 

3.14 Bounds on Angular Defects of Small Triangles 
and Quadrilaterals 

We have seen that under any reasonable definition of area, the angular de­
fect of a triangle is proportional to its area. That suggests, by analogy with 
Euclidean geometry that as triangles get smaller and smaller the defects 
should decrease as the square of the linear dimensions. We have in fact the 
following: 

Theorem 3.21: There is a constant C1 such that if L is the length of the 
longest side of a triangle, then the angular defect is less than C1L2. 

Theorem 3.22 (Thin Triangles): There is a constant C2 such that if L is 
the length of the longest side of a triangle and is less than 1, and 0 is its 
smallest angle, then the defect is less than C2L20. 

Remark: Our method of proof uses Lambert quadrilaterals. We recall from 
the Remark in Section 3.5 that if ABC D is such a quadrilateral with right 
angles at vertices A, B, C and with side lengths a, a', b, b' as in Fig.3.14a, 
then (1) the angle at D is acute, and (2) a < a' and b < b'. 

We denote by 8(a, b) the angular defect of a Lambert quadrilateral with 
"altitude" a and "base" b (these are distances between pairs of right angles). 
Clearly, 8(a, b) = 8(b, a), because ABCD is congruent to CBAD under 
a reverse isometry that interchanges "base" and "altitude," for example 
under a reflection in the line that bisects the angle at B. In the proofs of 
the theorems, we shall make repeated use of the following lemma: 

Lemma 3.3: 8(1/2 a, b) < 1/2 8(a, b) and 8(a, 1/2 b) < 1/2 8(a, b). 

Proof: Let E be the midpoint of the altitude, and erect the perpendicular 
EF as shown in Fig. 3.14b. According to the Remark above, EF is longer 
than BC. Mark off a distance IEGI equal to IBG! on EF, and erect a 
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D 

A 

a 

BL.J.....-----L.I 
b 

Fig.3.14a. 

perpendicular to EF at G, as shown. Then, AEGH is congruent to EBCF. 
According to Section 3.2, if one polygon lies inside another, it has a smaller 
defect; hence, the defect of EBCF is less than half the defect of ABCD. 
That proves the first statement in the Lemma, the proof of the second is 
similar. 0 

H D A-----
EI-L-----......., 

Fig.3.14h. 

An------ D 

E 1-.----, 

B L.J....._--L..I--_..I.J 

F C 

Fig.3.14c. 
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Proof of Theorem 3.21. Let Qo = ABC D be an isosceles Lambert quadri­
lateral (Le., one with a = b), and call ao = a = b. Let E and F be the 
midpoints of the sides AB and BC, erect perpendiculars to those sides at 
those points as shown in Fig.3.14c, and let G be the intersection of those 
two perpendiculars. Call Ql = EBFG, which is also an isosceles Lambert 
quadrilateral. By two applications of Lemma 3, we see that the defect of 
Ql is less than one-fourth the defect of Qo. We then divide Ql into four 
still smaller quadrilaterals in a similar manner, and call the lower left of 
those Q2, and so on. If 8n is the defect of Qn and an is its side length (base 
or altitude), then an = 2-nao and 8n < 4-n80, hence 8n < 80(an/ao)2. 
Now let 41 be any triangle with longest side of length L. First, assume that 
L < ao and choose n so that an+! S L < an. Then, 41 can fit inside Qn; 
hence its defect is less than 8n < 80a~/a~ = 480a~+da~ S C1L2, where 
C 1 = 480 / a~. Lastly, if L ~ ao, then, since the defect of a triangle can never 
exceed 7r, we can ensure that the relation defect is less than C1L2 continues 
to hold, for all L, by increasing the value of C l if necessary. This completes 
the proof of Theorem 3.21. 

Proof of Theorem 3.22: We denote by 410 an isosceles right triangle with 
legs oflength = 1, hence hypotenuse < 2, and acute angle Qo < 7r /4, angular 
defect 60 = 7r/2 - 2Qo < Cl (2)2 = 4C1, by Theorem 3.21. We then denote 
by 41n an isosceles right triangle of leg length 2-n , defect 8n < 4-n+!Cl 

and acute angle Qn > Qo. We bisect the acute angle of this triangle and 
call 41n ,l that one of the resulting smaller triangles with smaller defect; 
then we bisect the angle of. that triangle and call 41n ,2 that one of the 
still smaller triangles with smaller defect, and so on. Then, 41n ,k has defect 
Lln,k < 2-k4-n+!C1 and two sides both of length greater than or equal to 
2-n , and smallest angle is 2- kQn > 2-kQo. 

We now let Ll be a given triangle with maximum side length L < 1 
and smallest angle Q < Qo. We choose n such that 2-n - 1 S L < 2-n , and 
we choose k such that 2-k- 1QO S Q < 2-kQo. Then 41 can fit inside 41n ,k, 
and hence its defect is 

8 < 2-k4-n+lCl = 2· T k- l 16· 4-n - 1C1 < 32~ L2C1 = C2L2Q, 
Qo 

as required. Lastly, to cover cases in which Q ~ Qo, we increase the value 
of the constant C2 , if necessary. Only a finite increase is required, because 
the defect c5 is in no case greater than 7r. 0 

We note in passing that it is not so easy to allow for values of L greater 
than 1, because, as L ~ 00, Qo ~ O. In applications, we are only interested 
in cases in which Land Q are both small. 

By a slight generalization of the procedure in the proof of Theorem 
3.21, we have the following result: 

Theorem 3.23: For the defect of a Lambert quadrilateral of altitude a and 
base b, we have 
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b(a, b) < Clabo 

Proof: We start, as before, with an isosceles Lambert quadrilateral of al­
titude and base equal to ao; we now call it Qo,o. We divide its altitude 
into 2n parts and its base into 2k parts, and we denote the resulting lower 
left smaller quadrilateral by Sn,k; it has altitude 2-nao and base 2-kao. A 
given Lambert quadrilateral with altitude a and base b can fit into Qn,k if 
2-n-1ao :::; a < 2-nao and 2-k-lao :::; b < 2-kao; hence 6(a, b) < 2-n- k60 . 

From here on, the argument is the same as in Theorem 3.21, and we have 
6(a, b) < Clab, as required. 0 

3.15 Length of a Circular Arc and Area (Defect) of a 
Circular Sector 

In Sect. 3.9, a procedure was described for determining the length of a curve. 
[See equation {3.9-2).J Here we shall apply that procedure to circular arcs. 
The portion of a circle in the interior of an angle with vertex at the center 
of the circle is a circular arc. We wish to find an expression for its length 
in terms of the angle 0: and the radius r. 

A closely related quantity is the area of the sector bounded by the 
circular arc and the two radii shown in Fig. 3.15a, interpreted as the limit 
of the area of a polygon consisting of the two radii and a polygonal approx­
imation to the arc as the number of points on the arc increases and their 
separation tends to zero. Since we have shown that the area of a polygon 
is proportional to its angular defect, we shall take the limit of the defect of 
the polygon and call it the defect of the circular sector; it is the area of the 
sector in suitable units. 

Fig.3.15a. 
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We shall find that, for a given radius r, the length of the arc and the 
defect of the sector are both proportional to the angle a. That is, there are 
functions f(r) and g(r) (formulas not yet known) such that 

defect of the sector = f(r)a, 

length of the arc = g(r)a. 

[In Euclidean geometry, we have g(r) = rand f(r) = r2 /2, for the 
usual unit of area. The corresponding formulas for f(r) and g(r) in the 
hyperbolic case are derived in Chapter 6.] 

We first settle a question that will arise in the course of the discussion. 
In the hyperbolic plane, it is possible for two tangents to a circle to fail to 
meet, even if the angular separation of the points of tangency is less than 
180° as indicated in Fig.3.15b. We show, however, that if that angular 
separation is not greater than a certain angle (which generally depends on 
the radius), then the tangents do meet. 

Fig.3.I5h. 

Lemma 3.4: For a circle of radius r there is an angle w = w(r) such that 
if two points of the circle are separated in angle by not more than w, then 
the tangents meet. 

Proof. Let ZA be a radius, where Z is the center of the circle, and let i be 
the line through A perpendicular to the radius as in Fig.3.15c. It follows 
from Theorem 2.2 that i has only one point in contact with the circle, that 
is, it is a tangent. Let P be a point on i at distance IAPI = IZAI = r from 
A, so that the triangle ZAP is isosceles. We denote the acute angles of that 
triangle by w/2 (they are less than 45°). We then draw another radius ZB 
at the same angle w/2 with respect to ZP, but on the other side, and we 
join the points Band P, as shown. It is seen from the SAS criterion that 
the two triangles shown are congruent, so that BP is also a tangent. It is 
thus seen that if points of tangency are separated by angle w the tangents 
meet (in fact, at the point P) and it is easy to show that if the points of 
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p 

Z-'----~A 

Fig.3.15c. 

tangency are separated by any smaller angle, the tangents also meet, as 
required. 0 

We consider first the problem of circular arclength. 
Following Section3.9, we approximate the circular arc of radius rand 

angle a shown in Fig. 3.15a by a polygonal curve Co with vertices on the 
circle at angles Oi from the horizontal, where 

P : ° = 00 < 01 < ... < On = a 

is a partition ofthe interval [0, aj, and the length of Co is denoted by s(P). 
In terms of the function 1>( a, b, 'Y) introduced in connection with Axiom 6 
and discussed in Section 2.5, the length of the chord between angles Oi-l 

and 0i is 1>(r, r, Oi - Oi-d; hence the length of the polygonal approximation 
Co is 

n 

s(P) = 2: 1>(r, r, (}i - (}i-I). (3.15-1) 
i=l 

As in Section 3.9, we now consider a sequence of partitions Pk, where Pk+l 
contains all the points Oi of Pk and more too. Then, the numbers S(Pk) 
increase with increasing k. We assume also that the largest interval (}i -Oi-l 

tends to zero as k -+ 00. It is easy to see that the quantities S(Pk) are 
bounded: it is only necessary to consider a partition Pk such that each 
Oi - Oi-l is not greater than the quantity w(r) of Lemma 4, and then to 
define an exterior polygon obtained by placing tangents to the circle at 
each point Oi. It follows from the triangle inequality that the length of that 
polygon is greater than all the S(Pk). Since the S(Pk)'S form an increasing 
bounded sequence, they have a limit, and we therefore define the length of 
the circular arc as the quantity 

(3.15-2) 
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We now consider two adjacent circular arcs, the first one with 0 in 
[0, aJ and the second with 0 in [a, a + t3]. The corresponding polygonal 
approximations together approximate the two arcs put together, and we 
conclude that 

80(a + 13) = 80(a) + 80(13). 

From this we draw two conclusions: (1) since 80(a) and 80(13) are positive, 
80(0) is an increasing function of 0; (2) by dividing an arc into N equal 
parts and considering the length of one of the parts, we see that 80(a) - 0 
as a - 0; hence 80(0) is a continuous function. It is a theorem of calculus 
that a continuous function that satisfies the above additive law is linear and 
homogeneous; that is, 80(a) is equal to a constant times a. The constant 
may of course depend on the radius r, which has been held fixed until 
now; hence we call it g(r), so that 80(a) = g(r)a. Furthermore, it follows 
from Theorem 2.14 in Section 2.8 that g(r) is a nondecreasing function of 
r. Lastly, by choosing a partition so that all increments are the same, say 
equal to 410, with a = n410, we see that ¢(r, r, 410) is less than g(r)n410, but 
approaches that value as 410 - 0 and n - 00, and hence ¢(r, r, 410)/410 -
g(r) as 410 - O. We have proved the following: 

Theorem 3.24: There is a nondecreasing function g(r) such that the length 
80(a) of a circular arc of radius r and angle a is given by 

80(a) = g(r)a. 

Furthermore, 

¢(r, r, 410) . ( ) () It 
410 IS < grand - 9 r as t...l() - O. (3.15-3) 

We note in passing that the nondecreasing character of g( r) does not 
hold in the geometry on a sphere of radius a: the corresponding function 
increases for 0 < r < (rr/2)a and decreases for (rr/2)a < r < rra. 

The treatment of the problem of the defect (area in suitable units) of 
a circular sector is almost identical, word-for-word. We denote bYI ~(a, b, 'Y) 
the angular defect of a triangle with two side lengths a and b andl· included 
angle 'Y. Then we have the following. 

Theorem 3.25: There is a function f(r) such that the defect of a circular 
sector of radius r and angle a is given by 

Furthermore, 

8(r,r,410) 
410 

80(a) = f(r)a. 

is < f(r) and - f(r), as 80 - O. 
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3.16 Bounds for g(r) and f(r) for Small r 

In Chapter 6, we shall see that, as r -+ 0, g(r)/r -+ 1, and f(r)/r2 -+ 1/2. 
Here we show the weaker results that g(r) < (6/,rr)r and f(r) < const r2, 
for small enough r. Those bounds will be needed later. 

We consider an isosceles right triangle with legs of length r, with one 
acute angle at the center of a circle of radius r and with hypotenuse hori­
zontal, as in Fig. 3.16. 

Fig. 3.16. 

The angular defect is 6 = (71"/2) - 20!. According to Theorem 3.21 there 
is a constant L such that if r < L, then 6 < 71"/6, hence O! > 71"/6. Now, the 
length of the arc ofradius r, angle O! is clearly less than r, hence g( r)O! < r, 
g(r) < (6/7I")r. The defect of the circular sector of radius r, angle O! is, by 
Theorem 3.21, less than C1 (hypotenuse)2 < 4C1r2, hence f(r)O! < 4C1r 2; 
therefore f(r) < (24/7I")C1r2. 

Lemma 3.5: There is a positive constant L such that if r < L , then 

g(r) 6 
-<-, 

r 71" 

where C1 is the constant in Theorem 3.21. Also, f(r) and g(r) are increasing 
functions of r. 



Chapter 4 

1H[3 and Euclidean Approximations in 1H[2 

To investigate the fine structure of hyperbolic geometry, we use a method 
due essentially to Lobachevski. It turns out that the geometry of the hora­
sphere, a certain surface in three-dimensional hyperbolic space JH[3, is Eu­
clidean if the definitions are made as follows. The "straight lines" of that ge­
ometry are the horocycles in that surface, the "distances" are the arclengths 
between points along horocycles lying in that surface, and the "angle" be­
tween two intersecting horocycles is the angle between the tangent vectors. 
In that sense, the horosphere, together with the geometry that it inherits 
from the JH[3 in which it is embedded, is a model of the Euclidean plane. 
In it, parallel horocycles are equidistant throughout their entire lengths; 
there are Cartesian coordinates; and so on. All the formulas and relations 
of Euclidean geometry apply. Therefore, by projecting small figures in that 
surface onto a tangent plane in JH[3, we find that in that plane, for small fig­
ures near the point of tangency, the Euclidean formulas hold approximately, 
with relative error terms that tend to zero as the sizes of the figures tend to 
zero. In order to carry out this approach, we first develop three-dimensional 
hyperbolic geometry, which, however, has independent interest. We give a 
set of axioms, which, like those of the hyperbolic plane, are user friendly. 
The first seven axioms are almost identical with those of the hyperbolic 
plane and the last three deal with planes in JH[3. We then develop a set of 
theorems of the geometry of JH[3, and we prove that the geometry inherited 
by a horosphere is Euclidean. 

4.1 Summary 

As stated earlier, the clue to quantitative relations (actual formulas) is the 
locally almost Euclidean nature of hyperbolic geometry. Many Euclidean 
formulas hold approximately for small figures, with relative error terms 
that tend to zero as the sizes of the figures tend to zero. For example, the 
Euclidean formulas a = c sin a and b = c cos a for the right triangle in 
Fig. 2.5£ are replaced by 
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a = (c sin 0:)(1 + c), b = (ccoso:)(1 + c'). (4.1-1) 

where c and c' are quantities that tend to zero as c -+ O. Similar formulas 
hold for the law of sines, the law of cosines, the Pythagorean formula, and 
the law of similarity. For the law of similarity, if a', b', c' are the correspond­
ing side lengths of another right triangle with the same value 0: of one of 
the acute angles, then, first, the other acute angles are almost equal and so 
are the ratios of side lengths: 

b' b - = - (1 + c2), 
c' c 

c' c 
- = - (1 + c3), 
a' a 

(4.1-2) 

where the Ci are quantities that tend to zero as max( c, c') tends to zero. 
By means of such formulas and taking certain limits, it is possible 

to derive differential equations for various functions and thus obtain the 
formula for the angle of parallelism, detailed formulas for (not necessarily 
small) triangles, and so on. Some authors derive the final formulas from 
one of the models of the hyperbolic plane, but we take the attitude that 
one is not justified in using a model until the categoricalness of the axioms 
has been established, so that a formula obtained from one model holds for 
other models, too. (Needless to say, the proof of categoricalness must not 
depend on anything obtained from a model.) 

The derivation of (4.1-1) and (4.1-2) and similar formulas from the 
axioms of the hyperbolic plane can be accomplished in various ways. We 
shall take advantage of an idea due essentially to Lobachevski involving 
three-dimensional hyperbolic geometry (which is derived below). We shall 
also use the methods of differential geometry. 

4.2 Axioms for JH[3 

The hyperbolic 3-space is a set of otherwise undefined elements called 
points, denoted by A, B, C, ... , together with certain subsets called planes, 
denoted by P, Q, n, ... , and certain other subsets called lines, denoted by 
£, m, n, . .. , subject to the axioms given below. (It will follow from the ax­
ioms that each line is a subset of at least one plane.) 

Axioms 1, 2, 3, and 6 are exactly the same as for the plane case, and 
axioms 4, 5, and 7b are nearly the same. 

Axiom 1: Any two points determine (lie in) a unique line. 

Axiom 2: A distance function IABI is defined for each pair of points; it 
satisfies the triangle inequalities as in the plane case (see Chapter 1). 

Axiom 3: A one-to-one correspondence can be established between the set 
of points in a line and the set lR of real numbers in such a way that if A 
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and B are any points on the line, then IABI = Ix{A) - x{B)I, where x{A) 
and x{B) are the numbers that correspond to the points A and B. 

Axiom 4: If a line lies in a plane, then it separates that plane into two 
half-planes, in accordance with Axiom 4 of the plane case. 

Rays, angles, and triangles are defined as in the plane case. 

Axiom 5: To each angle is associated a number, its radian measure, in such 
a way that the angles that lie in a given plane satisfy Axiom 5 of the plane 
case. 

Axiom 6: The side-angle-side criterion for congruence of triangles holds, as 
in the plane case. Note: It will appear that ~y triangle lies in a plane, but 
here it is not assumed that the two triangles being compared lie in the same 
plane. 

Axiom 7b: There exists a plane, a line in the plane, and a point in the plane 
not on the line, such that through the point at least two lines can be drawn 
in the plane that do not intersect the given line. 

Axiom 8: For any two distinct points in a plane, the line that joins them 
(by Axiom 1) lies entirely in the plane. 

Axiom 9: Any three noncollinear points lie in a unique plane. 

Axiom 10: Given any plane P, there are two subsets HS1 and HS2 of JH[3, 

called the half-spaces bordered by P, such that the subsets HS1 , HS2 , P 
are disjoint and their union is all of JH[3, and (I) if points A, B are in the 
same half-space, the segment AB does not intersect P, (2) if points A, B 
are in opposite half-spaces, the segment AB intersects the plane P (in a 
single point). 

Remark: The axioms of JH[2 hold in any plane in lHl3. 

4.3 Some Neutral Theorems of 3-Space 

The first two theorems follow directly from Axioms 1, 8, and 9. 

Theorem 4.1: A line and a point not on it determine (lie in) a unique plane. 

Theorem 4.2: Two distinct intersecting lines determine (lie in) a unique 
plane. 
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Theorem 4.3: If two distinct planes intersect, the intersection is a line. 

Proof: First, if the intersection contains at least two points, then, by Axiom 
8, the line through those points lies in both planes, hence in the intersection, 
and the intersection is just that line, for if it contained any other point, then, 
by Theorem 4.1, the planes would coincide, hence would not be distinct. 
Therefore, it suffices to show that the intersection cannot be just a single 
point (as can happen in 4-space). Let Z be a point of the intersection and 
let AB be a line segment in the first plane that contains Z in its interior. If 
AB contains any other point of the intersection, we are finished. Otherwise, 
points A and B are on opposite sides of the second plane. Let C be any other 
point in the first plane not on the line containing A and B. If the segment 
AC contains a point of intersection, we are again finished; otherwise A and 
C are on the same side of the second plane; hence C and B are on opposite 
sides of the second plane; hence, by Axiom 10, the segment BC intersects 
the second plane, but it lies in the first plane and this gives a second point 
of intersection, as required. 0 

In the following, we denote by P(A, B, C) the unique plane determined 
by noncollinear points A, B, C, by P(£, A) the unique plane determined by 
a line £ and point A not on £, and by P(£, m) the unique plane determined 
by distinct intersecting lines £, m. 

Definition 4.1: If a line m intersects a plane P at point A, we say that m 
is perpendicular to P if m is perpendicular to every line in P that passes 
through the point A. 

Comment. It is easy to see that P contains all lines £ that are perpendicular 
to m at A, for if £ is any such line, the perpendicular to m at A in the plane 
P(£, m) is unique. 

Theorem 4.4 ("Dropping a perpendicular"): If A is a point not in a plane 
P, there is a unique line m through A perpendicular to P. 

Proof: Uet f(X) denote the distance IAXI from the point A to a variable 
point X in P. As in the proof of Theorem 2.2 one can prove that f(X) is 
a continuous function of the point X in the plane P, and f(X) approaches 
infinity as X moves off to infinity on any ray. Therefore, by basic properties 
of continuous functions defined in a plane, there is a point B in the plane 
where f(X) attains a minimum value. (See the Exercise below.) Then, along 
any line £ in P through B the function has a minimum value at B; hence, by 
Theorem 2.2, the line AB is perpendicular to the line £ in the plane P(£, A). 
Uniqueness follows as in the theorem just referred to: the assumption of two 
perpendiculars to P through A would lead to a contradiction. 0 
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If B is the intersection of the line m and the plane P of the theorem, 
then the distance of A from P is defined to be IABI. 

Corollary 1: If a plane and a sphere intersect as in Fig. 4.3a, the intersection 
is either a point (Le., in case of tangency) or a circle. 

B 

Fig.4.3a. 

Proof: Let C be the center of the sphere and r its radius. If C lies in the 
plane P, the result is obvious, so suppose it doesn't. Drop a perpendicular 
from C to P, with foot at B. If ICBI = r, then B is a point of the sphere, 
and, since a leg of a right triangle is shorter than the hypotenuse, all other 
points of the plane are at distance from C greater than r; hence the in­
tersection consists of the single point B. If I C B I < r, let P, Q be any two 
points of the intersection. Then, by the right angle-side-side criterion for 
congruence of right triangles, the triangles BC P and BCQ are congruent; 
hence the lengths IBPI and IBQI are equal; hence the intersection is a cir­
cle, as required. 0 

Corollary 2: If lines II and 12 are both orthogonal to a line m at point A, 
then m is perpendicular to the plane P = P(I1.12)' 

Proof: (See Fig. 4.3b.) What has to be shown is that if I is any other line 
through A in P, then I is also perpendicular to m. Let C be a point on 
m not in the plane, and let r be a length greater than IACI. Consider the 
intersection of a sphere of radius r and center C with the plane; according 
to the preceding corollary, that intersection is a circle. Let Q1. Qi be the 
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m 

C 

Fig.4.3b. 

intersections of i1 with the circle and Q2, Q2 those of i 2. By hypothesis, the 
angles LCAQ1, LCAQl' LCAQ2, and and LCAQ2 are all right angles. By 
the right angle-side-side criterion, again, the triangles CAQt. CAQl' CAQ2, 
and CAQ2 are all congruent, hence IAQ11, IAQ11, IAQ21, and IAQ21 are all 
equal, and it follows that A is the center of the circle. Now let i be any 
other line in the plane through the point A, and let Q, Q' be its intersections 
with the circle. Since IAQI = IAQ11 and ICQI = ICQ11, the side-side-side 
criterion shows that the triangles C AQ and C AQ1 are congruent. Therefore, 
the angle LCAQ, like LCAQ1 is a right angle; hence i is perpendicular to 
m, as was to be proved. 0 

Theorem 4.5 ("Erecting a perpendicular"): If A is a point in a plane 1'0, 
there is a line m perpendicular to 1'0 at A. 

Proof: Let i 1 and i2 be mutually perpendicular lines through A and lying 
in 1'0, as in Fig.4.3c. Let B be a point not in 1'0, and let 1'1 be the plane 
P(it. B). Let i3 be the line in that plane perpendicular to i1 at A. Let 1'2 
be the plane 1'(i2,i3 ), and let m be the line in this last plane perpendicular 
to i2 at A. We claim that m is the required line. Since i l is perpendicular to 
i2 and i 3, it is perpendicular to the plane 1'2, hence i1 is also perpendicular 
to m. Then, since m is perpendicular to both i1 and i 2, it is perpendicular 
to 1'0, as was to be proved. 0 

Definition 4.2: Let i be the line of intersection of planes 1'1 and 1'2, and 
let Z be a point of the line i. In each of the planes, choose one of the half­
planes bordered by i. The angle Q between the half-planes at Z is defined 
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/Po 

Fig.4.3c. 

as follows: In each of the half-planes, construct a ray from Z perpendicular 
to fj then a is defined as the angle between those two rays. 

Theorem 4.6: For the given half-planes, the angle a in Definition 4.2 is 
independent of the choice of the point Z on the line f. 

Note: For this reason, the angle a is called simply the angle between 
the half-planes. Since each of the planes P l and P2 has two half-planes 
bordered by f, the two planes determine four such angles, which are equal 
in pairs and supplementary in pairs. 

Proof: Let A and G be any two points on the line f of intersection of planes 
P l and P2. We must show that the angles labeled a and (3 in Fig. 4.3d are 
equal. Let B be the midpoint of AG. In PI draw a line DG through B 
and in P2 a line E F through B so that both these lines make the same 
angle with the line f. Since the angles L.BAD, L.BAE, L.BGF, and L.BGG 
are all right angles and, in each plane, the vertical angles at B are equal, 
the angle-side-angle criterion shows that the triangles ABD, ABE, BGF, 
and BGG are all congruent. Therefore, IADI = IAEI = IGFI = IGGI 
and IBDI = IBEI = IBGI = IBFI. From the latter it follows from the 
SAS criterion that the triangles BDE and BFG are congruent, so that 
IDEI = IPGI, and then it follows from the former by the SSS criterion that 
the triangles ADE and GFG are congruent. Therefore, the angles L.DAE 
and L.FGG are equal, so that a = (3, as required, since L.FGG and (3 are 
vertical angles and hence equal. 0 
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Fig.4.3d. 

Corollary: Two lines perpendicular to a plane are coplanar. 

Proof: Let C1 and C2 be perpendicular to Po at B1 and B2, respectively. 
See Fig.4.3e. Let m be the line containing B1 and B2 (it lies in Po) and 
let n be the line in Po perpendicular to m at B2 • (Note: The line C2 is not 
shown in the drawing, but we shall soon find it.) In the plane P1 of C1 and 
B2 (which is perpendicular to Po because C1 is), erect the perpendicular k 
to m at B 2 • Then k is also perpendicular to n, because of Theorem 4.6. It 
follows that k is perpendicular to Po, hence it coincides with C2. Therefore, 
C1 and C2 both lie in the plane P1 , as required. See Fig.4.3e. 0 

Exercise 
1. Give details of the proof that the function f used in the proof of The­

orem 4.4 assumes a minimum value. Hint: Choose a point Z and a ray 
starting from Z, and introduce polar coordinates in the plane P. Prove 
that there is a positive real number R with the property that if the dis­
tance from a point X in P to Z is greater than R, then f(X) > 2f(Z). 
Then f corresponds to a continuous function on the closed rectangle 
[0, R] x [0,271'], whose minimum value is the minimum value of J. 
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4.4 Spherical Coordinates 

, , , , 

n 

We define spherical coordinates r, </J, () in 1Hl3 in analogy with the polar co­
ordinates r, () that were defined in 1Hl2 in Section 3.4. 

We let Z be an arbitrary point, called the origin; we let l be a line 
-+ 

through the origin called the polar axis; we let l be one of the rays in l 
from Z, called the north polar axis; we let HPo be a half-plane bordered 
by l called the half-plane of the prime meridian, as in Fig. 4.4a; and we let 
H S be one of the half-spaces bordered by the plane containing H Po, called 
the western half space. Then, if P is any point in JH[3, we define r as the -distance IZPI and </J (the colatitude) as the angle between the ray ZP and 

the north polar axis l; and, for P in the western half-space HS, we define () 
(the longitude) as the angle between the half-plane HPo and the half-plane 
bordered by l and containing P; and for P in the opposite or eastern half­
space, we define () to be minus the angle between those two planes. These 
definitions are understood to be subject to the following restrictions: 
(1) If r = 0, </J and () are undefined; 
(2) If r > 0 and </J is 0 or IT, then () is undefined; 
(3) r 2:: 0, 0 :::; </J :::; IT, -IT < () :::; IT. 

With these understandings, there is a one-to-one correspondence be­
tween triples (r, </J, ()) and the points of 1Hl3 . 

Although the definition of the spherical coordinates is the same as for 
Euclidean 3-space, the coordinates behave differently in the two cases. For 
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Fig.4.4a. 

example, while the equation of a plane perpendicular to the polar axis is 
r cos ¢ = const in the Euclidean case, we shall see in Chapter 9 that it is 
tanh r cos ¢ = const in the hyperbolic case. 

4.5 Isometries in lHI3 

As in the two-dimensional case, a one-to-one mapping (1 of 1HI3 onto itself is 
an isometry if it preserves all distances; that is, if for any two points P, Q 
and their images under (1, P',Q', we have IPQI = IP'Q'I. 

An isometry (1 has the following fundamental properties: (1) It follows 
from the SSS criterion for congruence of triangles that (1 also preserves all 
angles. (2) As noted in Chapter 2, points A, B, C lie on a line if and only 
if one of the inequalities (less than or equal) in the triangle inequality (1.1-
1) is equality, and it follows, since distances are preserved, that lines are 
mapped onto lines by (1. (3) Since, according to Section 4.2 above, a plane 
in 1HI3 is the set of all points on lines i perpendicular to a line m at a point 
A of m and since right angles are mapped onto right angles, it follows that 
(1 maps planes onto planes. 

Let r, ¢, (J be spherical coordinates as above, and let r', ¢', (J' be another -set obtained from a different choice of Z,i, i ,HPo, and HS. Let (1 be the 
mapping obtained by mapping a point P with coordinates r, ¢, (J, onto a 
point P' with coordinates having the same values in the second system, 
r' = r, ¢' = ¢, and (J' = (J. This is obviously a one-to-one mapping of 1HI3 

onto itself. 
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Theorem 4.7: The mapping (j just defined preserves distances, hence is an 
isometry; that is, if PI, P2 are any points and Pi, P~ are their images under 
(j, then 1P1P21 = /P{P~/. 

Proof: We consider the case in which both points are in the "northern" half­
space, that is, Tl and T2 are positive and the angles ¢l and ¢2 are less than 
a right angle. Essentially the same argument works if both points are in the 
"southern" half-space. It is evident what to do if one point (or both) is on 
the polar axis or in the equatorial plane. The necessary modification when 
one point is in the northern half-space and the other is in the southern is left 
to the reader. From each of the points, PI and P2 we drop perpendiculars 
to the equatorial plane (the plane ¢ = 1r/2), and we call Bl and B2 the 
feet of those perpendiculars. Since the angle L.PlZBl is the complement of 
¢l, we see from the side-angle-angle criterion that the triangles P1ZBl and 
P{ Z' B~ are congruent; hence the lengths of the segments Z Bl and PI BI are 
preserved under the mapping. The same is true of the segments Z B2 and 
P2B2· Then, since the angle between Z BI and Z B2 is /02 - (h /, the triangle 
Bl ZB2 and its image under (j (these are triangles in the two equatorial 
planes) are congruent, and it follows that the distances IBlB2/ and /B~B~/ 
are equal. According to the corollary to Theorem 4.6, the perpendiculars 
lie in a plane; hence we consider the quadrilateral Pl B l B2P2 and its image 
under the mapping. The angles at Bl and B2 are right angles and the 
lengths of PlBl , Bl B2, and B2P2 are preserved, and we see from the SASAS 
criterion (see Exercise 1 in Section 2.8) that that quadrilateral and its image 
are congruent; hence the distance IPl P2 / is preserved under the mapping, 
as was to be proved. 0 

We note that, as in the plane case, any isometry can be presented 
-+ 

presented in this way: It is only necessary to choose Z, i, i , H Po, H 8 arbi-
-+ 

trarily and then to take Z', i', i', H P6, H 8' to be their images under the 
isometry. 

Special cases of isometry are the following: a translation Td by a dis­
tance d along the polar axis, a rotation R~ by angle Q about the polar 
axis (the z-axis), a rotation R~ by angle /3 about the x-axis (the line where 
¢ = 1r /2, () = 0), and a reflection M obtained by changing the sign of 
(). Given a general isometry as described above in terms of two spherical 
coordinate systems, we can undo the mapping (find its inverse) by making 
first a rotation R~ (if necessary) to make the second origin Z' lie in the y-z 
plane of the first system (where () = ±1r/2), then making a rotation R~ to 
bring Z' onto the polar axis, then making a translation Td to bring Z' to 

-> 

the origin Z, then making a rotation R~ to bring f into the y-z plane, then 

a rotation R/,' to bring f' into coincidence with f, then a rotation R: to 
bring the half-plane H Fr.; into coincidence with H Po, and finally, making 
a reflection AI in the x-z plane, if necessary, to bring the half-space H 8' 
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into coincidence with H S. Since the inverse of an arbitrary isometry is an 
arbitrary isometry, we have proved the following: 

Theorem 4.8: The general isometry can be written in one of the forms 

(4.5-1) 

The first is a direct isometry, the second a reverse isometry. 

We see that the isometry group has six parameters. 

Remark: Although the factors in the above expressions don't in general 
commute, they can be written in different orders, at the expense of changing 
the values of the parameters e, 6", d, {3, 0:. For example, if (1 is a given 
isometry and its inverse (1-1 is written as above, then (1 will appear with 
the factors in the opposite order with the signs of the subscripts reversed. 
If (1 is a reverse isometry and we write (1 = M fLM, where fL is as above, 
then (1 has M at the right. 

4.6 Asymptotic Bundles and Ideal Points at Infinity 

Let e and m be directed lines in JH[3; e is asymptotic to m if the distance of 
a point P on e to m decreases to zero as the the coordinate x(P) goes to 
infinity. It is easy to see that then m is also asymptotic to e. (We assume 
that the lines are directed in the same sense, by which is meant that as 
x(P) increases, the coordinate of the foot of the perpendicular from P to 
m also increases.) Also, if two lines are asymptotic to a third, they are 
asymptotic to each other. The set of all lines asymptotic to a given line 
constitute an asymptotic bundle. The lines of a bundle fill up all of JH[3, 

because if any point and any line are given, they determine a plane. Hence, 
according to Chapter 3 there is always a line in that plane through the 
given point asymptotic to the given line. 

Lemma 1: Any two asymptotic lines are coplanar. 

Proof: If e and m are asymptotic, let A be a point on i, and let P be the 
plane determined by A and m. Let i' be the line in P through A asymptotic 
to m, and suppose i ' 1- i. Then i and i' lie in a plane pI and intersect at A. 
According to Exercise 4 in Section 2.8, the distance from i to i' increases 
as the points move to infinity along them, but that would contradict the 
fact that they are asymptotic (because they are both asymptotic to m). 
Therefore i and i' coincide, so that i and m are coplanar, as was to be 
proved. 0 
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Lemma 2: Let r, cP, () be spherical coordinates. Asymptotic lines have the 
same limiting values of cP, () as the points on them move to infinity in the 
direction of the lines, unless the limiting value of cP is 0 or 1l', in which case 
the values of () need not converge. 

The proof is omitted; it is similar to the proof of the corresponding 
theorem in the plane case. 

Definition 4.3: The same is true of all the lines of an asymptotic bundle. 
With each bundle, we associate an ideal point at infinity, having the coor­
dinates (CPo, (}o) where CPo and (}o are the limiting values of cP and (), it being 
understood that if CPo is 0 or 1l', then (}o is irrelevant. 

Definition 4.4: Let P and Q be distinct nonintersecting planes. If there 
exist asymptotic directed lines £ and m, One lying in each of the planes, 
we say that the planes are asymptotic in the direction of the ideal point 
determined by those lines, or in the corresponding ideal direction. 

Theorem 4.9: Two distinct and nonintersecting planes cannot be asymptotic 
in more than One ideal direction. 

Proof (Indirect): Suppose two planes were asymptotic in each of two ideal 
directions. In each of the planes, those directions would determine ideal 
points in the sense of the preceding chapters, and in each plane there would 
be a line joining those ideal points. Those lines would be asymptotic (in 
fact, in both directions), so the distance between them would tend to zero 
in both directions, and they would in turn lie in a plane (because they are 
asymptotic) but the distance between two lines in a plane cannot tend to 
zero in both directions, unless the lines coincide, but then the given planes 
would not be nonintersecting. 0 

Theorem 4.10: Given a plane 'Po, a directed line £0 in Po and a point A 
not in the plane, there is One and only One plane PI that contains A and is 
asymptotic to Po in the direction of the line £0' 

Proof: Drop a perpendicular from A to Po and denote by B the foot of the 
perpendicular. Let £1 be the unique line in Po through B and asymptotic 
to £0' Let P2 be the plane containing £1 and A, and let P~ be the plane 
perpendicular to £1 at B, as in Fig.4.6a. Let £2 be the unique line in P2 

through A asymptotic to £1 and let £3 be the line in P3 perpendicular to 
AB. We claim that the plane through the lines £2 and £3 is the desired 
plane Pl. (Uniqueness is discussed below.) Since Po and PI contain the 
asymptotic lines £1 and £2, respectively, it only remains to show that those 
planes don't intersect. Clearly, they don't intersect at any point of £1. Since 
the entire figure is invariant under reflection in the plane P2, we see that if 
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there were a point of intersection on one side ofthe line i 1. there would be 
another point of intersection on the other side, and the line joining those 
two points of intersection in Po would give a point of intersection on i1. 
which we have just shown cannot happen. Hence P1 is asymptotic to Po in 
the direction of i 1 , which is the same as the direction of the original line 
io, because i1 and io are asymptotic. We now show uniqueness. For that 
purpose, it is slightly more convenient to interchange the roles of Po and 
P1 and to show that Po is the only plane through point B asymptotic to 
P1 in the direction of the line i 2 . Suppose that there were another such 
plane Po containing a line i~ asymptotic to i 2. Then, i1 and i~ would be 
asymptotic to each other, but they both pass through the point Bj hence 
they would coincide. Hence they are just the line of intersection of the two 
planes Po and Po. We now move plane P3 to the right, in the direction of i1 
and i 2 , keeping it perpendicular to the line i 1. In that process, the angle of 
intersection of Po and P6 is a constant a, according to Theorem 4.6, while 
the distance IABI tends to zero. The situation is then as in Fig. 4.6b where 
i4 and i~ are the lines of intersection of the planes Po and Po with P3. 
As soon as the distance IABI has become small enough that the angle 
of parallelism lI(IABI) differs from 90° by less than one-half of a, then at 
least one of the lines i4 and i:' would intersect the plane Pl, and that would 
contradict the requirement that neither of the planes Po or Po intersects 
Pl' That completes the proof. 0 

Exercises 
1. Show that if two planes are nonintersecting and nonasymptotic, then 

they have a unique common perpendicular. Such planes are called ul­
traparallel. 

2. Show that if planes P1 and P2 are distinct and asymptotic, then there 
is a unique plane perpendicular to both planes. Hint: If i1 and i2 are 
asymptotic lines in P1 and P2 respectively, then we can parametrize 
the lines in P1 that are asymptotic to i1 in the same direction as i2 
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A 
---,...----- £3 

Fig.4.6b. 

is by a horocycle C1 that is orthogonal to all those lines. We can do 
the same for the lines asymptotic to £2 in P2 with a horocycle C2• 

These horocycles are parametrized by 1R, as in Section 3.9. Let x be a 
coordinate along Cl, and y a coordinate along C2 . Then each ordered 
pair (x, y) of real numbers has an associated pair of asymptotic lines 
and hence the plane Px,y determined by those two lines. Investigate the 
angles between Px,y and the planes Pi and P2 as functions of (x, y). 

4.7 The Horosphere; The Coordinates e, 'f/, ('; 
Ideal Rotations 

The horosphere may be described in either of two ways. First, the circle in 
Fig. 3.9a is replaced by a sphere with center at Q and tangent at P to the 
plane perpendicular to the line £ at P. As the point Q moves off to infinity 
along the line £ keeping P fixed, the sphere converges to a surface called a 
horosphere. Second, we consider a horocycle perpendicular to a line £ and 
rotate it around the line £, thus generating the horosphere. 

In Fig. 4.7a (which is the analogue of Fig. 3.9c), we have an asymptotic 
bundle of lines and a family of horospheres orthogonal to them. Any two 
lines of the bundle determine a plane, and the lines of the bundle that lie in 
that plane form an asymptotic pencil in that plane and are all perpendicular 
to each of the horospheres. In that sense, any such plane is orthogonal to 
each of the horospheres. Hence, an alternative interpretation of Fig. 4.7 a is 
that the lines in the figure (at 'TJ = const) represent an asymptotic sheaf of 
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Fig.4.7a. 

planes normal to the plane of the drawing and intersecting the horospheres 
normally. Any two planes of the sheaf are asymptotic, as defined in Section 
4.6. The entire structure is invariant under reflection in any of those planes, 
and the resultant of two such reflections is an ideal rotation under which 
each plane of the sheaf is mapped onto another plane of the sheaf and the 
horospheres are mapped onto themselves. Then there is another asymptotic 
sheaf of planes normal to those of the first sheaf (the plane of the drawing 
is one) and asymptotic in the direction of the same ideal point at infinity 
as the first sheaf (to the right in the drawing). 

We now define coordinates ~,'T/, ( in analogy with the coordinates ~,'T/ 
of Section 3.9. The value of 'T/ is constant on each of the planes of the first 
sheaf mentioned, and ( is constant on each of the planes of the second sheaf. 
An arbitrary origin 0 is chosen; 'T/ and ( are measured in the horosphere of 
the family that contains the point 0 (called the principal horosphere). The 
value of 'T/ is the arclength from the point 0 along the horocycle in which 
the plane of the drawing intersects the principal horosphere, and then ( 
is the arclength in the plane at coordinate 'T/ along along the horocycle 
perpendicular to the plane of the drawing. Lastly, ~ is distance along the 
line of the bundle having coordinates 'T/, (. (We leave it to the reader to 
decide about the signs of those coordinates.) 

We now consider isometries in JH[3 obtained by adding constants to 
~, 'T/, (. Adding a constant to ~, keeping ry, ( fixed, gives a translation along 
the line of the bundle that passes through the origin. Adding a constant 
to 'T/, keeping ~,( fixed, is an ideal rotation in which each plane of the first 
sheaf is mapped onto another, and adding a constant to (, keeping ~, 'T/ 
fixed, is a similar ideal rotation associated with the second sheaf. These, 
taken together, constitute a 3-parameter subgroup of the isometry group 
under which the ideal point associated with the asymptotic bundle is fixed. 
Rotations about the line of the bundle that passes through the origin also 
keep that ideal point fixed. 
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4.8 The Euclidean Geometry in a Horosphere 

In this section, we set e = 0, in the notation of the preceding section; we 
are thus dealing with the horosphere passing through the origin o. We shall 
see that 1] and ( behave in all respects like Cartesian coordinates in that 
horosphere. By distance in the horosphere between two of its points, we 
mean the arclength along a horocycle that joins the points. By lines in the 
horosphere we mean the horocycles lying in it, and by the angle between 
two of those lines at a point where they intersect we mean the angle between 
their tangent vectors, which is equal to the angle between the corresponding 
planes orthogonal to the horosphere. 

Since adding a constant to ( is an isometry (an ideal rotation), we see 
that the distance (arclength) between points 1]1, ( and 1]2, ( is the same as 
the distance between TJl, 0 and 1]2, O. That is, the lines (horocycles) 1] = const 
are parallel in the Euclidean sense. The same applies to the lines ( = const. 
By use of these ideal rotations, we see also that the angle of intersection of 
any lines 1] = const and ( = const is the same as the angle of intersection 
at the origin of the lines TJ = 0 and ( = 0, namely 90°. Therefore, the 
coordinates 1], ( are Cartesian, and the geometry is Euclidean. We say that 
this is the geometry that the horosphere inherits from the JH[3 in which it 
lies. (For further treatment of the notion of an inherited geometry, see the 
next chapter.) 

In particular, the Pythagorean law holds in the horosphere: if a and b 
are the legs of a right triangle and c is the hypotenuse, then a2 + b2 = c2 • 

4.9 Euclidean Fine Structure of the Hyperbolic Plane 

For projection from a horosphere onto a tangent plane, we shall need the 
two lemmas proved below. 

By power series expansions of the functions tan 0: and sec 0:, we find 
for the right triangle in Fig. 4.9a in the Euclidean case that for fixed band 
small 0:, a is ba plus higher terms and c is b(l + 0:2 /2) plus higher terms. 
A similar thing holds in the hyperbolic case, within certain bounds. 

Lemma 1: For the right triangle of Fig.4.9a in JH[2 there are constants 
Gl , G2 , bo, 0:0 such that if b < bo and 0: < 0:0, then 

(4.9-1) 

(In each case, the second inequality follows from the first because b < c.) 

Proof: Choose bo arbitrarily and let 0:0 be the acute angle of an isosceles 
right triangle with legs of length bo (0:0 < 45°). Bisect the angle ao at 
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B' bo 
a 

b 
A~::;.w....---J..JC 

bo -

Fig.4.9a Fig.4.9b 

A as in Fig.4.9b and set a1 = !ao, b1 = IB'C!. It is easy to see that 
IB'CI < IBB'I (drop a perpendicular from B' to AB and use the SAA 
criterion for congruence of the resulting triangles with AB' as hypotenuse), 
so that b1 < ! boo We then bisect the angle a1 at vertex A of the triangle 
AB' C, we define a2 and b2 in similar fashion, and so on. In this way we 
obtain a sequence of thinner and thinner triangles all having AC as one leg. 
We have 

Now consider a right triangle with an angle a < ao and b = boo (The case 
b < bo is considered below.) Choose n so that an+! < a :::; an. Denote by 
a the length of the side opposite vertex A. Then, 

a < bn < 2-nbo = 2· 2-n- 1bo = 2an+! bo < 2~ bo = Clabo, 
ao ao 

where C1 = 2/ao. Now suppose that b < boo We repeat the entire procedure, 
putting primes on the quantities and setting b~ = b. Since b~ < bo, the new 
starting triangle fits inside the old one, hence has a smaller angular defect, 
hence a~ > ao, hence Of < C1. Since a < ao, by hypothesis, we have 
a < a~, and the new procedure gives that a' < Ofab~, hence a' < C1ab~ 
or, in the original notation, a < C1ab, as required. To establish the other 
inequality in Equation (4.9-1), we drop a perpendicular from vertex C to 
the hypotenuse, as in Fig. 4.9c. For b = IACI, we have IADI < b < IABI = C. 

For small a, the angular defect of the triangle ADC is small (see Theorem 
3.10 in Section 3.2) and it follows that L.DCB = a(1 + c), hence 

IDBI < C11DCla(1 + c) < CdC1ba]a(1 + c), 

but c - b is less than IDBI, and if we replace c by its greatest value cO for 
o < a < ao and call C2 = C?(1 + co), we have 

c - b < C2OO2 , 

which establishes the other inequality of (4.9-1). This completes the proof 
of Lemma 1. 0 
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B 

A...:;..>...--------------->C 

Fig.4.9c. 

We now consider projecting figures in a horosphere S onto a tangent 
plane P by lines of the asymptotic bundle orthogonal to the horosphere, as 
in Fig.4.9d. The point P of S is mapped onto the point Q of P by £', Z is 

Q 

P----.... 

(3 = LPQR 

0: = LPZQ 
Z ~---------------

Fig.4.9d. 
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the point of tangency, and the entire structure shown in the figure lies in the 
plane of the asymptotic lines i and t. Let 8 (= 8(P)) denote the arclength 
from Z to P along the horocycle shown (which is the intersection of the 
horosphere S with the plane of the drawing). We wish to show that 8 and 
IZQI are nearly equal, for points P near Z. 

Lemma 2: In the above notation, 

IZQI = 8(1 + e), (4.9-2) 

where e is a quantity that -+ 0 as 8 -+ O. 

Proof. It follows from the discussion of arclength in Section 3.9 that the 
arclength s lies numerically between the length of the chord and the length 
of the tangent segment ZQ; that is, 

IZPI < s < IZQI, (4.9-3) 

and we shall show that the ratio IZPI/IZQI approaches 1 as s goes to zero. 
We drop a perpendicular Q R from Q to the line of the chord Z P, as shown. 
(Q P is perpendicular to the horocycle and Q R is perpendicular to the line 
of the chord.) Since the horocycle lies between the tangent and circles with 
center on the line i and passing through Z, the angle a = LPZQ -+ 0 
as P -+ Z. Then angle !3 = LPQR also -+ O. We now use the results 
of Lemma 1, and we shall repeatedly use expressions of the form 1 + e, 
where e may represent different quantities on different occasions, but always 
quantities that -+ 0 as 8 -+ O. First, since a -+ 0, IZRI = IZQI(1 +e). Next, 
IQRI = IZRla(1 + e) and IRPI = IQRI!3(1 + e) = IZRla!3(1 + e). Hence, 
since a and !3 -+ 0 as 8 -+ 0, we have IZPI = IZRI- IRPI = IZRI(1 + c). 
Therefore IZPI = IZQI(1 + e), and (4.9-2) now follows from (4.9-3), as 
required. 0 

Let 'P be a plane in 1H13 . Recall that the geometry in 'P is identical with 
that of the hyperbolic plane 1H12 • Let Z be any point of 'P and let S be one 
of the two horospheres tangent to 'P at Z. Let ABC be a right triangle in S 
with right angle at C and with vertex A placed at the point Z of tangency 
with 'P. As usual, we call a = IBCI, b = IACI, c = IABI, where now I . I 
denotes distance in S, that is, arclength along horocycle segments, as in the 
preceding section. See Fig. 4.9a. 

Let A' B'C' be the projection of ABC onto 'P, as described in Sect. 4.1 
(with A and A' both at Z) and call a' = IB'C'I, b' = IA'C'I, c' = lA' B'I, 
where here I . I denotes distance along line segments in 'P. According to 
Lemma 2, 

b' = b(1 + el), (4.9-4) 

where el and e2 are quantities that -+ 0 as c -+ O. Let 'PAC be the plane 
perpendicular to the horosphere and containing AC, and let PCB be the 
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plane also perpendicular to the horosphere and containing CB. PAC is per­
pendicular to P and PCB is perpendicular to PAC. Although PCB is not 
perpendicular to P, its intersection with P, namely, the line C' B' is perpen­
dicular to PAC, because it is in two planes (P and PCB) both perpendicular 
to PAC. Therefore, the segment C' B' in the plane is perpendicular to the 
segment A'C' in the plane. That is, the projection A' B'C' is also a right 
triangle, with right angle at C'. Clearly, the angle L.C' A' B' is equal to 
L.CAB = a, because the planes PAC and PAB are perpendicular to P. 
Since the geometry in S is Euclidean, b = c cos aj hence, from (4.9-4), 

b' = (c' cos a){l + c3)' (4.9-5) 

We now repeat the entire procedure with the same triangle in S, but this 
time we place the vertex B at the point Z of tangency. We find 

a' = (c' cos,B)(l + c4), 

where ,B is the angle at B. As c -+ 0, the angular defect of the triangle -+ 0, 
hence cos,B = (sina)(l + c5), hence 

a' = (c' sina)(l + c6)' 

From (4.9-5) and (4.9-6) we find furthermore 

a,2 + b,2 = c,2{1 + c7)' 

(4.9-6) 

(4.9-7) 

Equations (4.9-5)-{4.9-7) give the desired fine structure for JH[2j since Z was 
an arbitrary point of P, those equations hold throughout the plane. 



Chapter 5 

Differential Geometry of Surfaces 

This chapter is intended to help the reader learn some of the concepts of 
differential geometry as they appear in terms of coordinates and also to 
move toward thinking of them in intrinsic terms ('coordinate free'), which 
is the modern approach to differential geometry. Our primary interest is in 
the hyperbolic plane as a Riemannian manifold. . 

In the calculus of several variables surfaces in ]R3 are important ob­
jects of study. The main technique for working with these surfaces is to 
parametrize them or parts of them, as one does with curves. The param­
eters can be thought of as coordinates in the part of the surface that is 
parametrized, because the points there are in one-to-one correspondence 
with certain pairs of real numbers, namely those that are in the parameter 
set. Geometric objects and quantities are then computed in terms of the 
coordinates. Some examples of these are discussed in this chapter: tangent 
vectors, lengths of curves, angles between curves, parallel transport of vec­
tors, the Riemannian metric (metric tensor), areas of regions on a surface, 
(Gaussian) curvature of surfaces, and isometries. In order for such a quan­
tity as the curvature of a surface to be an intrinsic feature of the surface, it 
must be true that the results computed using any two parametrizations are 
the same. Sometimes the quantity can be defined without explicit reference 
to coordinates, and then it is called a "coordinate free" definition. However 
the definition is made, it is rare to be able to make a computation without 
using coordinates (parameters). 

Once the definitions are properly formulated they can be used in a 
more general and abstract setting. We can go to higher dimensions and 
also to 'spaces' called differentiable manifolds. This notion has been found 
to be very useful, justifying the extra level of abstraction. The main point 
in this chapter is to get the freedom of working with surfaces that are 
not necessarily embedded in E3, because the hyperbolic plane cannot be 
isometrically embedded into E3. Manifolds will be treated more thoroughly 
in Chapter 9, but this chapter lays the groundwork by studying surfaces in 
order to see how to formulate the definitions. Calculations are made strictly 
in terms of coordinates until Sections 10 and 11, which show how to define 
tangent vectors, tensors, vector fields and tensor fields intrinsically. 



150 Chapter 5. Geometry of Surfaces 

5.1 Parametric Representation of a Surface 
in Three Dimensions 

To describe a surface or piece of a surface in a three-dimensional space, we 
let il be a convex region (open set) in a parameter space, with coordinates u 
and v, as in Fig. 5.1a. Convexity means that il contains the segment joining 
any two of its points. Thus il could be a disk but not an annulus. Then, a 
surface S, indicated schematically in Fig. 5.1b, is given by the equations 

v 

x = X(U'V)} 
Y = Y(u,v) 

Z = Z(u,v) 

+-+---+--u 

Fig.5.la 

Z 

u, vEil, (5.1-1) 

~ 
Y '-S 

x 

Fig.5.lb 

where X, Y, Z are Cartesian coordinates in 3-space. We assume that the 
functions X(u,v), Y(u,v), and Z(u,v) are smooth (at least C2 , which 
means that every derivative of order at most two exists and is continu­
ous) and are such that the above equations determine a one-to-one relation 
between the points of n and the resulting points (X, Y, Z) which constitute 
the surface S. The parameters u and v are called coordinates or curvilinear 
coordinates on the surface S. Examples are the following: 

Sphere: 

X = aSin¢COSO} 
Y = asin¢sinO 

Z = acos¢ 

Torus: 

X = (a+bcOSa)Cos()} 
Y = (a + bcosa)sin() 

Z = bsina 

il : 0 < ¢ < 11", 0 < () < 211" 

a = const > 0 

il : 0 < a < 211", 0 < () < 211" 

a, b const, a > b > 0 

(5.1-2) 

(5.1-3) 
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Saddle: 

X=u } 
Y=v 
Z=uv. 

n: all u, all v. 

Comments: (1) In the first two examples, it was necessary to omit 
certain points (in the case of the sphere, the poles and the prime meridian), 
in order to have a one-to-one smooth relation between n and Sj generally, 
for a closed surface like a complete sphere or a complete torus, one must 
have two or more overlapping coordinate systems. To cover the sphere, 
one might have one coordinate system that covers slightly more than the 
northern hemisphere and one that covers slightly more than the southern 
hemisphere, the two systems overlapping in a band around the equator. We 
shall require that if u, v and u' , v' are the coordinates of the two systems, 
then, in the part of the surface where they overlap, u and v are single-valued 
twice differentiable functions of u' and v', and conversely. The part of the 
surface covered by one coordinate system, with the coordinates of that 
system defined in it, is called a coordinate chart. Overlapping coordinate 
charts will appear again in Section 9.1 in connection with the definition of 
manifold. (2) Many mathematicians object to using a single symbol (like X 
or Y or Z) to denote both a variable and a function, as was done in (5.1-1). 
We take the attitude that in many applications (especially in physics) there 
are not enough letters for everything and one must be able to tell from the 
context whether a particular symbol denotes a dependent or independent 
quantity. 

Embeddings. For some purposes, it is convenient to assume that the map­
ping from u, v to X, Y, Z is not only continuous, but has, in a certain sense, 
a continuous inverse. If uo, Vo is a given point of n, and Xo, Yo, Zo is its 
image under the mapping (5.1-1), continuity at uo, Vo means that for any 
positive f there is a positive 6 such that 

If v(u - UO)2 + (v - VO)2 < 6, 

then v(X - XO)2 + (Y - YO)2 + (Z - ZO)2 < f, 

(5.1-4) 

(5.1-5) 

where X = X(u, v), and so on. By the continuity of the inverse, we mean 
that for any positive 6 there is a positive f such that if (5.1-5) holds, for any 
X, Y, Z on the surface, then the preimage u,v of X, Y, Z satisfies (5.1-4). 
When this additional condition is satisfied, we say that the surface S is 
embedded in the three-dimensional space. 

Then, the topology that the surface S inherits from the 3-space is the 
same as the topology of the plane region n, which is simply the topology 
of an open disk. If the condition is not satisfied, as in Exercise 5 below, 
it is possible to find a sequence of points in the surface which converges 
in the 3-space to Xo, Yo, Zo, even though the preimages do not converge 
to uo, Vo. In all our examples (except that in Exercise 5), the embedding 
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condition is satisfied. From Section 5.3 on, we shall be concerned with 
abstract surfaces, which are not assumed to lie in any other space; hence 
the question of embedding does not arise. 

Exercises 

1. Find the functions X (u, v), Y (u, v), Z (u, v) for a stereographic projec­
tion of the u, v-plane onto a sphere of unit radius (minus its north 
pole) resting on the plane with its south pole at the origin u = v = O. 
The projection is obtained by drawing a straight line from the north 
pole N to a point u, v of the plane, as indicated in Fig. 5.lc; the point 
X, Y, Z is the intersection of that line with the sphere. 

Fig.5.le. 

Y 
+1 

--X 

-1 

Fig.5.ld. 

2. Give a proof (or informal argument) that it is not possible to cover an 
entire sphere with a single coordinate system. 

3. What is the smallest possible number of coordinate systems that will 
cover a torus? 
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4. Which points of the torus are omitted by the coordinates a, B described 
above? Which points would be omitted if the plus sign were replaced 
by a minus sign in the first two equations of (5.1-3)? 

5. A part of the curve in Fig.5.ld is the graph of the equation Y = 
sin(ljX) for 0 < X < 1; another part lies on the Y-axis; assume that 
this curve is the cross section of a surface obtained by letting Z vary. 
Show that the embedding condition is not satisfied, as stated in the 
text. 

5.2 Lengths of Curves; the Line Element; 
the Metric Tensor 

Suppose that (u, v) and (u + Llu, v + Llv) are two points in {l quite close to­
gether. Then the corresponding points (X, Y, Z) and (X +LlX, Y +LlY, Z + 
LlZ) of S are also quite close together, and the distance between them is 
Lls = ..; LlX2 + Lly2 + LlZ2, where, to first order of small quantities, 

.1X = ax Llu+ ax Ll 
au av v, 

LlY, LlZ similar; 

hence, we have 

(5.2-1) 

where 

( aX)2 (ay)2 (aZ)2 
gl1 = gl1{U,V) = au + au + au 

ax ax ay ay az az 
g12 = g12(U, v) = au Tv + au av + au av (5.2-2) 

( aX)2 (ay)2 (aZ)2 g22 = g22{U,V) = Tv + av + av 

It is customary to paraphrase (5.2-1) as 

ds2 = gl1du2 + 2g12dudv + g22dv2. (5.2-3) 

The expression ds is called the line element and the above equation (when 
the gjk are specified functions of u, v) is the equation of the line element in 
the surface S. 

Now let r be a curve in {l and C the corresponding curve in S, and let 
t be a parameter on r, so that r is represented by functions u(t), v{t), for 
a ::; t ::; b. Then, the curve C on the surface is represented by the functions 
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X{u{t), v{t)), etc. We wish to find the length of C. We approximate C by a 
polygonal curve by partitioning the interval [a, bJ as 

a = to < t1 < ... < tk = b. (5.2-4) 

For each increment L1t = tj - t j - 1, the parameters u,v have increments 
given approximately by 

L1u = uL1t, L1v = vL1t, 

where the dot denotes differentiation of the functions u{t) and v{t). The 
length of the corresponding segment of the curve C in S is approximately 

[ 2 2] 1/2 L1s ~ 9uL1u + 2912 L1UL1V + 922L1V 

~ [911 u2 + 2g12uv + 922V2 ] 1/2 L1t 

By adding the lengths of all such segments and taking the limit as the 
partition (5.2-4) is refined, to give a Riemann integral, we find that the 
length of the curve C is 

l b [ ] 1/2 length (C) = a 9ll u2 + 2g12uv + 922V2 dt, (5.2-5) 

where 911 is understood as 911 (u( t), v{ t)), and so on. 
When we write 921 = g12 and arrange the four quantities 9jk as a 2 x 2 

(symmetric) matrix, we have what is called the (Riemannian) metric tensor 
of the surface S with respect to the coordinates u, v: 

G = (9U 912). 
g21 g22 

(5.2-6) 

The matrix G varies from one point of the surface to another, that is, is 
a function of u and v; furthermore, it depends on the particular choice of 
the curvilinear coordinates u, v on the surface, as indicated by (5.2-2). For 
example, if the surface S is a plane and u, v are Cartesian coordinates x, y, 
the line element and metric tensor are 

while if u, v are polar coordinates r,O, we have 

It will be seen in Section 5.4 below that the entire intrinsic geometry 
of S can be obtained from the metric tensor (or equivalently from the line 
element). For example, the geodesics are the analogues of straight lines in 
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Euclidean geometry. If C is a curve from P to Q and is the shortest curve 
from P to Q, then it is a geodesic, and it will be seen that the geodesics 
in a surface can be determined by certain differential equations in which 
the functions gjk(U, v} appear. The angle of intersection of two curves and 
the area bounded by a closed curve can also be determined in terms of the 
9jk(U, v}. 

It is recalled from linear algebra that a (real symmetric) matrix M is 
positive definite if vT Mv > 0 for all nonzero vectors v. The matrix G is 
positive definite, because, first, the quantity LlS2 = LlX2 + Lly2 + LlZ2 is 
positive, and then Equation (5.2-1) can be written as Lls2 = vTGv, where 
v is the vector 

.... (LlU) v = Llv . 

To simplify the integrand of (5.2-5), we define a tangent vector to r 

-+.... (it) w = w(t} = 1; , 

and then the quantity in the square brackets in equation (5.2-5) is wTGw, 
and we have 

(5.2-7) 

The choice of the curvilinear coordinates u, v in a given surface S is 
highly arbitrary. In the Euclidean plane, one thinks of Cartesian coordinates 
as being in a sense the primary choice, and others, such as polar coordinates 
or elliptic coordinates, as being secondary. In a general surface, there are 
no Cartesian coordinates; hence, we must put all systems on equal footing, 
and we must ensure that geometrical concepts like lengths of curves and 
angles between curves are so defined as to be independent of the choice of 
the system. 

Suppose that u, v is one choice, and u', v' is another. Then, u, v are 
functions (assumed at least once continuously differentiable) of u', v' and 
we write 

~(' ') u=uu,v, ~(' ') v=vu,v. 

We denote by (9jk) and (9jk) the metric tensors for the two systems. From 
(5.2-2) by the chain rule for differentiation, we find 

, U U v V (8~)2 8~ 8~ (8~)2 
911 = 911 8u' + 2912 8u' 8u' + 922 8u' 

, 8it 8it (8it 8", 8it 8"') 8V 8", 
912 = 911 au' 8v' + 912 8u' 8v' + 8v' 8u' + 922 8u' 8v' (5.2-8) 

, U U v v V ( 8 ~ )2 8~ 8~ (8~ 8~)2 
922 = 911 8v' + 2912 8v' 8v' + 922 8u' 8v' 
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Note: Certain terms have been combined by taking advantage of the 
relation 912 = 921· 

If we introduce the Jacobian matrix J by 

J = (~ll ~12) = (:~' 
J21 J22 av 

au' 

:: ) of; , 
av' 

(5.2-9) 

then equations (5.2-8) can be written as 

2 

g:k = L jri9rsjsk. 
r,s=1 

In matrix notation, this is just the product 

(5.2-10) 

This is the transformation law for the matrix of the metric tensor. 
In differential geometry, it is customary to omit the circumflex accent 

in equations like (5.2-8) and (5.2-9). To make that possible, we adopt the 
convention that when a derivative (au)j(au') is encountered, it is under­
stood that u is a function of two variables (or more, in higher-dimensional 
cases). To find out what those variables are, one looks at the denominator. 
If a primed variable appears there, the independent variables are under­
stood to be u' and v'; hence, in this example, v' is held constant during the 
partial differentiation. With that convention, the Jacobian matrix of the 
inverse transformation is 

( 
au' 

K= au 
av' 
au 

aU') av 
av' . 

av 
From the chain rule for differentiation, we see that the matrix product 

K J is the Jacobian matrix of the identity transformation from u, v to u, v. 

Hence KJ = 0 ni that is, K = J-1 . 

We can now see directly that the length of a curve is invariant under 
transformations of curvilinear coordinates. Namely, by the chain rule for 
differentiation of u'(u(t), v(t)) with respect to t, we have 

Hence, 

so that 

-+,TC'-+' - -+TKTJTCJK-+ - -+TC-+ W W - W W -w w, (5.2-11) 
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1\:u?TG1v/jI/2dt = 1\wTGWp/2dt, 

as required. In connection with the next section, we note that this proof of 
the invariance of length (C) makes no use of the original coordinates X, Y, Z, 
hence is independent of how or whether the surface S can be embedded in 
Euclidean 3-space. When the surface can be embedded, as described in this 
section, and its metric tensor is defined by (5.2-2), we say that its geometry 
(or its metric) is inherited from the geometry (or metric) of the Euclidean 
3-space in which it is embedded. 

Exercises 

1. Find the metric tensor for the sphere, the torus, and the saddle, in 
terms of the coordinates given in the preceding section and for the 
sphere in terms of the coordinates u, v of Exercise 1 in that section. 

2. Suppose the curve r in the u, v-plane is simple and closed, that is, is 
nonself-intersecting except that u(a) = u(b) and v(a) = v(b). Is the 
curve C on S also simple and closed? 

3. Show how the discussion can be modified (perhaps informally) to in­
clude simple closed curves that link with the torus by going round 
the Z-axis or round the axis of the torus. (These curves pass through 
the points on the torus that were left undefined by the representation 
(5.1-3). To investigate whether a simple closed curve can go arbitrarily 
many times round the Z-axis and arbitrarily many times round the 
axis of the torus, consider the curve given in terms of a parameter t by 
the equations 

Q: = pt(mod21l'), () = qt(mod21l'), 

where Q: and (} are as in the representation (5.1-3) and where p and q 
are positive integers. What relation between p and q is necessary for 
the resulting curve to be a simple closed curve? 

5.3 Abstract Geometric Surfaces; Line Element in the 
Hyperbolic Plane 

We now take a more abstract point of view. We define a surface geometry 
or two-dimensional geometry by specifying a region [l of variation of the 
parameters u, v and specifying four smooth functions gjk(U, v) (with g12 = 
g21) for u, v in [l, without saying anything about whether the surface even 
can be embedded in 3-space, and without requiring that the metric tensor 
G = (gjk) be obtainable by formulas of the kind (5.2-2), but see the Lemma 
below. We still require that under a transformation of the parameters the 
metric tensor transform by (5.2-8). That has the consequence that certain 
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geometrical concepts are independent of the choice of the parameters u, v, 
for example, the length of a curve, as shown at the end of the preceding 
section, and the angle between two curves, as shown in Section 5.5 below. 
The matrix G must be positive definite to avoid negative distances. 

An example is provided by the hyperbolic plane, with u, v taken as 
the coordinates ~, TJ described in Section 3.9. According to that section, if 
two points are separated by an increment Ll~ at constant "" the distance 
between them is equal to Lle; if they are separated by an increment Ll", at 
constant ~, the distance is e{Ll", + .,. (where the dots represent terms of 
higher order due to the fact that the horocycle is approximately a straight 
line only for small distances). Those two displacements are orthogonal, be­
cause the lines of the asymptotic pencil (given by", = const) are everywhere 
perpendicular to the horocycles (given by ~ = const). Therefore, the ap­
proximate Pythagorean law (4.9-7) holds, and the distance Lls that results 
from the two displacements together is given by 

Therefore, taking the limit as in the preceding section gives the line element 
and the metric tensor as 

(5.3-1) 

If a curve C in the hyperbolic plane is represented by smooth functions ~(t) 
and ",{t), for a ~ t ~ b, then the length of C is given, as in (5.2-5), by 

L(C) = l b[f.2 + e2{",2j1/2dt. (5.3-2) 

The region {} consists of all real ~ and all real ",. Transformations from the 
coordinates ~,,,, to other coordinates in the hyperbolic plane are considered 
in Chapter 7. 

We note that the same argument that led to (5.3-1) could have been 
applied to polar coordinates. Displacements corresponding to increments 
Llr and LlO are of magnitude Llr and g(r)LlO and are perpendicular, hence 

(5.3-3) 

The difference is that while (5.3-1) is explicit, we don't yet have a formula 
for g(r). 

We now turn briefly to the problem of whether a surface that is given 
abstractly, as here, can be embedded in Euclidean 3-space E3 and its metric 
inherited from E3. We assume that the functions gjk(U, v) are given. Then 
the problem is to regard equations (5.2-2) as partial differential equations 
for the functions X(u, v), Y{u, v), and Z{u, v). We state the main result 
without proof. 
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Lemma: If the matrix 

is symmetric and positive definite in the region n, if the gij are continuously 
differentiable functions of u, v, and if un, Vo is a point of n, then there is 
a neighborhood of the point un, Vo in which the Equations (5.2-2) have 
solutions such that the mapping u,v -+ X, Y, Z is a one-to-one relation 
between the points of that neighborhood and a piece of surface in E3. 

We say that the abstract surface can be represented locally in the Eu­
clidean E3. Clearly, the solution of the differential equations is not unique, 
because the piece of surface can be moved about in E3 by any rigid mo­
tion, and can in general be warped or bent to some extent, without chang­
ing its intrinsic geometry. The n-dimensional case is this: Consider an n­
dimensional Riemannian space Rn with curvilinear coordinates u1 , ... ,un 
and metric tensor an n x n symmetric positive definite matrix, as will 
be discussed in Chapter 9. Then, Rn can be represented locally as an n­
dimensional region in a Euclidean space Em if m = n{n + 1)/2. In the case 
considered above, n = 2 and m = 3. 

In Chapter 7, a portion of the hyperbolic plane is embedded in this way 
in Euclidean 3-space. It is not possible to represent the entire hyperbolic 
plane as a surface in E3 without self-intersection and overlapping of the 
surface. However, the entire hyperbolic plane can be represented as a surface 
in three-dimensional Minkowski space; see Sections 9.6 and 10.2. 

5.4 Geodesics and the Calculus of Variations 

We denote the quantity in the square brackets in (5.2-5) by /[>; that is, 

(5.4-1) 

A convenient choice of the parameter t on any curve is the arclength s, that 
is, the length of the portion of the curve from some fixed point to a variable 
point along the curve. Then, the quantity on the left side of (5.2-5) is equal 
to b - a. That is, 

rb [ du dv ] 1/2 
b - a = Ja /[>( u{s), v{s), ds' ds) ds. 

If we keep a fixed and let b vary, differentiation of this equation with respect 
to b gives 

[ ( du dV)] 1/2 
1 = /[> u,v, ds' ds ' 
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taken at s = b, but b was an arbitrary point. That is, if the parameter t is 
the arclength s, then the quantity iP has the constant value 1 on the curve. 

Now let Co be a curve from a point P on S to a point Q on S, deter­
mined by functions uo(s), vo(s). We wish to find conditions such that Co 
has sml),ller length than any neighboring curve C from P to Q. Let C be 
determined by functions 

u(s) = uo(s) + eJ(S), 

v(s) = vo(s) + eg(S), 
(5.4-2) 

where J and 9 are arbitrary smooth functions (continuously differentiable), 
which vanish at the points P and Q; that is, 

J(a) = J(b) = 0, g(a) = g(b) = O. (5.4-3) 

Note: We are assuming that s is arclength along Co but not along 
neighboring curves - in fact, it can't be, because neighboring curves have 
length greater than b - a. 

We denote the length of C by L( e), so that 

j b [ du dv ] 1/2 
L(e) = a iP( U, V, ds' dJ ds, 

where u(s) and v(s) are as in (5.4-2). We require that, for any choice of 
the smooth functions J(s),g(s) that vanish at the endpoints, L(e) have 
a minimum at e = O. Hence, we require that (djde) L(e) be equal to 0 
for e = O. Because of the smoothness of the functions involved, we can 
differentiate under the integral sign in the above equation; hence we require 
that 

o = jb [~ iP-1/2 ~ iP] ds. 
a 2 de 10=0 

The factor iP- 1/ 2 can be dropped, because it is equal to 1 for e = O. By the 
chain rule for differentiation, 

~ iP= 8iP J+ 8iP g+ 8iP dJ + 8iP d9. 
de 8u 8v 8u ds 8il ds 

This quantity has to be integrated from s = a to s = b. The last two terms 
can be integrated by parts, for example, 

lb 8iP df jb (d 8iP) -. - ds = - - -. f(s)ds. 
a 8uds a ds8u 

[The "integrated part" (8iPj8u) fl~ vanishes because of (5.4-3).J Hence, the 
requirement is that 

lb [8iP d 8iP] lb [8iP d 8iP] 0= - - - -. f(s)ds+ - - - -. g(s)ds, 
a 8u ds8u a 8v ds8v 



5.4 Geodesics and the Calculus of Variations 161 

for c = 0 in the bracketed quantities. Because of the arbitrary nature of 
f(s) and g(s), this requires that along Co 

84> d 84> 
8u - ds 8it = 0, 

84> d 84> 
- - - - = 0 (a < s < b). 
8v ds8v -- (5.4-4) 

In these equations, it is understood that u(s) = uo(s) and v(s) = vo(s), 
because c = O. Then, these equations ensure that (d/dc) L(c) = 0 for c = 0 
for all choices of f(s) and g(s). They are the equations of a geodesic, and 
the curve Co is the geodesic from P to Q. 

[More explicit differential equations for a geodesic are given in (5.6-6) 
below.] 

Example: Consider the line element of the hyperbolic plane in coordinates 
~, 'f/ given, according to (5.3-1), by ds2 = de + e2€d'f/2, where we assume 
the unit of length to be so chosen that the constant K in (3.9-3) is 1. 

The function 4> is 

(5.4-5) 

Equations (5.4-4) of a geodesic are, after dropping a factor 2 from each, 

The second of these gives 

e2Ci] = const = A, 

and substitution into the first gives 

A2 e-2€ - ~ = o. 

(5.4-6) 

Multiplication of this equation through by -2~ and integrating gives 

(5.4-7) 

where B is another constant. Since 4> has the constant value 1 along the 
geodesic, we have, from Equations (5.4-5)-(5.4-7), 

1 = 4> = B - A2e-2€ + e2€(Ae- 2€)2 = B. 

For the case A = 0, see Equation (5.4-10) below. If A =I 0, we call ~o = log A. 
With B = 1, (5.4-7) then gives 

~ = Vl- e-2(€-€o). 

If we call ( = e€-€o and multiply this last equation through by e€-€o, we 
have 
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which can be integrated by regarding s as a function of ( so that 

With the aid of a table of integrals, we find 

s = In [( + J(2=1] + So· 

Since the origin of arclength along the geodesic is arbitrary, we can take 
So = O. Solving this equation for ( then gives 

( = e~-~o = cosh s (5.4-8) 

Then (5.4-6) gives 
1 iJ = Ae-2~ = e-~o ___ . 

cosh2 s' 

on integrating, this gives"., = e-~o tanh s + ""0. The conclusion is that for 
the general straight line in the hyperbolic plane, e and"., are functions of s 
given by { ~e~-: : ;'::anh 8} , (5.4-9) 

where eo and ""0 are arbitrary constants. If A = 0, we have"., = const from 
(5.4-6) and e = 1 from (5.4-7); hence we can take e = s, and we have 

{ ~ =s } 
"., =""0 ' 

(5.4-10) 

which are simply the equations of the lines of the asymptotic bundle that 
was used to define the coordinates. 

Note on Nonminimizing Geodesics: Any path u(s), v(s) that satisfies 
Equations (5.4-4) is called a geodesic, even though it may not be the short­
est path between the endpoints P and Q. For example, consider spherical 
geometry, and let Co be one-half of the equator of a sphere; then the points 
P and Q are antipodal, and any other great circle route from P to Q has the 
same length as Co. Even worse, let Co be a portion of the equator covering 
more than 1800 , as in Fig. 5.4. Then, Co is a geodesic, but there are curves 
C (even ones close to Co) with a smaller length. That cannot happen in 
hyperbolic geometry; see Exercise 1 below. Furthermore, on any surface S, 
according to a theorem of J. H. C. Whitehead, if we restrict consideration 
to small enough regions (for example, on the sphere, spherical caps smaller 
than a hemisphere), then all geodesics confined to such a region actually 
minimize the length of curves between the endpoints P and Q and lying 
within the region. The theorem of Whitehead appears as Theorem 6.2 in 
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Fig. 5.4. 

Chapter I of a book by S. Helgason, Differential Geometry and Symmetric 
Spaces, Academic Press, New York and London, 1962. 

Exercise 
1. Show that in hyperbolic geometry, a curve C from P to Q is never 

shorter than the geodesic Co (i.e., the straight line segment) from P 
to Q. Hint: Approximate C by a polygonal curve and use the triangle 
inequality (Axiom 2). 

5.5 Angles 

Let the functions X{t), Y{t), Z{t) determine a curve C in space. The vector 

V whose components are X, -V, Z is a tangent vector to C. Its magnitude 
or length is 

(5.5-1) 

If X'(t), Y'{t), Z'(t) (where the prime does not indicate differentiation) is 
another curve C', and if the two curves intersect at some point Po, say at 
t = to, then, according to standard linear algebra, the angle () between the 
two tangent vectors is determined by the equation 

V· V' = II VII II V' II cos(). (5.5-2) 

Now suppose that the curves C and C' lie on a surface S, in which 
curvilinear coordinates u, v have been defined and the metric tensor has 
been determined according to (5.2-2). We wish to express the magnitudes 
and angles of vectors in terms of the quantities u,v,gjk{U,V). The curves 
C,C' are now given by functions u(t),v(t) and u'{t),v'(t) (where, again, the 
prime does not indicate differentiation), and the coordinates X, Y, Z, as 
functions on the curves, are given by X(u(t), v(t», and so on. By the chain 
rule of differentiation, 
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X· oX .. oX. =-U+-v· OU ov' Y, Z similar. 

-+ 

Hence, the inner product V . V' is given by 

v . V' = X X' + YY' + Z Z' 

( OX. OX.) (OX., oX .,) 
= ouu+a;;v ouu+ovv + ... 

( OX)2 .. , oX oX( .. , .. ') (OX)2 .. , = - uu + - - uv + vu + - vv ou ou ov ov 
+ . .. (terms involving Y and terms involving Z). 

When the indicated summations are performed, the net coefficient of itit' is 
equal to gl1(U,V), according to the definition (5.2-2). The other terms are 
similar, and we have 

V. V' = gl1itit' + gI2(itiJ' + vit') + g22VV'. 

We therefore define two-component vectors 

-+. U -+, U (.) (.') w=v' w=v', (5.5-3) 

and we define an inner product for such vectors at the point Po of the 
surface by 

(w, w') ~f gl1uu' + gl2(itv' + vit') + g22vv', (5.5-4) 

where the gjk(U,V) are to be evaluated at Po. We note in passing that this 
can also be written in vector-matrix notation as 

( .. ) (911 912) (it') _ -+Ta-+' uv ., - W w. 
g21 g22 v 

(5.5-5) 

The transformation from three-vector notation to two-vector notation is 
made according to the equation V. V' = (w, w'). Finally, then, the angle 
() between two curves in the surface, at their point of intersection, is given, 
according to (5.5-2), by the equation 

--+ -+/ -+ --+ 1 -+/ -+, 1 (w, W ) = (W,W)2(W , W )2 cos(). (5.5-6) 

If S is an abstract surface on which a line element or metric tensor 
has been defined, without reference to X, Y, Z, then the above equation is 
taken as defining the angle () between two smooth curves at their point of 
intersection. In either case, for a given surface S, the inner products and 
the angle () are invariant under transformations from one set of curvilinear 
coordinates to another, say u, v to u', v', when the metric tensor is trans­
formed according to (5.2-8). (Here, the prime denotes a different coordinate 
system, not a second curve.) 
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Since geometrical concepts can be expressed in terms of points, lines 
(geodesics), lengths (distances), and angles, we now see that the geometry 
of a surface is completely determined by its line element or metric tensor. 

-+ -+ 
If the parameter t on the curves is arclength, then IIVII = IIV'II = 1; 

then the tangent vectors are unit vectors, and the angle () is given simply 
by 

-+ -+ , (-+ -+') cos()=V·V = w,w . (5.5-7) 

We wish to show now that, even if So is an abstract surface, as discussed 
in Section 5.3 above, the angle () defined in this way is additive, in this sense: 

Lemma: Let wand Wi be unit vectors on the same side of the line containing 
the unit vector wo, as shown in Fig. 5.5, where these vectors are all tangent 
vectors at a point Po of the surface (Le., are tangent vectors at Po to various 
smooth curves, perhaps geodesics, passing though Po). Let (.,.) denote the 
inner product (5.5-4) defined in terms of the metric tensor at Po. Let (), ()' 
be the angles between Wo and W, w', respectively, and let 0: be the angle 
between wand w'. Then 0: = I() - ()II. 

Fig. 5.5. 

For the proof, see Exercises 1 and 2, below. 
Since, furthermore, as w varies for given wo, () varies from 0 to 7r, and 

since () = 900 if w .1 wo, we see that the angle () defined here agrees with 
the angle determined by Axiom 5 for the case in which the abstract surface 
represents the hyperbolic plane. 

Exercises 

1. (Projection Formula) Let WI be a unit vector orthogonal to Wo and on 
the same side of Wo as wand Wi, as in Fig. 5.5. Show that (w, w d = 
sin (), and so on and that 

w = cos ()wo + sin ()WI, etc. 
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2. Prove the Lemma. 
3. Show that if the metric tensor is diagonal, then the coordinate system 

is orthogonal. 
4. Show that if the metric tensor is a multiple of the unit matrix, then 

the coordinate system is conformal. 

5.6 Parallel Transport of Vectors 

In the Euclidean plane, if we are given any two points P and Q, then vectors 
--+ --+ 

P X and QY originating at those points are parallel if and only if they make 
equal angles with the line through P and Q, in the manner indicated in 
Fig. 5.6. 

Fig. 5.6. 

If we try to generalize that idea by saying that P X and QY are parallel 
if they make the same angles with respect to a geodesic from P to Q, we run 
into the following difficulty: Suppose that P, Q, and R are three points not 
on a common geodesic. If P X and QY make the same angle with respect to 
a geodesic through P and Q, and if QY and RZ make the same angle with 
respect to a geodesic through Q and R, then P X and RZ don't necessarily 
make the same angle with respect to a geodesic through P and R. That is, 
we should lose the transitivity of the notion of parallelism. We are therefore 
restricted to a notion of parallelism with respect to transport of a vector 
from P to Q along a specified curve. A rough physical analogy is this: 
consider a ship following a polygonal path on the earth's surface from P 
to Q. At P an arrow is placed on the ship's deck pointing in a specified 
direction. At each vertex of the polygonal path, when the ship suddenly 
changes bearing by turning through a certain angle, the arrow is turned 
through the same angle on the ship's deck, in the opposite direction, so 
as to maintain the same absolute "direction." On reaching Q, the arrow is 
said to have been carried there by "parallel transport." By consideration 
of special cases, one sees that if the thing is repeated, starting with the 
same vector at P but following a different polygonal path to Q, in general 
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a different direction is obtained at point Q, because of the sphericity of the 
earth's surface. 

Nevertheless, the general notion of parallel transport will be obtained 
by first considering parallel transport along a single geodesic. 

We first put the equation (5.4-4) of a geodesic in a more convenient 
form. We rename the coordinates u, vas u1, u2 (where the superscripts are 
not exponents). Then the function ~ becomes 

~ ~(1 2·1 '2) "'" ·j·k ~ = ~ u ,u ,u ,u = L...J gjkU U , (5.6-1) 
(j,k) 

where L(j,k) is an abbreviation for L~=l L~=l' and the equations of a 
geodesic are 

(i = 1,2), 

or explicitly 

(5.6-2) 

When the differentiation of the square bracket is worked out, these equa­
tions contain ii,1 and ii,2j since they contain those quantities linearly, they 
can be solved. To do that, we denote by grs the entries in the reciprocal of 
the matrix Gj that is, 

9 9 _ G-1 _ g11 g12 ( 11 12) ( )-1 
g21 g22 - - g21 g22 (5.6-3) 

Note that these are both symmetric matrices. We multiply Equation (5.6-
2) through by gim and sum for i = 1,2. Since L(i) gikgim = or and 
L(i) gjigim = oj, we find, after suitably renaming the summation indices 
in two of the terms, and changing the sign throughout 

"'" im "'" [_ 8gj k + 8gik + 89j i ] . i . k + 2 "m = 0 
L...Jg L...J 8ui 8ui 8uk U U U . 
(i) (j,k) 

We define the Christoffel three-index symbol of the first kind as 

[jk 'J ~f ~ [_ 8gjk + 8gik + 89ji ] 
,t 2 8ui 8ui 8uk' 

(5.6-4) 

and the Christoffel symbol of the second kind as 

(5.6-5) 
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These symbols are functions of u l and u2 on the surface; they are symmetric 
in the indices j, k. The equations of a geodesic are then 

urn + L { r::c} iJ,jiJ,k = 0 
(j,k) J 

(m=1,2) (5.6-6) 

regarded as differential equations for the functions u1(s) and u2(s), which 
describe a geodesic in terms of the arclength s. The vector 

-+ U -+ 
(

'1 ) 
W= iJ,2 =w(s) 

is a unit vector tangent to the geodesic, that is, "lying along" the geodesic. 
-+ -+ 

Now suppose that V = V(s) is a two-component vector defined on the 
geodesic, which satisfies the equation 

vrn + L { r::c } ujV k = O. 
(j,k) J 

{5.6-7} 

Simple calculations show that the quantities (V, V) and (V, w) are constant 
-+ -+ 

along the geodesic, where generally (V, W) denotes the inner product given 

by (5.5-4), namely, 2:(j,k) VjgjkWk. The constancy of (V, V) shows that if 
-+ 

V is a unit vector at any point of the geodesic, it is a unit vector at every 
-+-+ -+ 

point, and the constancy of (V, w) shows that the angle between V and the 

tangent vector W, that is, between V and the geodesic, is a constant. This 
is the analogue of the relation indicated by Fig. 5.6. We therefore say that 
-+ -+ 

V = V (s) is carried by parallel transport along the geodesic. 
Lastly, suppose that u 1 (s), u2 (s) describe a smooth curve, not necessar-

-+ 

ily a geodesic, where s is arclength, and that V (s) is a vector on the curve 
-+ 

that satisfies (5.6-7). We then say that V(s) is carried along the curve by 
parallel transport. 

The general problem of parallel transport along a given curve is an 
initial-value problem consisting of the differential equation (5.6-7) and an 

initial condition V(so) = Vo (given). If C~} and uj are smooth enough 
-+ 

functions of s on the curve, this initial-value problem then determines V(s} 

on the curve, and we say that the initial vector V 0 has been carried along 
the curve by parallel transport. 

We now return briefly to the problems of geodesics. Since the dif­
ferential equations (5.6-6) are of the second order, there are two types of 
problems of geodesics: initial-value problems and two-point boundary-value 
problems. In the initial-value problems, the values of u j (0) and their first 
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derivatives uj (O) are given, and the problem is then to solve the equations 
for uj{s) for s > O. The initial values must satisfy the relation 

assuming that the parameter s is arclength. 
For the two-point problems, the problem is to find a geodesic going 

from a point P, which has known values of the coordinates to another 
point Q, which also has known values of the coordinates. In this case, it is 
not convenient to take the arclength s as the independent variable, because 
the range of s is not known in advance unless we know the distance between 
the two points. Instead, we take as independent variable t = const· s. The 
same differential equations (5.6-6) hold, and the boundary values are u j (td 
(j = 1,2) and uj (t2), where tl and t2 are arbitrary; they could be taken as 
t 1 = 0 and t2 = 1. 

Since the differential equations are nonlinear, we cannot say much in 
advance about the range of the solutions. In the general case of a surface 
with a metric, the solution of the initial-value problem may not exist for all 
s > 0, and the solution of the two-point problem may not be unique, unless 
the points P and Q are close enough together. However, we state without 
proof that in the hyperbolic plane, in terms of the coordinate systems used 
in the models in Chapter 7, the solution of the initial-value problem exists 
for all s, positive and negative, and the solution of the two-point problem 
exists and is unique, for all choices of P and Q. 

Exercises 
-+ 

1. Show that if V and Ware vectors that are carried along the same 
-+ -+ 

curve by parallel transport, then the inner product (V, W) is constant 
along the curve. 

2. Show that if u(s), v(s) denote a closed curve, for a ::; s ::; b, that is, 
u(b) = u{a) and v{b) = v{a), then the effect of parallel transport round 

the curve is to rotate V through some angle. Find an expression for 
-+ -+ 

V(b) - V(a) as an integral. 
3. What sort of smoothness of the curve and of the metric on the surface 

are necessary for the initial-value problem to be well defined? 
4. Discuss the case in which the curve has one or more simple corners, and 

show that if a vector is carried by parallel transport round a triangle 
or polygon, the angle through which it is turned is equal to the angular 
defect or angular excess of the triangle or polygon. 

5. Find the equations of a geodesic and the equations of parallel transport 
for a curve in the Euclidean plane, with the coordinates u, v taken as 
the polar coordinates r, (). Do the same for the surface of a sphere, 
with u, v taken as the coordinates 'P and () of the spherical coordinate 
system r, 'P and (). 
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6. Show that if u, v are Cartesian coordinates in the Euclidean plane, 
--+ 

then the three-index symbols are zerOj hence if V{s) is carried by par-
--+ 

allel transport on any curve, the (Cartesian) components of V{s) are 
constants. 

7. Compute the three-index symbols for the hyperbolic plane, when the 
coordinates u, v are the coordinates ~,TJ introduced in Section 3.9. 

5.7 Approximate Laws for Very Small Right Triangles 

In Section 4.9 we considered a plane tangent to a surface {a horosphere}, 
both embedded in JH[3 j from the Euclidean geometry in the horosphere we 
deduced the locally approximately Euclidean geometry in the hyperbolic 
tangent plane. Here we consider briefly the opposite situation. We consider 
a plane tangent to a smooth surface, both embedded in Euclidean space 
JE3 j from the Euclidean geometry in the plane, we ded~ce the locally ap­
proximately Euclidean geometry in the surface. The conclusions hold also 
for an abstract surface as in Section 5.3, provided that the 9jk{U, v} are 
sufficiently smooth functions of u and Vj in any case, we assume that they 
are at least continuously differentiable functions, so that geodesics are well 
definedj see Equations (5.6-4)-tan{5.6-6). 

We omit the proofs, which are similar to those in Section 4.9. 
Let ABC be a small triangle in the surface, with geodesics as sides 

and with angles as determined in Section 5.5, the angle at vertex C being a 
right angle. Let a, b, c be the lengths of the geodesic segments BC, AC, AB, 
as determined in Section 5.2. Then, it can be proved, 

a = (csina){l + e), b = (ccosa){l + e') 

a2 + b2 = c2 {1 + e"), 

where e, e', e" are quantities that -+ 0 as c -+ O. 

Exercise 

1. Express e" in terms of e and e'. 

5.8 Area 

Areas of polygons in the hyperbolic plane were discussed in Section 3.12. 
Here, we start anew and derive independently a formula for the area of a 
region on a surface embedded in 3-space. The formula is expressed in terms 
of the metric tensor, and we shall see (in the next chapter) that when 
the metric tensor is as derived in Section 5.3 for the hyperbolic plane, we 
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have agreement with Section 3.12; namely, if the unit of length is such that 
K = 1, the area of a polygon is equal to its angular defect. 

We consider first the case where u, v are orthogonal curvilinear coor­
dinates in the surface S, so that the metric tensor G is 

G = (911 0) = (911{U,V) 0 ). 
o 922 0 922{U, v) 

Let Llu and Llv be small increments of u and v. The corresponding small 
segments in the surface are perpendicular, and their lengths are, according 
to Section 5.2, 

{Llsh ~ v'9U Llu and {Llsh ~ J922 Llv. 

The area of the resulting rectangle is 

LlA ~ (Llsh{Llsh ~ V911922 LluLlv = VdetG LluLlv. 

Hence if n is a region on S corresponding to a region n of the u, v parameter 
plane, we define the area of n by the equation 

Area{n) = J InVdetG dudv. (5.8-1) 

This result holds also for general nonorthogonal coordinates, because 
the expression on the right of the above equation is invariant under a change 
of coordinates, say from u, v to u', v'. Let K be the Jacobian matrix defined 
in Section 5.2, namely, 

( 
au' 

K= au 
av' 
au 

au') av = J-1 av' . 
av 

It follows from (5.2-1O) that the metric tensors G and G' for the two coor­
dinate systems are related by 

G=KTG'K, (5.8-2) 

hence, 
detG = detG'{detK)2, 

so that 

Area{n) = J InVdetG' IdetKldudv. 

According to the chain rule for changing variables in a double integral, this 
is precisely 

Area{n) = J In, vdetG' du'dv', (5.8-3) 
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where n' is the region of variation of u'v' that corresponds to the region 
n of variation of u, v. Since (5.8-3) is of the same form as (5.8-1), we see 
that the above definition of area is independent of the particular choice of 
curvilinear coordinates on S. 

The application of this formula to triangles in the hyperbolic plane will 
be carried out in the next chapter. 

Exercise 

1. Find the area of a circular region on the unit sphere. Hints: Assume 
that the center of the circle is at the north pole, and explain why that is 
justified. Express the result in terms of the radius of the circle, defined 
as the great-circle distance from the center to points on the circle. 

5.9 The Gaussian Total Curvature of a Surface 

We recall that the angular excess of a triangle on the surface of a sphere of 
radius R is equal to AI R2 where A is the area of the triangle. According 
to Section 3.12, the angular defect of a triangle in the hyperbolic plane 
is equal to AK2 , where A is the area of the triangle and K is a constant 
with dimension (length)-l. We combine the two statements by calling the 
angular defect a negative value of the excess, and then saying that in both 
cases the angular excess is equal to /cA, where /C is equal to R-2 in the 
spherical case and is equal to - K2 in the hyperbolic case; /C is called the 
Gaussian or total curvature. 

We now consider an abstract surface, in the sense of Section 5.3, and 
we define a quantity /C in terms of the metric, which reduces to R-2 for the 
sphere and to - K2 for the hyperbolic plane; in general it can vary from 
point to point in the surface. When it is constant, the surface represents 
a sphere, a Euclidean plane, or a hyperbolic plane, according as the value 
is positive, zero, or negative. A surface of constant curvature is, at least 
locally, one of those three. 

When /C is not constant, it has the interpretation of the ratio of angular 
excess to area for very small triangles, in the limit as the size tends to zero. 
The same is true for very small general polygons. 

We derive the formula for /C, following Gauss, first in a polar coordinate 
system, and then we give the formula in a general coordinate system. The 
metric is given by 

G_(l 0) 
- 0 922 . (5.9-1) 

Such a coordinate system can always be chosen, at least locally: We choose 
an arbitrary origin OJ for any point P, r is the arclength from 0 to P along 
the geodesic through the points 0 and P, and () is the angle at the origin 
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o between the tangent vector of that geodesic and some arbitrary fixed 
vector at 0, counted as positive in the counter-clockwise direction (right­
hand rule). It is easy to see (Exercise 1 below) that r, () is an orthogonal 
system, so that G is diagonal, as above. The entry g22 depends generally 
on both rand (), but is always positive. 

Let r ( s ) , () ( s) be a geodesic (not necessarily through the origin), as in 
Fig. 5.9a, with s the arclength parameter. Consider the vectors 

-> (r) -> (r) -> (0) v = iJ ,Wr = 0 ,We = iJ 

at some point P of the geodesic; v is a unit vector along the geodesic; U;r 
and U;e are vectors (not generally unit vectors) at P in the directions of 
increasing r for fixed () and of increasing () at fixed r. They are orthogonal. 

o 

Fig.5.9a. 

Let w be the angle between v and U;e. According to Section 5.5, 

vTGU;e . 
cosw = -> -> = ,j1j2i(). 

(w~Gwe)1/2 
(5.9-2) 

We assume the sign of w so chosen that it represents the angle from v 
to U;e, taken as positive in the counter-clockwise direction. Then, from 
the right-handedness of the r, () system and its orthogonality, we see that 
similarly, 

sin w = J9U r = r. (5.9-3) 

We differentiate this equation with respect to arclength s along the geodesic, 
to give (cosw)w and then we divide by (5.9-2): 

. r 
w=---.. 

,j1j2i () 

It is easily seen that in the coordinate system r, () the first of the equations 
(5.6-6) for a geodesic becomes 
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hence 

(5.9-4) 

s=b 

s=c 

f 'Y 

'- s =0 s=a 

Fig.5.9b. 

We now let r(s), O(s) be the path around a triangle, consisting of three 
pieces of geodesics, corresponding to the intervals (0, a), (a, b), and (b, c) 
of the arclength s, as indicated in Fig.5.9b. We now have to distinguish 
between w(s-) and w(s+) at the vertices, where w decreases discontinuously 
by an amount equal to the exterior angle of the triangle. That is, if Q, {3, 'Y 
are the interior angles, as in Fig. 5.9b, 

w(a-) - w(a+) = 7r - Q, 

w(b-) - w(b+) = 7r - {3, 

w(c-) - w(c+) = 7r - 'Y. 

Now, Equations (5.9-2) and (5.9-3) determine w only modulo 27r. Although 
w(c+) and w(O+) are the same (mod27r), w has decreased by 27r in going 
around the triangle, hence 

w(c-) - w(O+) = -1f' - 'Y. 

Integrating (5.9-4) from s = 0 to s = c gives [w(a-) - w(O+)] + [w(b-) -
w(a+)] + [w(c-) - w(b+)]. Therefore, 

i 8y'g22 
-8- dO = 7r - (Q + {3 + 'Y) = angular defect = -angular excess. 

triangle r 

By Green's theorem in the plane, we therefore have 

J1 82y'g22 
Angular excess = - 8 2 drdO. 

triangle r 
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We define 
1C ___ 1_ 02y'g22 

- ..j922 or2 ' 
(5.9-5) 

and we note that for the metric (5.9-1) g22 = det G. Finally, then, 

Angular excess = J 1 1C vi det G drd(}. 
triangle 

(5.9-6) 

This is the final formula, and it also holds for a general polygon. 
According to the preceding section, vi det G drd(} is the element of area. 

Therefore, in the special case in which 1C is a constant, we have that the 
angular excess of a polygon is equal to 1C times its area, as stated at the 
beginning of this section. 

Lastly, if u, v are general coordinates (sometimes called u1 and u2 ), the 
formula for 1C is 

1C = _1_ (02g12 _ ~ 02g11 _ ~ 02g22 
det G OUOV 2 ov2 2 ou2 

+ L gpq [[12,P][12,q]- [11,P][22,q]]) , 
(p,q) 

(5.9-7) 

where [ij, k] are the Christoffel symbols defined in (5.6-4), and the gpq are 
the entries of the reciprocal of the matrix G, as in (5.6-3). 

Exercises 

1. Verify that the coordinates r, () defined in the first paragraph are or­
thogonal, as claimed in {5.9-1}. Hint: From the definition of r, the 
points 

(0,0), (r, ()), (r, () + ~O) 
are the vertices of a thin isosceles triangle. 

2. Evaluate 1C from {5.9-5} for the sphere. 
3. Evaluate 1C for the hyperbolic plane. Hint: Use the metric in the form 

given by (7.8-2) in Chapter 7, with r replaced by Kr. 
4. Show that (5.9-7) reduces to (5.9-5) for the metric {5.9-1}. 
5. Verify that the formula (5.9-7) for the curvature is invariant under 

a transformation of coordinates u, v --t u', v'. Hint: First read next 
section. 

6. Evaluate the curvature 1C for various points of the surface (paraboloid) 
given by {x/a)2 + {y/b)2 + {Z/C)2 = 1, and give a geometric interpre­
tation. 

7. For a surface embedded in Euclidean 3-space, 1C is the total curvature 
defined as follows: Any geodesic passing through a point P of the sur­
face, as a curve in space, has a certain radius of curvature at P, p. The 
center of curvature is a point on the normal to the surface at P. One 
side of the surface is chosen arbitrarily and p is considered as positive 
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or negative according as the center lies on that side or on the other 
side. As the geodesic varies among all geodesics through P, P has a 
maximum value PI and a minimum value P2. Then the total curvature 
at P is defined as 1/ PIP2. Show that 

1 
K=-. 

PIP2 

8. For a surface embedded in 3-space, if K is identically zero, what are 
the possible shapes of the surface? 

9. Show that if K > 0, then in some neighborhood of P the surface lies 
entirely on one side of the tangent plane, while if K < 0, then in any 
neighborhood of P, the surface lies partly on one side of the tangent 
plane and partly on the other side. 

5.10 Differentiable Surfaces 

The purpose of this section is to prepare a context for formulating the 
geometric notions of the earlier sections of the chapter so that they are 
independent of the choice of coordinate systems. We also show how to 
use coordinates to transfer calculations to the parameter spaces. The most 
fundamental issue is how to tell whether a given function is differentiable, 
so we work toward a definition of differentiability. 

To begin with, we return to parametrized surfaces. If S is a surface 
embedded in IR3 and parametrized as in Section 5.1, let tp be the function 
from fl to IR3 whose components are X, Y, and Z. Then the inverse function 
tp-l is continuous and maps S one-to-one onto fl. Hence a function f : S -t 

IR is continuous if and only if f 0 tp is continuous on fl. 
What about differentiability of f? The function f 0 tp can generally be 

no smoother than tp, so we investigate the general case in which we know 
that tp is of class ek , where k ~ 1. (That means that all partial derivatives 
of order at most k exist and are continuous.) We recall the standard notion 
of smoothness of a function on a surface in IR3: If f : S -t IR and PES, 
then f is of class en near P on S if and only if f has an extension to a 
neighborhood of P that is of class en on the neighborhood. If n s:; k, it is 
clear that this condition implies that f 0 c.p is of class en in a neighborhood 
of c.p-I(P). To prove the converse we need to use the Inverse Function 
Theorem. 

Suppose that P = c.p( a, b) and let 1'1 and 1'2 be the straight line para­
metric curves in fl through (a, b) in the first and second coordinate direc­
tions. Then the tangent vectors to the curves c.p 0 1'1 and c.p 0 1'2 at Pare 
tangent to the surface S and their cross product, V, is normal to S. Let W 
be the tangent plane to S at P, which is the same as the plane through P 
and perpendicular to V. Let 'IjJ be the function on IR3 that projects points 
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onto W parallel to V. The plane W is the image of a two dimensional sub­
space, Wo, of JR3, under a translation r that takes 0 to P. Let T be gotten 
by composing some vector space isomorphism of Wo onto 1R2 with r- 1 IW. 
Then T is one-to-one and onto, and To 'IjJ is of degree one in terms of the 
standard coordinates on ]R3 and JR2. Thus T 0 'IjJ differs from its derivative 
only by an additive constant (which is a vector). The derivative Dep( a, b) 
is an isomorphism of JR2 onto Wo because ep is an embedding, and the 
derivative of T 0 'IjJ is one-to-one on Woo By the chain rule, the derivative 
of To 'IjJ 0 ep at (a, b) is also invertible. By the Inverse Function Theorem, 
To'IjJ 0 ep maps a neighborhood of (a, b) one-to-one onto a neighborhood of 
its image. It follows that 'IjJ is one-to-one on the part of S in a small enough 
neighborhood, N, of P. If / : S -+ JR, then we can extend / to N by letting 
the extension be constant on lines parallel to V. 

Exercise. Verify that this extension function is of class en provided that 
n S k and / 0 ep is of class en. Hints: Think about the inverses of T 0 'IjJ 0 ep 
and T. Think about differentiability of a function on a plane in ]R3. 

Thrning to the abstract setting, let S be a metric space (a set equipped 
with a distance function, as in the axioms for the hyperbolic plane). The 
metric is only needed so that it makes sense to assume the existence of a 
convex region Din]R2 and a one-to-one continuous mapping ep from D onto 
S that has a continuous inverse. That means that ep is a homeomorphism 
of D onto S, and ep-1 is also a homeomorphism of S onto D. Our main 
interest is in the cases in which S is an open disc or an open half-plane, 
and the Riemannian metric of interest provides a distance function that is 
definitely different from the intial one. Once again, we know that a function 
/ : S -+ JR is continuous if and only if / 0 ep is continuous. Our plan is to 
exploit the existence of the homeomorphism of S with D to carry additional 
structure of il over to S. Since S is not given as a subset of ]R3 or some 
other coordinate space, we have no a priori meaning of differentiability of /. 
There is also no way to say how smooth ep is, giving us considerable freedom 
at this point. Only when there are two or more coordinate charts does the 
situation get more constrained, so we start with the following definition. 

Definition 1: We say that a function / from S to JR is 0/ class en with 
respect to ep if and only if / 0 ep is of class en, for 1 S n S 00. 

Next we want to transfer the definition of partial derivative from D to 
S. If / is a real valued function on S, write j for /oep, so that / = jOif-1. By 
our definition of en(S), / 1-4 j is an isomorphism of en(S) onto en(D). 
We can use this connection to define partial derivatives, by deciding to 
make partial derivatives of / correspond to the "same" derivatives of j. 
Let e and e be the first and second coordinate functions on D, and set 
Xl = e 0 ep-1, X2 = eo ep-1. Then f(x 1(p), x2(P)) = /(P) for PES. We 
define 



178 Chapter 5. Geometry of Surfaces 

making it true that 

(:~)A = :t. 
Many other facts are automatic. For example, for smooth enough /, mixed 
partials are independent of the order in which the derivatives are taken. 

For some purposes the notation is more convenient if we reverse our 
point of view and emphasize the coordinates rather than the parametriza­
tion. 

Definition 2: Let M be a metric space. If U is an open set in M and cp is 
a homeomorphism of U onto a convex open set in 1R2 , we say that (U, cp) 
is a (two dimensional) coordinate chart in M. If (U, cp) and (V,1/I) are 
coordinate charts in M and 1 :5 k :5 00 then we say that the two charts 
are ek-compatible if and only if either un V = 0 or 1/1 0 cp-1 is e k from 
cp(U n V) onto 'l/!(U n V) and has a e k inverse. 

Notice that cp(UnV) and 1/I{UnV) are open sets in 1R2 so that the differ­
entiability condition is meaningful. If (U, cp) and (V, 1/1) are ek-compatible 
coordinate charts then it makes sense to define a function / on U U V to be 
of class en (for n :5 k) if and only if / 0 cp-1 and /01/1-1 are both of class 
en. It also makes sense to define a function / from IR or 1R2 into U U V to 
be of class en (for n :5 k) if and only if cp 0 / and 'l/! 0 / are of class en on 
their domains of definition. These terms are well-defined because on U n V 
the two conditions agree. For the moment, our main interest is in the case 
when U and V are both equal to M, but it also makes sense to consider 
arbitrary families of pairwise compatible charts. 

Definition 3: Let M be a metric space. A (2-dimensional) e k coordinatiza­
tion 0/ M is a family {(Ui,CPi) : i E I} of ek-compatible two dimensional 
coordinate charts in M such that 

M = UUi • 

iEI 

A metric space M is called a e k sur/ace if it has a 2-dimensional e k 
coordinatization. If M is a ek surface, n :5 k, and U is an open set in M, 
we define en{U) = {f : U -IR : for every i E I we have U/{U n Ui )) 0 cpi1 
of class en on cp{U n Ui )}. 

Lemma: If M is a ek surface, n :5 k, and U is an open set in M, then 
en(U) is a vector space over IR and is closed under pointwise multiplication. 

Note. The reader should prove this lemma as an exercise in understanding 
the definitions. 
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The derivatives of a function at a point depend only on the values 
of the function near the point. We can say that derivatives are local in 
character. Because of that, many geometric features are also local. We need 
a tool for reducing to local questions, and find it in the existence of Coo 
functions that vanish outside a prescribed open set but take the value 1 on 
some neighborhood of a given point of that set. 

Lemma: Let U be an open set in JRn and let P E U. Then there is a 8 > 0 
and a function 1 E coo(JRn) such that I(Q) = 0 for Q ¢ U and I(Q) = 1 
if the distance from Q to P is at most 8. 

Proof (Outline): We combine the fact that Coo functions can be added and 
multiplied with some elementary calculus of one variable. It will suffice to 
prove the result for the case that n = 1. The first of several steps in the 
construction is to consider the function 9 : JR -+ JR defined by 

( ) _ { exp( -x-2)for x > 0 
9 x - . o for x ::; 0 

An induction argument shows that 9 E Coo. If a> 0, then h(x) = g(x)g(a-­
x) defines a Coo function that vanishes off [0, a]. Next define H by 

H(x) = foX h(t) dt 

to get a Coo function that is 0 on (-00,0] and some positive constant on 
[a,oo). Now suppose that b < c. If a and A are suitable positive numbers, 
then AH(x - b)H(c - x) vanishes off (b, c) and is 1 near (b + c)/2. 0 

To be explicit about the localization of function behavior, we prove the 
following lemma. 

Lemma: Let M be a Ck surface, let U be an open set in M and let P E U. 
Suppose that 9 E Ck(U). Then there exist an 1 E Ck(M) and an open set 
V such that P EVe U and IIY = glY. 
Proof: We lose no generality by assuming that U is the open set of a co­
ordinate chart. Then we can find a function h that is in Coo relative to 
that coordinate chart, is 0 off some compact set in U that contains P in its 
interior, and that is identically 1 on some neighborhood V of P. Then hg 
can be extended to a Ck function on M by using the value 0 off U. Call 
that extension I. 0 
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5.11 Vectors and Tensors 

In this section, we present two ways of defining vectors and tensors on a 
smooth surface. The first one is more common in mathematics. The main 
idea is that there should exist a well-defined object and we want to be able 
to convert its components or numerical expression relative to one coordi­
nate system to the corresponding elements relative to another coordinate 
system. For example, the surface itself is specified as a set and the usual 
definition of function applies. The second approach is more common in 
physics. The emphasis is on the coordinates of points, and the behavior of 
components under changes of coordinates tells what kind of object is under 
consideration. Thus a function on the surface is called a scalar field: there 
is a function of the coordinates specified for every coordinate system and 
the various functions have the same value at coordinates of the same point. 

Let us now consider how to define tangent vectors intrinsically. Let 
M be a Ck surface and let P be a point of M. If (U, <p) is a coordinate 
chart of M such that P E U, then tangent vectors to M at P should be 
in one-to-one correspondence with the tangent vectors to <p(U) at <p(P). 
Also, a Cl curve that passes through P should have a tangent vector in 
the tangent space at P. Essentially all that we have to work with are the 
smooth functions defined on M or taking values in it. Two uses of vectors 
in]R.2 provide hints of how to proceed. A smooth parametrized curve has a 
tangent vector at each point that indicates the velocity of motion of a point 
tracing out the curve. This tangent vector can be calculated as a limit of 
difference quotients. We can also take the derivative of a smooth function 
at a point with respect to a vector (the "directional derivative"). Indeed, 
the chain rule brings these two ideas together if we look at the derivative of 
a function along a parametrized curve. The interaction between functions, 
curves and vectors is what we want to exploit in generalizing the notion of 
tangent vectors. 

Let us write S for <p(U), let f E Cl(S), and choose a point (a, b) E S. 
The derivative D f (a, b) is a linear function from JR2 to JR, and its value at 
(x, y) is defined to be 

1. f(a + tx, b + ty) - f(a, b) 
1m . 

t->O t 

If we abbreviate (Df(a,b»(x,y) by L(f), then L is defined as a function 
from C1(S) to R We can recover (x,y) from L as follows: x = L(x l ) and 
y = L(x2 ), where Xl and x2 are the first and second coordinate functions 
on S. Thus L is a kind of replacement for (x, y), but we need to know what 
that 'kind' is before we can use it for a definition. The essential clue is that 
L is computed as a derivative at (a, b), so it is linear and satisfies Leibnitz' 
rule. For real numbers a and /3, and for smooth functions f and g, we have: 

L(af + (3g) = aL(f) + (3L(g) (5.10-1) 
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L(Jg) = L(J)g(a, b) + I(a, b)L(g) (5.10-2) 

Another property of L that can be proved from these is that if 1 is a 
constant function then L(J) = 0: 

L(l) = O. (5.10-3) 

These three properties all follow just from the fact that the value of L(J) is 
computed as a limit of a difference quotient. Thus if "( is any smooth curve 
for which "((0) = (a, b), and we define L(J) = (J 0 ,,()'(O), then L has those 
same properties. It can be proved that the only functions from Coo (S) to 
)R. that have the basic properties (5.10-1) and (5.10-2) are the ones that 
arise from differentiating along a curve, but it will be simpler just to use 
the functions L that are defined as derivatives along curves. We leave the 
proof of the following lemma as an exercise. 

Lemma: If "( is a C1 curve in Sand "((0) = (a,b), write (x,y) for 
"('(0), the derivative as a limit of difference quotients. Then (J 0 ,,(),(O) = 
(DI(a,b»(x,y) for every C1 function from S to R 

Definition 4: If M is a Ck surface and P E M, we write Tp(M) for the set of 
functions L : C1(M) -+ )R. that can be written in the form L(J) = (Jo"()'(O) 
for some C1 curve into M for which "((0) = P. The set Tp(M) is called 
the tangent space to M at P. If 'Y is a curve for which L(J) = (J 0 "()'(O) 
then we say that L is the tangent vector to "( at P. 

In the physics literature and sometimes in the mathematics literature 
the term contravariant vector is used for what we have called a tangent 
vector. Let the reader be aware that these vectors are carried forward by 
mappings between manifolds, in spite of this name. 

A coordinate chart (U, '1') such that P E U gives an easy way to get 
some tangent vectors. Let Xl and x 2 be the coordinate functions associated 
with 'I' as in Section 5.10, and write Djl = 01 joxj for j = 1,2. Let "( 
be a C1 curve in M such that "((0) = P, and suppose that the derivative 
('I' 0 "()'(O) computed as a limit of difference quotients in )R.2 is (C1,C2)' 
By the definition of partial derivative in (U, '1') and the chain rule, (J 0 

"()'(O) = c1Dd(P) + C2D2!(P). Let cp(P) = (a,b). Since there is a one­
to-one correspondence between C1 curves in U and C1 curves in cp(U), we 
know that there is always a"( such that 'I' 0 "((t) = (a + CIt, b + C2t) at least 
for It I small enough. Using the definition and working in cp(U), we can show 
that Dl and D2 are linearly independent at each P. This reasoning is an 
example of how the analysis can be transferred to the parameter space. It 
proves the next lemma. 

Lemma: T p (M) is a subspace of dimension 2 in the vector space of all real 
valued functions on C1(M) under pointwise operations. 
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Once we have a tangent space, we also have a cotangent space. The 
cotangent space is the dual space of Tp(M) as a vector space, denoted by 
Tp(M). Cotangent vectors are also called covariant vectors. Notice that if 
IE CI(M) and P E M, then I determines a cotangent vector at P. Indeed, 
L ~ L(f) is a linear functional on Tp(M) because the vector operations of 
T p (M) are defined to be pointwise operations on the elements as functions 
on CI(M). In Euclidean space, a directional derivative can be written as the 
dot product of the gradient with the vector in question. This is reminiscent 
of that situation, but we use slightly different notation: the cotangent vector 
determined by I at P is written as dip. Thus dfp(L) = L(f). In particular, 
we can define (dxl)p and (dx 2 )p in this manner for every P E U, by 
finding global functions that agree with Xl or x 2 in some neighborhood of 
P. These give the basis ofTp(M) that is dual to the basis {(DI)p, (D2)P)) 
ofTp(M). 

Next, we want to define tensors. There are at least two other ways to 
do that but the least complicated way is equivalent to the others so we use 
it. 

To simplify notation in this discussion, we write V for Tp(M), so that 
the dual space of V, V*, is the same as Tp(M). Then we write Vr,s for the 
cartesian product of r copies of V* and s copies of V: 

Vr,s = V* X ••• x V* x V x ... x V. 

Then a function defined on Vr,s can be described as a function of r dual 
vectors and s vectors. A function of that type is called multilinear provided 
that it is linear as a function of each argument when the other arguments 
are held fixed. To put it another way, if we assign values to r + s - 1 of the 
variables, we obtain a linear function of the remaining variable. Multilin­
earity generalizes the bilinearity of inner products. 

Definition 5: A multilinear function from Tp(M)r,s to lR is called a tensor, 
contravariant of degree r and covariant of degree s, or of degree (r,s). 

Notice that a tensor of degree (0,1) is simply a cotangent vector. Since 
there is a natural isomorphism between V and (V*)*, it is also true that 
a tensor of degree (1,0) can be identified as a tangent vector. There is a 
notion of tensor product of vector spaces in terms of which all tensors are 
in tensor product spaces and so made up of sums of products of tangent 
vectors and cotangent vectors. Our definition avoids that machinery, but 
notice that if Vl and V2 are in V and f E V*, then we can use them to 
define a tensor of degree (2,1). If It and h are in V* and v E V, define 

It is easy to verify that A is multilinear, and it is consistent with the theory 
of tensor products to write VI ® V2 ® f for A. 
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Finally, we are ready to talk about vector and tensor fields, but again 
must proceed in stages. Keep in mind that a tangent vector is a function 
defined on functions. 

Definition 6: A vector field is a function X on M such that for each P in 
M the value of X at P is in Tp(M). The value of X at P is often denoted 
by Xp. A vector field X is of class en if for every 1 E en(M) the function 
X(f) taking P to Xp(f) is in en-I(M). 

It is important to see the form given to a vector field by a coordinate 
chart. Let (U, '1') be a coordinate chart compatible with the coordinatization 
of M, and set il = 'P(U). Take Xl and x2 to be the same coordinate 
functions as before so that 'I' is just the ordered pair (xl, x2 ). Also recall 
DI and D2 from before; these are actually vector fields since they operate on 
functions on U to give functions on U. We define (Dj)pl = (Djf)(P). For 
each P, (Ddp and (D2)P constitute a basis ofTp(M), so if X is any vector 
field on M there must be functions cl and c2 so that X = cl DI + c2 D2 . 

Applying the vector field to Xl and x2 shows that ci = Djxj for j = 1,2. 
We make a similar definition for cotangent vector fields, except that 

they must be applied to tangent vector fields to test smoothness. If 1 E 
en(M), there is an associated cotangent vector field, dl, of class en - l and 
defined by 

dlp(Xp) = Xp(f). 

The cotangent vector fields dx l and dx2 provide a basis of Tp(M) for every 
P. From these basic objects, one can build up the more complicated tensors. 

We have discussed differentiation on surfaces, and integration is also 
meaningful. A cotangent vector field has a well-defined integral along a 
smooth curve, meaning that the calculation can be done in two different 
coordinate systems and the same value is obtained. The integral of a func­
tion relative to arclength also makes sense. 

Definition 7: A tensor field of degree (r, s) is a function T assigning to each 
point P E M a tensor of degree (r, s) over Tp(M). The tensor field T is 01 
class en if and only if whenever it is applied to vector fields and covector 
fields of class en the resulting function is of class en-I. 

It should be verified that applying this definition to the previously 
defined cases gives consistent results. 

We make particular mention of the notion of metric tensor, by which 
we mean a field of inner products. Suppose that for each point P we have 
an inner product Gp on Tp(M). That means that Gp is of degree (0,2), so 
that it is a function of two tangent vectors. Furthermore, it must be linear 
in each argument, symmetric, and positive definite. To be useful, it must be 
true that applying G to a pair of smooth vector fields produces a smooth 
function. 
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Another important kind of tensor of degree (0,2) is one that is not 
symmetric but skew symmetric, which are called skew forms of degree 2. For 
example, if f and 9 are C2 functions, then we can define such a tensor field 
by the formula X(f)Y(g) - X(g)Y(f) for any pair (X, Y) of vector fields. 
Skew forms of degree 2 can be integrated over surfaces, and their analogues 
of higher degree can be integrated over higher dimensional manifolds. The 
reader is encouraged to study this topic further in one of the many books 
treating analysis on manifolds. 

After all this abstract mathematics, it may help the reader to remem­
ber that one still comput.es with coordinates. Since there may be a need for 
more than one coordinate system, it is important to know how the com­
ponents of vectors, covectors and tensors in general will change from one 
to another. Suppose that (U,cp) and (V, 1/1) are compatible charts, with co­
ordinate functions xi and yi respectively. We suppose that the coefficients 
relative to the xi are known and compute from them the coefficients rela­
tive to the yi. Recall that 8yi /8xk is defined to be a derivative of yi 0 cp-l . 

Hence the matrix of the derivative of 1/1 0 cp-l has its (j, k) entry equal to 
8yi/8xk. If the tangent vector to 'Y has components (a l ,a2) relative to cp 
and (b l , b2 ) relative to 1/1, the chain rule gives 

. 8yil 8yi2 
lJ3 = 8xl a + 8x2a 

for j = 1,2. The chain rule also applies to show that a covector's coordinates 
change using the matrix whose (j, k) entry is 8xi /8yk. 

In the physics literature, an assignment of coordinates to all coordinate 
systems so that the first rule holds is called a contravariant vector. Thus 
our definition is consistent with that one. A function on M is just a way to 
assign numbers to coordinates of points so that the value depends only on 
the point, not its coordinates. In the physics literature a function is called 
a scalar field. 

In our notation above, we can use the coordinate system given by cp to 
define a vector field: Xl DI + x2 D2 • Changing to the coordinates given by 
1/1, the coefficients are not yl and y2. (See Exercise 1 below.) One says that 
(xl, x2) "are not the components of a vector." 

Now suppose that G and H are the matrix functions giving the coor­
dinates of a metric tensor relative to (xl, x2) and (yl, y2). Then we get 

2 8yk 8yl 
hij = '" -8 . -8 ·gkl· W Xl Xl 

k,l=l 

This is the way coordinates of tensors of degree (0,2) for two different 
coordinate charts are related. 

Remark: The following discussion and exercises are formulated to cover 
essentially the same material as the first part of this section from the per­
spective of the physics literature. 
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A familiar example of a vector is the tangent vector to a curve. If u1(t) 
and u2 (t) describe a curve in a surface in terms of a parameter t, then the 
quantities (d/dt) ul(t), (d/dt) u2 (t) are the components of a tangent vector 
to the curve with respect to the coordinate system u I, u2 • If we make a 
change of coordinates from u I, u2 to ull , U'2 , and if functions U'i (t), U'2 (t) 
represent the same curve in terms of the same parameter t, then the quan­
tities (d/dt) Ull(t), (d/dt) U'2 (t) are said to be the components of the same 
vector with respect to the new coordinates. The relation between the two 
sets of components was given in Section 5.2; in the present notation, it is 

2 I' 
~ Ij _ ~ au J ~ k 
dt u - L...t auk dt u , 

k=1 

(5.11-1) 

where u'l and U'2 are understood to be the functions Ull (ul, u2 ) and 
U'2 (u l , u2 ) according to the convention mentioned in that section. A vector 
whose components transform in this way is called contmvariant. 

Definition 8: A contmvariant vector at a given point P of a surface is the 
association with each coordinate system of a pair WI, w2 of numbers so that 
the transformation law 

holds. 

2 I' 

Ij ~ au J I k 
W =L...ta k W 

k=i u P 
(5.11-2) 

Note: If one wishes to have something concrete in mind, one may think 
of t as time and u I (t), u2 (t) as the position of a particle moving in the sur­
face. Then the tangent vector is the particle's velocity. Equation (5.11-1) 
tells how the velocity components transform under a rotation of coordi­
nates or a transformation from a system based on inches to one based on 
centimeters, or a transformation from Cartesian to polar coordinates. 

Definition 9: A contmvariant vector field on a surface is the specification of 
a contravariant vector at each point P of the surface. (Then the components 
are functions of u I and u2 .) 

Clearly these definitions can be extended to any number n of dimen­
sions, where there are n coordinates and n components of a vector, and 
where the summation in (5.11-2) goes from k = 1 to k = n. 

An example of a contravariant vector field is the velocity field of a fluid 
flowing in space. 

Definition 10: A scalar field on a surface is the association with each coor­
dinate system of a function in such a way that the functions all have the 
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same value at a given point P in the surface, so that the transformation 
law is 

(5.11-3) 

The interpretation of this equation is that it becomes an identity if the left 

member is written as J'(UIl {U1,U2), ul2 {ul, u2)) or if the right member is 
written similarly in terms of the primed variables. 

An example of a covariant vector field is the gradient of a scalar field 
WI = (8f/8u1), W2 = (8fI8u2). 

Definition 11: A covariant vector field on a surface is the association with 
each coordinate system of two functions Wl(u1,u2) and w2(u1,u2) so that 
the transformation law 

(5.11-4) 

holds. 

Contrast this with (5.11-2) by noting where the prime appears on the 
right hand side and how the summation index k appears. 

Note: Contrary to appearances, the coordinates u 1 , u2 do not consti­
tute the components of a contravariant vector field (see Exercise 1 below). 

Definition 12: A covariant tensor field of degree two is the association of 
four functions W11, W12, W2b W22 with each coordinate system so that the 
following transformation law holds 

(5.11-5) 

It follows from (5.2-8) that the quantities 9ij transform as a covariant 
tensor of degree two. That justifies calling the matrix 

the metric tensor. 

G = (911 912) 
921 g22 

It is evident how to define covariant and contravariant tensors of higher 
degree, and also mixed tensors, such as T~it, which is contravariant of degree 
3 and covariant of degree 1. 

We now state some relations whose proofs make easy exercises. 
(A) If vi is a contravariant vector and Wj is a covariant one, then the 

quantity 2:~=1 viwi is a scalar. 
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(B) If v j and w j are contravariant vectors and Tjk is a covariant tensor 
of degree 2, then the quantity L:(j,k) VjTjkWk is a scalar. 

(C) If v j is a contravariant vector and gjk is a covariant tensor of 
degree 2 - for example, the metric tensor - then the quantities L:~-l v j gjk 
(k = 1,2) are the components of a covariant vector. 

(D) If hij is a contravariant tensor of degree 2 and gjk is a covariant 
tensor of degree 2, then the quantities T~ = L:~=l hij gjk are the components 
of a mixed tensor, covariant of degree 1 and contravariant of degree 1. 

(E) If v j and wk are contravariant vectors, then the four quantities 
vjwk are the components of a contravariant tensor of degree 2. 

Exercises 

1. Explain why the coordinates u l , u2 are not the components of a vector. 
2. Consider the n-dimensional case with coordinates Xl, x2, ... , xn. Show 

that the n4 quantities 

R- 'kl = ~ ( {)2gU + {)2gjk _ {)2gik _ {)2gjl ) 
lJ 2 {)xj {)xk {)xi{)xl {)x j {)xl {)Xi{)Xk (5.11-6) 

+ gpq([jk,pj[il, q]- [ik,p][jf, q]) 

are the components of a fourth-degree covariant tensor. It is called the 
Riemann tensor or the Riemann curvature tensor. See (5.6-4). 

3. Show that the components of the Riemann tensor satisfy the identities: 

(5.11-7) 

4. Show that the quantities Rjk = L:(i,l) gil R ijkl are the components of 
a covariant tensor of degree 2. It is called the Ricci tensor, and the 
quantity R = L:(j,k) gjk Rjk is a scalar called the Riemann curvature 
scalar. 

5. Show from (5.11-7) that in the two-dimensional case (n = 2), all the 
nonzero components of the Riemann tensor Rijkl are equal, except for 
signs. 

6. Show that for n = 2 R is equal to the Gaussian curvature IC given by 
(5.9-7). That shows that the value of IC is independent of the choice of 
the coordinate system. 

7. Show that if to each coordinate system there is associated a pair vl , v2 

such that for all covariant vectors Wj, the quantity L:~=l VjWj is a 
scalar, then the quantities v j are the components of a contravariant 
vector. Generalize. 

8. Show that if gjk are the entries of the reciprocal of the matrix G, as 
above, then they are the components of a contravariant tensor of degree 
2. 

9. For a given contravariant vector v j , the covariant vector L:~=l v j gjk, 
where (gjk) is the metric tensor, is often written as Vk and is called the 
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result of lowering the index. Show how to raise the index, and show 
that the result of raising and then lowering gives back the original 
vector. In physical applications, the contravariant vector v j and the 
covariant vector Vj are usually regarded as just two different ways of 
representing the same physical quantity. 

5.12 Invariance of the Line Element Under Isometries 

If we change from u, v to new curvilinear coordinates u/, v' by equations 

u - u{u' v') - " V=V{U/,V' ), (5.12-1) 

then the line element ds, given by 

(5.12-2) 

is changed for two reasons: (I) we have to replace the variables u, v in the 
functions gjk{U,V) by U(U/,V' ) and V(U/,V' ); (2) we have to replace du by 
(au/au' ) du' + (au/av' ) dv', and so on. The result is of the form 

ds2 = hn {u', V')du,2 + 2h12{ u/, v')du'dv' + h22 {u', v')dv,2. (5.12-3) 

Recall that in Section 3.6 the isometries of the hyperbolic plane were 
introduced in terms of two sets of polar coordinates, first r,O with respect 
to an origin Z and an axis f, and then r/, 0' with respect to an origin 
Z' and axis f/, as in Fig.5.12a. We consider a mapping of the hyperbolic 
plane onto itself in which a point P with coordinates r,O is mapped onto 
a point Q with the same values of the new coordinates r',O' (Le., r' = r, 
0' = 0). We proved that that mapping is an isometry; it maps any figure 
onto a congruent figure, so that the entire geometry is invariant under the 
mapping. 

Q 

Z/~ 
~f' 

Fig.5.12a. 
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If the mapping of a surface onto itself obtained in a similar way from 
(5.12-1) is an isometry, then the line element must be invariant. That is, 
the hjk in (5.12-2) must be the same functions of u l and Vi as the 9jk in 
(5.12-2) are of u and v. Conversely, if the line element is invariant, the 
mapping is an isometry, because the entire geometry can be obtained from 
the line element. 

These ideas are used in Section 7.4 to obtain expressions for the isome­
tries of the hyperbolic plane in terms of the Poincare half-plane coordinates. 



Chapter 6 

Quantitative Considerations 

By use of material in the two preceding chapters, quantitative formulas 
are derived for many of the objects and relations described qualitatively in 
Chapter 3. First, a formula is given for the angle of parallelism, which tells 
in what direction a line m has to be started from a point A to be asymptotic 
to another line f; it is expressed as a function of the distance y from A to f, 
obtained by dropping a perpendicular from A to f. From that, an equation 
in polar coordinates is derived for a horocycle, which is in a sense the 
limit of a circle as its radius goes to infinity. Next, differential equations 
and formulas (the latter obtained by solving the differential equations) are 
obtained for the functions g(r) and fer) in terms of which the length of a 
circular arc of radius r and the area of a circular sector of radius r were 
expressed in Chapter 3. Then, formulas are derived for the legs a, b of a 
right triangle (not assumed small) of hypotenuse c and one acute angle. 
The formulas contain the hyperbolic functions sinh and tanh of a, b, and c. 
A generalization of the law of cosines is found, which gives the length of 
the third side of a general triangle in terms of two sides a, b and included 
angle. A formula for a line in polar coordinates is given, and the equation 
for an equidistant. An equidistant is a curve at a fixed distance from a 
given line (obtained by dropping perpendiculars); an equidistant is not 
itself a (straight) line. Ideal points at infinity are defined, and the chapter 
closes with formulas for certain isometries (especially translations) in polar 
coordinates. 

6.1 The Angle of Parallelism and Horocycles 

Let ~,"1 be the coordinates described in Section 3.9, and let f be the line 
through the origin 0 and perpendicular to the ~ axis, as shown in Fig. 6.1. 
The equations of f are, according to (5.4-9), with ~o = 0 and "10 = 0, 

~(s) = lncoshs 

ryes) = tanhs, 
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Fig. 6.1. 

where s is the distance along i from O. If a is the angle of intersection of 
i with a line rJ = rJ1 of the asymptotic pencil, as shown, then, according to 
Section 3.1, a = Il(s), where s is the distance from 0 to the intersection. 
The components of the unit tangent vector to i at that point are 

. d 
~ = ds ~(s) = tanhs, 

iJ = 1 rJ(S) = (coshs)-2. 

The components of the unit tangent vector to the line rJ = rJ1 at that point 
are 

{' = 1, iJ' = O. 

According to (5.5-5) and (5.5-6), the angle a is given by 

.. (1 0) ({') cos a = (~rJ) 0 e2e iJ' = tanhs; 

hence the angle of parallelism satisfies the equation cos Il(s) = tanhs. In 
the notation of Section 3.1, where the distance s was called y, the formula 
can be written in any of the following forms: 

cos Il(y) = tanhy, 

cot Il(y) = sinh y, 

tan Il(y) = e-Y 
2 ' 

sin Il(y) = ~h . 
cos y 

(6.1-1) 

In all of these, the unit of length has been so chosen that the constant K 
in (3.9-3) equals 1 (since that was assumed in Section 5.4). Otherwise, y 
must be replaced by K y in the right sides of the above equations. 
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The equation of a horocycle in polar coordinates r, e was given in 
Section 3.9 by Equation (3.9-1) in terms of the function II(y), the formula 
for which was not known at that time. From (6.1-1), we have explicitly 

r 
tanh 2' = cos e. (6.1-2) 

This horocycle passes through the origin of polar coordinates, where it 
is orthogonal to the O-axis. The equation of a general horocycle can be 
obtained from this by means of the isometries described in Section 6.6 
below. As noted in Chapter 3, all horocycles are congruent (there are no 
"large" and "small" ones), and each horocycle is invariant under an ideal 
rotation in which the lines of the asymptotic bundle perpendicular to it are 
mapped onto each otherj the horocycle "slides along itself" under the ideal 
rotation. 

6.2 Differential Equations and Formulas 
for g(r) and f(r) 

We recall that the function cp{ a, b, "I) gives the length c of the third side 
of a triangle with adjacent sides of lengths a and b and included angle "I 
(Axiom 6 and Section 2.5) and that the function c5(a, b, "I) gives the angular 
defect of that same triangle (Section 3.15). In Section 3.15 those functions 
were considered for thin isosceles triangles, by setting a = b = r and letting 
"I = a -. 0. It was found that 

1. cp(r, r, a) ( ) 
1m = 9 r , 

a-+O a 
1· c5(r, r, a) - f( ) 1m - r, 
a-+O a 

where g(r) and f(r) were defined by saying that g(r)a is the length of a 
circular arc of radius.r and angle a and f(r)a is the area of a circular sector 
of radius r, angle a. 

Since an isosceles triangle of radius r and angle "I is the union of two 
right triangles of hypotenuse r and angle a = "1/2 as in Fig. 6.2a, we can 
also write 

() 1. a(r,a) 
9 r = 1m ---, 

0.-+0 a 
f(r) = lim c5(r, 0), 

a-+O a 

where a(r, 0) and c5(r, 0) refer to a right triangle with hypotenuse rand 
one acute angle OJ a(r, a) is the length of the side a opposite the angle 0, 

and c5(r, 0) is the angular defect of that triangle as in Exercise 3 of Section 
2.5. 

Here we find differential equations for g(r) and f(r)j then, by solving 
those equations, we find the actual formulas. First, for fixed rand Llr, we 
compute a(r + Llr, a) - a(r, 0); we then divide by 0 and let 0 -. 0, to give 
g(r + Llr) - g(r). To first order of small quantities, as a -. 0, the angle a' 
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a 

Fig.6.2a. 

in Fig. 6.2b is equal to a + 6(r, a) ~ a(l + f(r)) , IBCI ~ IDC'I (by Section 
3.14), and u(r + L1r,a) - u(r,a) ~ IB'DI = u(L1r,a') ~ g(L1r)a'. Hence, 
on dividing by a and L1r and letting a -- 0, we have 

g(r + L1~; - g(r) ~ [1 + f(r)]g~;). 

B' 

C C' 

Fig.6.2b. 

Now, g(r) is an increasing function. According to a theorem of Lebesgue,1 
such a function has a (finite) derivative for almost all values of r. If r is one 
of those values, the left member above has a limit as L1r -- 0. Therefore, 
g(L1r)JL1r has a limit, which we call ki (from which it follows that g(r) has 
a derivative for all r), and we have the differential equation 

g'(r) = kl [l + f(r)]. (6.2-1) 

We now find f'(r). 6(r+L1r, a)-6(r, a) is the defect ofthe quadrilateral 
BCC' B' in Fig. 6.2c, which is made up of three right triangles, as shown. 
To'first order ofsmall quantities, as a -- 0, we have IACI ~ r, ICC'I ~ L1r, 
IBCI ~ g(r)a ~ g(L1r){3, so that {3 ~ (g(r)a)J(g(L1r)), {3' ~ {3, hence 

1 See F. Riesz, B. Sz. Nagy, Functional Analysis, Frederick Ungar, New York, 
1955, pages 5-9. 
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B' 

A C C' 

Fig.6.2e. 

8(r + Llr, 0:) - 8(r, 0:) = def(BB'D) + def(BDC') + def(BCC') 

~ f(Llr)[o:' + {3' + {3] 

~ f(Llr)o: [1 + 2 g~~;)] . 
Therefore, on dividing by 0: and Llr and letting 0: -+ 0, we have 

f(r + Llr) - f(r) ~ f(Llr) [1 + 2 g(r) ] 
Llr Llr g(Llr) 

f(Llr) [ Llr ] 
~ (Llr)2 Llr + 2g(r) g(Llr) . 

By Lebesgue's theorem, again, the left member !ras a limit as Llr -+ 0 for 
almost all r; let r be such a value; since (Llr)j(g(Llr)) has the limit Ijkll 
as Llr -+ 0, it follows that f(Llr)j(Llr)2 has a limit, say k2, so that 

f'(r) = k22g(r) :1 = k3g(r). (6.2-2) 

We now consider initial conditions for the differential equations (6.2-1) 
and (6.2-2). From Section 3.16 we see that g(O) = f(O) = O. Furthermore, 
from (4.9-3) we see that, since g(r) is the limit of (a(r,o:))/o: ~ (rsino:)/o:, 
g(r) = r + O(r3), as r -+ O. From that it follows that the constant k1 in 
(6.2-1) is = 1. Finally, then, the solutions of the differential equations are 

where K = k3 . 

g(r) = ~sinhKr, 
f(r) = coshKr -1, 

(6.2-3) 

(6.2-4) 

The constant K, which has the dimensions of an inverse length, will 
appear in all the formulas in this chapter. As pointed out in Section 1.2, we 
can take K = 1 by a suitable choice of the unit of length in the hyperbolic 
plane. 
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It will be seen in the next section that K is the same as the constant 
K in Equation (3.9-3). 

Corollary: In units such that K = 1, the circumference and area of a circle 
of radius r are given by 

Exercises 

Circumference = 271" sinh r, 

Area = 271"(coshr -1). 

(6.2-5) 

(6.2-6) 

1. Give a geometric interpretation of the values of g(r) and f(r) for very 
small (but not zero) values of r. 

2. Derive formulas for functions corresponding to g(r) and f(r) on the 
surface of a sphere. 

6.3 Formulas for Triangles and Equidistants 

We first derive the exact formulas for right triangles (not assumed small). 
They will be formulas for the legs of the triangle in terms of its hypotenuse 
and one of the acute angles. We use polar coordinates r, a about an origin A, 
as in Fig. 6.3a, and we keep b fixed, but let a vary. Then, r, /3, a are functions 
of a. We shall see that they have derivatives with respect to a, which we 
denote by (dr)j(da), (d/3)j(da), and (da)j(da). The angular defect of the 
triangle ABB' is equal to -Lla - Ll/3 (note that Ll/3 is negative). If we 
neglect the defect ofthe small triangle at the top, which is of order (Lla)2, 
that defect is the same as that of the isosceles triangle ABD, which is 
26(r, (Lla)j2) and is approximately equal to f(r)Lla according to Section 
6.2. Hence Ll/3 ~ -Lla - f(r)Lla. Dividing by Lla and taking the limit 
gives 

d/3 
da = -1 - f(r). (6.3-1) 

From the approximate formula for the small triangle BDB', where L.D is 
approximately a right angle, we have 

Llr ~ IBB'I cos /3 = Lla cos f3 

from which 
dr da 
da = da cos /3. ( 6.3-2) 

Similarly, Llasin/3 ~ IDBI ~ g(r)Lla, from which 

:: sin/3 = g(r). (6.3-3) 
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B' D 

A~-=~---------------u 
b 

Fig.6.3a. 

From the last two equations (6.3-2) and (6.3-3), we find (ljg(r))(drjdo:) = 
cot (3; multiplying through by (6.3-1) gives 

-1 - f(r) dr _ (3d{3 
g(r) do: - cot do:' 

Putting in the values of g(r) and f(r) from (6.2-3) and (6.2-4) and inte­
grating gives 

-J K cothKrdr = J cot {3d{3, 

hence 
-In sinh K r = In sin {3 + const. 

By considering the special case where 0: = 0, so that r = b, {3 = (7r /2), 
and hence In sin {3 = 0, we see that the constant is -In sinh Kbj therefore, 
sinhKb = sinh Kr sin{3. To put this in more standard notation, we inter­
change a and b and also 0: and {3, and we set r = c for the hypotenuse. 
That gives 

sinhKa = sinh Kcsin 0:. (6.3-4a) 

The corresponding formula for the side b adjacent to the angle 0: is 

tanh Kb = tanh K c cos 0:; (6.3-4b) 

its derivation is left to Exercise 1 below. 
We now consider a general triangle, where a and b are the lengths of 

two sides and "y is the included angle,as in Fig. 6.3b. The length c of the 
side opposite the angle "y is given by the function ¢( a, b, "y) determined by 
Axiom 6, and we wish to find the actual formula. The derivation is based 
on dropping a perpendicular from the vertex at the angle "Y to the side c, 
thus representing the triangle either as the sum or the difference of two 
right triangles, depending on whether the foot of that perpendicular lies 
inside the side c or on an extension of that side. The derivation is left to 
Exercise 2; it gives the formula 
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Fig.6.3b. 

coshKc = cosh Kacosh Kb - sinh Ka sinh Kbcos 'Y. ( 6.3-5) 

In the limit of very small a and b, it gives the familiar law of cosines: 

For'Y = {7r/2} Equation {6.3-5} gives the generalization of the Pythag­
orean theorem, which says that if c is the hypotenuse of a right triangle 
and a, b are the other sides, then 

coshKc = cosh Kacosh Kb. {6.3-6} 

By expanding the hyperbolic functions we see that this reduces to the 
Pythagorean formula for the Euclidean case in the limit of small triangles. 

The equation of an equidistant to the () axis is now expressible in 
terms of the right triangle function. We let r, () vary in such a way that the 
distance d in Fig. 6.3c is held fixed. Since sinh K d = sinh K r sin 0, we have 
sinh K r = D / {sin ()}, where D = sinh K d. More generally, for an equidistant 
to a line through the origin at angle 00 , we have 

sinhKr = . {()D (),) 
sm - 0 

{D, ()o constants) 

- wZ} -

Fig.6.3c. 

{6.3-7} 
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This may be contrasted with the equation of a straight line (6.4-1) below. 
[The change from sine to cosine is irrelevant, but the change from sinh to 
tanh indicates that the equidistant is not a straight line (except for d = 0), 
but a curve in the hyperbolic plane.] 

Exercises 

1. Show that for fixed b in Fig. 6.3a, the function F(a) = coshbcosa­
cosh r sin f3 satisfies a second-order differential equation. From that 
equation and the initial values at a = 0, show that F(a) is identi­
cally zero. From that derive Equation (6.3-4b). 

2. Derive Equation (6.3-5) by the method described in the text. Show 
that it gives the law of cosines in the limit of very small a, b, c. Show 
that if the hyperbolic functions in it are replaced by the correspond­
ing trigonometric ones, the result is a standard equation of spherical 
trigonometry. 

3. Give an alternative derivation of Equation (6.1-1) for the angle of par­
allelism as follows: In the triangle in Fig. 6.3d, the limiting value of the 
angle a is ll(y), as the distance IABI goes to infinity, for fixed y. 

y 

A B 

Fig.6.3d. 

4. Find a third derivation for the angle of parallelism as follows: In 
Fig. 6.3e, i' and i" are two lines asymptotic to line i. From the equation 
for the small right triangle at the top of the diagram, find a differential 
equation satisfied by the function ll(y). 

5. Recall from Section 3.12 that the area of a triangle is proportional to its 
angular defect 15. From Exercise 1 and equations (6.3-4a,b) show that 
in the limit as a, b, 15 all tend to zero for fixed angle a, (ab) /2 = 15/ K2. 
Conclude that if the constant of length is so chosen that K = 1 and 
the constant of proportionality between area and defect is so chosen 
that the area is equal in the limit to ~ base times altitude, then the 
area of any triangle (or any polygon) is equal to its angular defect. 

6. Show that the constant K of this section is the same as the constant 
K of equation (3.9-3). 

7. Deduce the generalized law of sines (discovered by Lobachevski) for a 
general triangle 



6.4 Equation of a Line 199 

L 
Lly 

11 
y 

£" 
£' 

~ L..I--_____ £ 

Fig.6.3e. 

sinhKa sinhKb sinhKc 
---= =---

sin a sin {3 sin 'Y 

where a, b, c are the sides opposite the angles a, {3, 'Y, respectively. Hint: 
Two cases have to be considered. 

For the next two exercises, assume the unit of length is chosen so that 
K is equal to 1. 

8. An equilateral triangle has each angle equal to 45 degrees. What is its 
perimeter? 

9. A quadrilateral has each of its angles equal to 60 degrees. What are 
the possible values of its perimeter? 

6.4 Equation of a Line in Polar Coordinates 

We consider first a line £ that intersects the axis of () = 0 perpendicularly 
at a positive distance b from the origin A, as shown in Fig. 6.4. If B is 

e 
B 

A~~------------~-
b 

Fig. 6.4. 



200 Chapter 6. Quantitative Considerations 

a variable point on f, with coordinates r, fJ, then, from Equation (6.3-4b) 
for the triangle ABC, we have tanhKb = tanhKrcosfJ. We denote the 
constant tanhKb by B; then, tanhKr = B/(cosfJ). More generally, if the 
point on f closest to the origin has polar coordinates b, fJo, the equation of 
the line is 

B 
tanhKr = (fJ fJ)' cos - 0 

(6.4-1) 

where B = tanh Kb; 0 :$ B < 1. For B = 0, the line consists of the two 
rays fJ = fJo ± (rr/2 (modrr), r ~ O. 

6.5 The Ideal Points at Infinity 

As r -+ 00 in (6.4-1), 
fJ -+ fJo ± arccos B. 

Since -rr < fJo :$ rr and 0 < arccosB :$ (rr/2), we see that the limiting 
values of fJ can be any two distinct values in (-rr, rr] (mod 2rr). Hence, any 
two ideal points at 00 determine a unique line, as already shown in Section 
3.4. The same is true of one ideal point and one finite point (proof left to 
the reader). 

Conclusion: In the hyperbolic plane, any two points (finite or ideal) 
determine a unique line. 

6.6 Formulas for Isometries in Polar Coordinates 

In Section 3.6 it was shown that any isometry u of the hyperbolic plane can 
be expressed as a finite composition of mappings, each of which is either 
a rotation ROt about the origin by an angle a, a reflection M in the line f 
of fJ = 0, or a translation Tx by a positive distance X along the line f. In 
each case, we suppose that a point P with coordinates r, () is mapped onto 
a point Q = uP with coordinates rl, fJ1 • 

For u = ROt, we have rl = r, fJ1 = () + a (mod 211"). 
For u = M, we have rl = r and fJ1 = -fJ, except for fJ = rr, in which 

case we have (it = rr. (Recall that we defined fJ so that -rr < fJ :$ 11".) 
We now consider translations. Under Tx, a point P with coordinates 

r, () is carried to a point Q = uP with coordinates rl, ()l as shown in Fig. 6.6; 
we have, by use of the formulas for right triangles, first2 

sinh rl sin fJ1 = sinh r sin (), (6.6-1) 

2 In this section, we assume the unit of length so chosen that the constant K, 
which appears in the preceding sections, is equal to 1 - see Section 1.2. 
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Fig. 6.6. 

which says that P and Q are both at the same distance from the axis () = 0, 
and 

tanhrl COS()1 = tanh(X + x), 
tanh r cos () = tanh x, 

which say that the perpendiculars dropped from P and Q to the axis () = 
o are separated along that axis by distance X. By the formula for the 
hyperbolic tangent of a sum, the last two equations can be replaced by 

tanh X + tanh r cos () 
tanh rl cos ()l = 1 h X h () . + tan tan r cos 

(6.6-2) 

In the next chapter, Equations (6.6-1) and (6.6-2) will be put into a simpler 
form by use of the coordinates of the Poincare disk model. 



Chapter 7 

Consistency and Categoricalness of the 
Hyperbolic Axioms; The Classical Models 

We take as primary model of the hyperbolic plane an abstract surface S in 
the sense of Section 5.3, whose geometry is determined by the methods of 
differential geometry in such a way that all the axioms of the hyperbolic 
plane are satisfied. We consider several different coordinate systems, each of 
which covers the entire surface S, some of which are more useful than others 
for certain purposes. Each coordinate system leads to one of the classical 
models of the hyperbolic plane based on Euclidean geometry. Differential 
geometry is based on analysis, which is based on the real number system lIt 
It follows that the hyperbolic axioms are consistent, if the axioms of lR. are 
consistent. It is proved that the axiom system is categorical, in the sense 
that any model of the hyperbolic plane is isomorphic to any other model. 
Lastly, as an amusement, we describe a hyperbolic model of the Euclidean 
plane. 

7.1 Models 

The nature and purpose of models were discussed in the third section of 
Chapter 3. In this chapter, we present models in which "points," "lines," 
"distances," and "angles" are defined as certain things in a structure based 
on earlier parts of mathematics, namely, on analysis, or on Euclidean geom­
etry, or on both. If we can prove that the relations that exist among these 
"points," "lines," "distances," and "angles" satisfy all the axioms of the hy­
perbolic plane, we have a model, and the existence of the model shows that 
the hyperbolic axioms are consistent (Le., cannot lead to a contradiction), 
on the assumption (which everyone believes) that the earlier axioms are 
consistent, because if the hyperbolic axioms could lead to a contradiciton, 
then the same contradiction would appear in the model as a consequence 
of the earlier axioms. 

Each is an abstract surface S whose geometry is specified by giving a 
line element or metric tensor in a region n of parameter space; the param­
eters u, v are thought of as "coordinates" in the surface. Then the "points" 
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are the points of S, the "lines" are the geodesics, and the "distance" be­
tween two points P and Q is the arclength between P and Q along the 
geodesic that joins them; the "angles" are the angles determined by the 
line element as in Section 5.5. 

We now consider various coordinate systems in S and the correspond­
ing line elements. 

7.2 Definition of S and the Coordinates e, 1] 

We use the coordinates e, 'f/ defined in Section 3.9, and we take the region n 
to be the entire e, 'f/ plane. According to that section, we then have a one­
to-one mapping between the abstract surface S and the hyperbolic plane 
JH[2, and we take the geometry of S to be defined by the line element and 
metric tensor given in Section 5.3, namely, 

G = (~ e~e). (7.2-1) 

Note: The mapping between Sand JH[2 could have been established by 
any of the other coordinate systems discussed below, each of which covers 
the entire plane. When the coordinates are changed, we think of the points 
of S as remaining fixed; it is simply the number pairs (u, v) that change. 

7.3 The Poincare Half-Plane Coordinates 

The half-plane coordinates x, y are defined in terms of e, 'f/ as 

x = 'f/, Y = e-e, z = x + iy. (7.3-1) 

The region n is now the half-plane (y > 0, all x). By transforming the line 
element of the preceding section to the new coordinates, we find 

2 _ dx2 + dy2 
ds - , y2 (7.3-2) 

Since the metric tensor is a multiple of the unit matrix, these coordinates 
are conformal: The angle of intersection of any two curves in S, as defined 
in Section 5.5, is equal to the angle of intersection of the corresponding 
curves in n. 

The "lines" of the model are the geodesics in S. They are given in the 
e, 'f/ coordinates by (5.4-9) and (5.4-10), hence by 

{
X - 'f/o = e~~o ta~hS} 

y=e eo __ 
coshs 

and { x='f/~ }. 
Y = e S 

(7.3-3) 
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where eo and TJo are arbitrary real constants. As curves in Jl, they are 

(7.3-4) 

that is, semicircles centered on the x-axis and vertical half-lines. The di­
rection of increase of the arclength parameter is as indicated in Fig. 7.3; it 
is of course arbitrary. The value of 8 could be replaced by -8 in either or 
both of (7.3-3). 

h Is 

Fig. 7.3. Geodesics 

Before showing that the model satisfies all the hyperbolic axioms, we 
first discuss its isometries. 

7.4 The Isometries of S in Terms of the 
Half-Plane Coordinates 

The isometries of the model are the one-to-one mappings x, y ~ x', y' of 
the upper half-plane onto itself under which the metric (7.3-2) is preserved, 
that is, under which 

(7.4-1) 

That the mapping is one-to-one and onto means that it satisfies the follow­
ing requirement: 

Requirement: Any point x, y with y > 0 is mapped onto a unique 
point x', y' with y' > 0, and, conversely, any point x', y' with y' > 0 is the 
image under the mapping of a unique point x, y with y > O. 

First, it is clear that the requirement is satisfied and the metric is 
preserved under a mapping in which we merely add a constant to x or under 
which we multiply both x and y by the same positiive constant. In complex 
notation, with z = x + iy, we have mappings of the form z ~ Zl = az + b, 
where a and b are real, and a is positive. They are direct isometries and 
they represent the isometries of the two-parameter subgroup discussed in 
terms of the e, TJ coordinates in Section 3.9. A reverse isometry (reflection) 
is given by Zl = -2, where the overbar denotes complex conjugate. We now 
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show that the metric is also preserved by the more general fractional-linear 
transformation 

, az + b 
z-+z =--, 

ez+d 
(7.4-2) 

where a, b, e, d are real and ad - be is positive (these conditions are necessary 
for satisfying the above requirement). Since the above mapping is unaltered 
if we multiply a, b, e, d all by a nonzero constant, we can require that ad - be 
be equal to 1. One way to show the invariance ofthe metric is to use complex 
notation, so that dx2+dy2 = (dx+idy)(dx-idy) = dzdz. By differentiating 
(7.4-2) and using ad - be = 1, we find that 

and 

from which 

dz' = dz 
(ez + d)2 

., , _, z - z 
2zy = z - z = (ez + d)(ez + d)' 

dz'dz' dzdz 
(z' - Z')2 - (z - Z)2' 

This is identical with (7.4-1) except for a factor -(1/4) on each side of the 
equation. 

Some of the new isometries that we have found in this way (when e ¥- 0) 
differ from the purely linear ones z -+ Z' = az + b in that they keep fixed a 
point in the upper half-plane, hence represent rotations in the hyperbolic 
plane. It is easily seen that if Z and Z' are any points in the half-plane and 
-+ -+ 

k and k' are any rays drawn from those points (along geodesics), there is 
a choice of the constants a, b, e, d so that the transformation takes Z onto 

-+ -+ 

Z' and k onto k'. Therefore, according to Sections 3.6 and 3.8, the set of 
all mappings (7.4-2) with a, b, e, d real and ad - be = 1 represent the entire 
group of direct isometries in the hyperbolic plane. (For direct isometries, it 
is not necessary to specify the choices of the positive half-planes H P and 
HP'.) 

The isometries will be discussed in more detail in the next chapter. 

7.5 The Poincare Half-Plane Satisfies the 
Hyperbolic Axioms 

That any two points determine a unique "line" (geodesic) is clear. If one 
of the points in the half-plane n lies vertically above the other, the unique 
geodesic is the vertical half-line that passes through them. Otherwise, the 
center of the unique semicircle is found by extending the perpendicular 
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7 

Fig. r.Sa. 

bisector of the segment joining the points until it intersects the x-axis, as 
in Fig. 7.5a. 

The distance function IPQI of Axiom 2 is the arclength from P to Q 
along the unique geodesic that joins them. To verify the triangle inequality 
(1.1-1), we first show that the hypotenuse of a right triangle is always longer 
than either leg (in this model, that is; it is not true on a sphere). By one 
of the isometries (7.4-2), move the triangle, if necessary, so that one of its 
legs is vertical in the half-plane, with the right angle at its lower end, as in 
Fig.7.5b. 

Fig. r.5b. 

We denote the coordinates of the point A by x A, YA, and similarly 
for the other vertices. We denote the lengths of the sides (arclength along 
geodesics) by a, b, c, as shown. From the second pair of formulas in (7.3-3), 
the arclength along the vertical geodesic is s = - In y, hence YA / Yc = eb. 
From the first pair of formulas for the semicircle through A and B, we have 
that YA/YB is equal to COSh(SA + c)/ cosh SA = coshc + tanh SA sinhc < 
coshc + sinhc = eC • Since clearly YA/YC < YA/YB, we see that b < c, 
as was to be proved. The triangle inequality for a general triangle is then 
established by dropping a perpendicular from one vertex to the opposite side 
(extended, if necessary) and applying the above law to the right triangles 
so formed. Hence Axiom 2 is satisfied by the model. 

Axiom 3 is satisfied by taking the coordinate x to be the arclength s. 
The formulas (7.3-3) show that S varies from -00 to +00 on each geodesic. 
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Axiom 4 is evidently satisfied; each vertical half-line or semicircle cen­
tered on the x-axis separates the upper half-plane (y > 0) into two subsets 
as required. 

It was pointed out in Section 5.5 that angles, as defined there in terms 
of the metric, satisfy the requirements of Axiom 5. 

Axiom 6 (the SAS criterion for triangles) follows from the isometries 
(fractional linear transformations) of the model. Given any two triangles 
that have two congruent sides and congruent included angle, there exists 
an isometry that moves the vertex (where the included angle lies) of the 
first triangle to the corresponding vertex of the second and moves the two 
sides of the first triangle into coincidence with the corresponding sides of 
the second triangle. Since the "moving" was done by an isometry, it is now 
seen that the two triangles are fully congruent. 

Lastly, it is evident from Fig. 7.5c that given a geodesic f and a point 
P not on it, there are many geodesics through the point P that do not 
intersect the first geodesic anywhere in the half-plane; hence Axiom 7b is 
satisfied. 

Fig.7.5e. 

7.6 Consistency of the Hyperbolic Axioms 

As noted in Section 7.1 above, the existence of a model proves the consis­
tency of the hyperbolic axioms, on the assumption that the axioms of real 
analysis are consistent. 

7.7 Categoricalness of the Hyperbolic Axioms 

We shall show that any two models of the hyperbolic plane are isomorphic. 
The proof is based on polar coordinates r, (), which are defined from the 
axioms, as in Section 3.3, once one has chosen the following: 

(1) an origin Z; 
(2) a direction from that origin as the axis where () = 0; 



208 Chapter 7. Classical Models 

(3) one of the half-planes bounded by that axis as the half-plane where 
o < () < 1Tj and 

(4) a unit oflength. 

We shall always take the unit of length so that K = 1, where K is the con­
stant that appeared in the preceding chapter. (See Section 1.2 for comments 
on the unit of length.) 

Given two models, M and M', we assume that the choices (1), (2), 
and (3) have been made in each model, and we define a mapping u from 
M to M' by saying that if r, () are the coordinates of a point P in M, then 
its image u(P) in M' is the point of M' with coordinates r' = r, ()' = (). 
Clearly, u is a one-to-one mapping of M on.to all of M', and we shall show 
that it preserves all geometrical relations. Among the things that have to 
be proved are: 

( a) If three points P, Q, R in M are collinear, then the images P', Q', R' 
in M' are also collinear. That is, if £ is the line in M determined by the 
points P, Q, and £' the line determined by P', Q', then R lies in £ if and 
only if R' lies in t. The proof is given below. 

(b) Distances and angles are preserved by u. In particular, we must 
show that if IPQI denotes the distance function in M and IRSI' denotes 
that in M', then IFQI = lu(P)u(Q)I' for all pairs P, Q of points. From the 
definition of polar coordinates, it is seen that the distance from the origin 
Z to any point P, which is by definition r, is the same as the distance 
from u(Z) to u(P), because we have set r' = r. What has to be proved is 
that distances between general points P, Q are also preserved. The distance 
between points with polar coordinates rb (}l and r2, (}2 is given in terms of 
the triangle function ¢(a, b, 1) (which came from Axiom 6) as ¢(rl' r2, (}l -
(}2). A formula for the function ¢ is given in Equation (6.3-5), derived 
directly from the axioms, in a way not dependent on any model, and since 
the polar coordinates r, () are preserved, it follows that the distance from 
rl> (}l to r2, (}2 is preserved, since the models M and M' satisfy Axiom 6. 

The preservation of collinearity mentioned in (a) above then follows 
from a neutral theorem which says that a point P lies in a line £ if and only 
if the greatest lower bound of the distances IF X I, as X varies in the line, 
is zero. Hence, lines are mapped onto lines. 

It is known (see Theorem 6 in Section 2.4 and Section 4.6) that the 
function ¢( a, b, 1) is a continuous increasing function of 1 for fixed a, b. 
Therefore the equation c = ¢(a, b, 1) has an inverse 1 = ¢(a, b, c), which 
is also the same for all models, and which determines any angle L.ABC 
in terms of distances. It follows that all angles are invariant under the 
mapping u. 

Since all geometric properties can be expressed in terms of distances, 
angles, and lines, we have proved the main theorem: 

Theorem 1: The mapping u defined above is an isomorphism of the two 
models. Therefore, the axioms of hyperbolic plane geometry are categorical. 
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Additional models are discussed in the next section. Henceforth, any of 
them may be used to draw general conclusions about hyperbolic geometry. 

There is here an apparent conflict between categoricalness and G6del 
incompleteness similar to the one discussed in Section A.6 of the Appendix 
to Chapter l. 

Owing to the necessity of making the choices (1), (2), and (3) above 
for each model, the mapping (J' is highly nonunique. That reflects the homo­
geneity and isotropy of the hyperbolic plane that results from the isometries. 
No matter where you stand in the plane, and no matter in which direction 
you look, the scenery is exactly the same as if you stand at another point 
and look in another direction. The same is true of any model. 

The isomorphism can often be expressed in terms of coordinates other 
than polar. In the next section, the isomorphism between the Poincare 
half-plane model and the Poincare disk model will be established by use 
of Cartesian coordinates (more precisely, of the resulting complex coor­
dinates). That will prove that the disk model really is a model, that is, 
satisfies all the hyperbolic axioms, because the half-plane model satisfies 
them all, according to Section 7.5 above. 

7.8 Other Models 

Classically, the models of the hyperbolic plane were regarded as based on 
Euclidean geometry. One started with a piece of a Euclidean plane - a 
half-plane or a circular disk and defined in it "points," "lines," "distances," 
"angles" as things that could be described in that half-plane or disk in 
terms of Euclidean geometry. We prefer to think of the models as based 
on analysis, via differential geometry. We start with an abstract surface 
S, as in Section 5.3, with its geometry determined by a line element or, 
equivalently, a metric tensor, in terms of parameters u, v. 

The difference is hardly more than a change of point of view. Whether 
one thinks of the u, v-plane as a Euclidean plane in which u, v are Cartesian 
coordinates is unimportant. One can think of that plane as simply the 
Cartesian product 1R x 1R of the real number system 1R with itself, so that 
an element of that product is a pair of real numbers u, v. We shall make no 
use of Euclidean geometry in the u, v-plane. It is in any case a matter of 
great efficiency to be able to define a model by giving just the range n of 
variation of the parameters u, v and the line element, from which the entire 
geometry of the model follows. 

Each of the coordinate systems considered earlier provides a model. In 
each case the coordinates cover the entire hyperbolic plane, and we shall give 
explicit formulas for transforming from one set of coordinates to another, 
which lead to the transformation of the line element from one set to another, 
thus showing directly that all these models are isomorphic. Therefore, since 
the half-plane model has been shown to satisfy all the axioms, it follows 
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that the others do too. It was shown in the preceding section that any 
model that satisfies all the axioms is isomorphic to the abstract hyperbolic 
plane determined by the axioms. 

(1) The model based on the e, 'TI coordinates. 

n: (-00 < ~ < 00) -00 < 'TI < 00 ' 
(2) The Poincare half-plane model. 

n:( O<y<oo ) -00 < x < 00 ' (7.8-1) 

The transformation law connecting these two models is x = 'TI, Y = e-e. 
(3) The polar-coordinate model. Let r,O be polar coordinates in the 

hyperbolic plane as defined in Section 3.4. According to (5.3-3), the line 
element is ds2 = dr2 + g(r)2d02j according to Equations (6.2-3), g(r) is 
given by sinh r, in units such that K = 1. Therefore, this model is given by 

n. (o:sr<oo) 
• -71' < 0 :s 71' ' 

(7.8-2) 

We shall give below the formulas for transforming from this model to the 
Poincare disk model and the formulas for transforming from the disk model 
to the Poincare half-plane model. 

(4) The Poincare disk model. We introduce coordinates u, v defined in 
terms of r, 0 by the equations 

r 
u = tanh 2 cosO, v = tanh ~ sin O. 

Clearly, these coordinates vary in the disk u2 + v2 < 1. A short calculation 
gives the line element in u, v, and we have 

ds2 = 4 du2 + dv2 . 
(1 - u2 - v2)2 

(7.8-3) 

It can be shown, either by computing the geodesics of this metric or 
by transforming Equation (6.4-1) to the coordinates u, v, that the lines of 
1HI2 are represented in this model by circular arcs in the disk n that meet 
the bounding circle u2 + v2 = 1 orthogonally, including the diameters of 
n, which may be regarded as circular arcs of infinite radius. (See Exercises 
below.) 

We recall from Section 3.4 that in terms of a given polar coordinate 
system, each value of 0 represents an ideal point at infinity, so that in the 
Poincare disk model, each point on the bounding circle represents an ideal 
point. 
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The isometries of this model can be expressed in terms of the complex 
coordinate w = u + iv. First, we have 

w -+ w' = eiO!w, (0 ~ a < 27r), (7.8-4) 

which represents a rotation in JlI2 about the origin. Next, we have 

I w cosh(X/2) + sinh(X/2) 
WI-+W=-~-+:~+----:-~:'-:-::7 

w sinh(X/2) + cosh(X/2) 
(7.8-5) 

According to Exercise 3 below, these mappings map the disk u2 + v2 < 1 
onto itself and leave the line element (7.8-3) invariant, hence they represent 
isometries of the hyperbolic plane. Since (7.8-5) leaves the real axis (v = 0) 
invariant, the corresponding isometry of the hyperbolic plane leaves the line 
of the O-axis invariant, hence is a translation along that line (Exercise 7). 

An isomorphism of this model and the Poincare half-plane model is 
given by the equations 

. .i+w 
z=x+'Y=~-. -, 

%-W 

. .z-i 
w=u+w=~--.. 

z+z 
(7.8-6) 

The Beltrami-Klein model, which was historically the first model of 
the hyperbolic plane, is based on coordinates given by the equations 

x = tanhrcosO, Y = tanhrsinO. (7.8-7) 

Each point of the unit disk X 2 + y2 < 1 in the X, Y-plane represents a 
point of the hyperbolic plane JH[2. From (6.4-1) we see that the lines of JH[2 

are represented by line segments (chords of the unit circle) in the model. 
The model is not conformal; hence the angle between two lines in JlI2 is 

not in general equal to the angle between the corresponding line segments 
in the model. An important exception to that is that perpendicular line 
segments in the model represent perpendicular lines in JH[2 if (and only if) 
one of the lines passes through the origin of the polar coordinate system. 

If (7.8-1) is transformed from polar coordinates r,O to the coordinates 
X, Y, we find that the line element is given by the equation 

ds2 = (1- X; _ y2)2 [(I-y2)dX2+(I-X2)dy2+2XYdXdY]. (7.8-8) 

Because of the last term in the square brackets, the coordinate system X, Y 
is not conformal and not even orthogonal. 

The coordinates (7.8-7) will play an important role in the theory of con­
struction by straightedge and compass in Chapter 11. The Beltrami-Klein 
model will be generalized to a spherical model of the three-dimensional 
hyperbolic space in Chapter 9. 
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Exercises. 
Please read these exercises, to see what they say, even if you don't do them. 

1. Show that in the Poincare half-plane model, the vertical half-lines rep­
resent a pencil of lines in the hyperbolic plane asymptotic in the up­
ward direction. Show that the horizontal lines (y = const) represent 
horocycles. 

2. Assume that the point z = i of the half-plane model represents the 
origin of the hyperbolic plane and that the horizontal "line" through 
z = i (the unit semicircle) represents the O-axis. Show that the ideal 
point () = (7r /2) is represented by the infinite points in the half-plane 
and the other ideal points are represented by the points on the x-axis 
according to the equation 

3. 

4. 

5. 

6. 

x= 
1 + sin(} 

cosO . 
(7.8-9) 

Hint: From the conformality of the model, show that the angle () in 
Fig. 7.8a is equal to the polar angle () in the hyperbolic plane. What 
happens if 0 is replaced by () + 7r? What is the interpretation of the 
above formula for () = {37r)/2? 

Fig.7.8a. 

Show that under the mappings (7.8-4) and (7.8-5), the Poincare disk 
is mapped onto itself and the metric defined in (7.8-3) is invariant. 
Show, by either of the methods mentioned in the text, that the 
geodesics in the disk model are circular arcs orthogonal to the bound­
ing circle u2 + v2 = 1. 
Show that under a fractional linear transformation of the complex 
plane 

, o:z + f3 
z~z =---,z + 0 

(o:f3 - ,0 :f. 0), 

circles are mapped onto circles (where straight lines are included as 
circles of infinite radius). 
From Exercise 5 show that a circle in the Poincare disk model that lies 
entirely in the disk represents a circle in the hyperbolic plane. Hint: 
This is evident for a circle centered at the origin; then use the mapping 
(7.8-5), which represents an isometry of the hyperbolic plane. 
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7. Show that (7.8-5) represents a translation by a distance X in 1HI2 • 

8. Describe the trajectory of a point in the disk model (not on the real 
axis) under (7.8-5) as X varies from -00 to +00. What kind of curve 
does that trajectory represent in the hyperbolic plane? 

9. Show that under the mapping (7.8-6) the line element ds2 = y-2(dx2+ 
dy2} of the half-plane model goes into the line element of the disk model 
in {7.8-3}. 

10. Show by another application of Exercise 5 that circles in the half-plane 
model are mapped by (7.8-6) into circles in the disk model. Conclude 
that circles that lie entirely in the half-plane represent circles in the 
hyperbolic plane. 

11. How are general horocycles represented in the half-plane model? In the 
disk model? 

12. Find the "distance" function D(Wl' W2} for the Poincare disk model. 
Hint: That's easy if Wi = 0; then use isometries. Transform the result 
to give a "distance" function D(zl, Z2} for the half-plane model. 

13. Interpret Fig. 3.1Oc and the comment associated with it in terms of the 
Poincare disk model. 

7.9 The Pseudosphere or Tractroid 

Let C be the curve in the r, z-plane as in Fig. 7.9a, given parametrically by 

1 
r = --, z = t - tanht (O $ t < 00). 

cosht 

z 

(J 

---+--~""r 

Fig.7.9a. 

The surface obtained by rotating this curve around the z-axis is called a 
pseudosphere. Let 0 be an angle about the z-axis, so that r, 0, z are cylindri­
cal coordinates. We investigate the geometry of this surface inherited from 
the three-dimensional geometry in which it is embedded by the methods of 
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Section 5.2. The Euclidean element of distance ds in cylindrical coordinates 
is given by 

ds2 = dr2 + dz2 + r2 dfP 

= ( sinht )2 dt2 + (1- _1_.)2 dt2 + r2dfP 
cosh2 t cosh2 t 

= (Sinht)2 dt2 + _1_ dfP. 
cosh t cosh2 t 

If we introduce (curvilinear) coordinates x, y in the surface defined by 

we have 

x = (J (0:5 x < 21l') 
y=cosht (l:5y<oo), 

ds2 = dx2 + dy2 
y2 

By comparison with (7.3-2), we see that the intrinsic geometry of the pseu­
dosphere is identical with that of the region of the Poincare half-plane 
model shown in Fig. 7.9b. That represents a horocycle sector of the hyper­
bolic plane, because the vertical . lines at x = 0, x = 21l' represent lines 
asymptotic at infinity at the ideal point at (J = (1l'/2), and the line segment 
at y = 1 represents an arc of a horocycle perpendicular to those lines. 

o 

Fig.7.9b. 

By extending the region shown in Fig. 7.9b indefinitely horizontally in 
both directions, we see that the universal covering surface of the pseudo­
sphere (the surface obtained by wrapping a surface infinitely many times 
around the pseudosphere like paper towels around a cardboard tube) rep­
resents the entire interior of the horocycle. 
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7.10 A Hyperbolic Model of the Euclidean Plane 

A colleague has posed the question whether there exists in the hyperbolic 
plane a model of the Euclidean plane. That reverses the question answered 
by Klein and Poincare, when they constructed models of the hyperbolic 
plane in the Euclidean plane. Such a model can be constructed as follows: 

(I) Each point of the hyperbolic plane JH[2 is a "point" of the model. 
We now choose an arbitrary point 0 of H2 as origin. 

(2) Each line through 0 is a "line" of the model. Furthermore, any 
curve equidistant from a line through 0 is also a "line" of the model. Recall 
that a curve C is equidistant from a line i if the distance d from a point Q 
of C to i, obtained by dropping a perpendicular from Q to i, is the same 
for all points Q of C. (Such a curve is not a line in H2 except in the case 
d= O.) 

Q 
C-- }--c 
i -----..I-....&.---l 

Fig.7.10a. 

Let r, 0 be polar coordinates about 0 in H2 where r is the distance 
(i.e., hyperbolic distance) of a point P from 0, and 0 is the angle between 

--+ 
the ray OP and a fixed ray, defined as in Section 3.4. From the formulas of 
hyperbolic geometry, it is found that the equation of an equidistant to the 
line 0 = 00 is 

. sinha 
smh r = . (0 O) , sm - 0 

o < 0 - 00 < 11' for a > 0, 

-11'<0-00 <0 for a<O 
(7.1O-1) 

where a and 00 are constants. From this it can be proved that for any two 
points, there is exactly one "line" that passes through them both. That is of 
course one of the axioms of Euclidean geometry. Equidistants with 00 = 0 
are called "horizontal lines" and ones with 00 = 11'/2 are called "vertical 
lines." 

(3) Through each point there is just one "vertical line" and just one 
"horizontal line." Let the equidistants that represent those "lines" be given 
by 

. sinha 
smhr = --0-; 

cos 
Then the numbers x, y given by 

. sinhb 
smh r = --:--0 . 

sm 
(7.10-2) 
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x = sinha y = sinhb (7.1O-3) 

are called the "Cartesian coordinates" of the point. 
(4) We define the "distance" between points P, pI with "Cartesian 

coordinates" x, y and x', y' as 

[(x - X')2 + (y _ yl)2J! ~f p(P, PI). (7.1O-4) 

In particular, for x' = y' = 0, we find that the "distance" of a point from 
the origin is, according to (2) and (3). 

(7.10-5) 

(5) "Angles" are defined in terms of the "Cartesian coordinates" x, yin 
the usual way, namely, if a = LP pI pll, then, by the dot-product formula, 

(x - x') {x" - x') + (y - y')(y" - V') = p(P, PI)p(PIl, PI) cos a. (7.1O-6) 

As a special case, it is easily seen that "angles" about the origin in the 
model are equal to the corresponding angles about 0 in JH[2. 

Fig.7.10b. 

(6) We now consider a one-to-one mapping of JH[2 onto itself, in which 
a point with parameters a and b in equation (7.10-2) is moved along the 
"horizontal" equidistant on which it lies to another point on that equidis­
tant, as in Fig. 7.lOb, so that it then lies on a "vertical" equidistant with 
the parameter a replaced by a', where sinh a' - sinh a = const, say A. That 
corresponds to the mapping x' = x + A, y' = y in the model, hence is called 
a "translation." Clearly, all "distances" and "angles" as defined above are 
invariant under it. 

(7) It is easily seen that a rotation through angle a about 0 in corre­
sponds to the mapping x' = x cos a - y sin a, y' = x sin a + y cos a in the 
model. Hence, "distances" and "angles" are invariant under it also. The 
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x 

y 

x 

Fig.7.lOc. 

group generated by these mappings is an isometry group of the model, and 
clearly it is isomorphic to the Euclidean isometry group. 

(8) If we call w = sinh r, then Equations (7.10-2) and (7.10-3) give 

x = w cosO, y = w sin 0; 

hence each of the right triangles in Fig. 7.10c satisfies the Euclidean 
(trigonometric) formulas. Any general triangle with one vertex at 0 and 
the side opposite it "vertical" can be obtained by adding or subtracting 
right triangles of the kind considered above; hence the Euclidean formulas 
hold for it. Furthermore, any triangle in the plane can be brought by a 
first rotation about the origin so that one vertex lies on the line y = 0; that 
vertex can then be brought to the origin by a translation. Then its opposite 
side can be made vertical by another rotation. Since "lengths" and "angles" 
are invariant under these operations, it follows that the Euclidean formulas 
hold for any triangle. That implies the SAS axiom of Euclidean geometry. 

(9) It follows from the above that the geometry of the model is either 
Euclidean or hyperbolic. But it also follows that triangles have zero angular 
defect. It is a general theorem that then the geometry of the model is 
Euclidean, and the Euclidean parallel axiom holds. 



Chapter 8 

Matrix Representation of the 
Isometry Group 

It is shown that the group of direct isometries of the hyperbolic plane is 
isomorphic to the group of fractional linear transformations with real coeffi­
cients. The coefficients of such a transformation can be taken as the entries 
of a 2 x 2 real matrix with determinant 1; there is a one-to-two relation 
between the transformations and such matrices, where a matrix M and its 
negative - M lead to the same fractional linear transformation, hence to 
the same isometry of the hyperbolic plane. Those matrices constitute the 
group 8L(2, JR) of 2 x 2 real matrices of determinant 1, and it follows that 
the group of direct isometries of the hyperbolic plane is isomorphic to the 
quotient group of 8L(2, JR) with respect to its subgroup consisting of I and 
- I, where I is the 2 x 2 unit matrix. This makes it possible to study the 
isometries by studying the matrices. The points, lines, and curves that are 
invariant (mapped onto themselves) under an isometry are classified. It is 
proved that the direct isometry group of the hyperbolic plane is simple, has 
no nontrivial proper normal subgroups, hence differs in this respect from 
the isometry group of the Euclidean plane, where the translations form a 
normal subgroup. Lastly, the subgroup 8L(2, Z) of 8L(2, JR) consisting of 
matrices with integer entries is studied; it leads to a tiling of the hyperbolic 
plane by triangles each having two 60° vertices and one 0° vertex at infinity. 

8.1 Fractional Linear Transformations 

In the preceding chapter it was proved that the axioms of the hyperbolic 
plane are categorical; any set of objects that satisfies all the axioms has 
the same geometrical properties as any other such set. In particular, the 
isometries of a model represent the isometries of the hyperbolic plane. We 
choose the Poincare half-plane model. It was shown in Section 7.4 that the 
line element of that model, given by ds2 = y-2(dx2 + dy2), is invariant 
under the transformations 
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, az + b 
z ---+ z = ez + d' (8.1-1) 

where a, b, e, d are real constants, with ad - be positive, and z = x + iy. 
It is convenient to collect together the constants in the form of a ma­

trix (~ ~). Clearly, the transformation is unchanged if the entries are all 
multiplied by any nonzero constant, and it is convenient to choose that 
constant so that ad - bc = 1; that is, so that the matrices all have determi­
nant 1. Then, there is a two-to-one relation between the matrices and the 
fractional linear transformations; the matrices (~ ~) and (=~ db) give 
the same fractional linear transformation, hence the same isometry. 

It is easily established that if the above transformation is followed by 
another such, say with constants a', b', c', d', the result is another fractional 
linear transformation whose matrix is the product of the two matrices, with 
the matrix of the first transformation on the right. The identity transfor­
mation is represented by the unit matrix (~ ~), and the inverse of a trans­
formation is represented by the reciprocal of the corresponding matrix. The 
matrices are the elements of the group SL{2, R); hence the isometries of the 
model are represented by the quotient group SL(2,R)j(I, -1), where 1 rep­
resents the unit matrix; see Note below. We shall see below that these matri­
ces thus represent all the direct isometries of the hyperbolic plane. A partic­
ular reverse isometry is the reflection z ---+ -z; hence the reverse isometries 
are represented by transformations of the form z ---+ z' = (az + b) j (cz + d), 
where ad - bc = -1. 

Note: It is recalled from linear algebra that an n x n matrix with real 
entries represents a linear transformation in an n-dimensional real space Rn, 
and the nonzero matrices represent the general linear group GL(n,R). The 
matrices with determinant 1 represent the special linear group SL(n, R). 

Let r,O be polar coordinates in the hyperbolic plane, so chosen that 
the origin is mapped onto the point z = i of the model and the "horizontal" 
line (where 0 = 0 or 71') is mapped onto the semicircle Izl = 1 of the model. 
Let ROt and Tx denote a rotation in the plane about the origin by angle a 
and a translation by distance X along the "horizontal" line. It is easy to 
show (see Exercises in Section 7.8) that those isometries are represented in 
the half-plane model by mappings (8.1-1) with matrices as follows: 

Rotation ROt: 

Translation Tx: 

( cos(aj2) 
- sin{aj2) 

( COSh{Xj2) 
sinh(Xj2) 

sin{o:j2) ) 
cos{o:j2) 

sinh(Xj2) ) 
cosh{Xj2) 

(8.1-2) 

(8.1-3) 

As shown by Theorem 3.15 of Section 3.6, the general direct isometry 
can be written in the form a = ROt,TxROt , and we write the corresponding 
matrix P as the product of the corresponding matrices (8.1-2,3). With 
P = (~ ~), we find 
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where 

h x . h X . J: a = cos "2 cOS'Y + sm "2 smu, 

b = cosh ~ sin'Y + sinh ~ cos 8, 

h x . . h X J: e = - cos 2" sm'Y + sm "2 cos u, 

d = cosh ~ cOS'Y - sinh ~ sin 8, 

a' +0. 
'Y= -2-' 

0.'- a 
8=-2-· 

(8.1-4) 

To solve these equations for cosh ~ , sinh ~ , 'Y, and 8, we find, first, 

cosh2 ~ = (a;dr + (b;er, 
sinh2 ~ = (a;dr + (b;Cr, 

b-c 
tan'Y =--a+d a-d 
tan 8 = -b-. 

+e 

(8.1-5) 

These equations give cosh2(X/2) - sinh2(X/2) = ad -be, but cosh2 - sinh2 
is always 1; hence we must require that ad -bc = 1, and then we can solve 
for X, 'Y, 8, a, a'. 

Conclusion: Every direct isometry of the hyperbolic plane is repre­
sented by a real 2 x 2 matrix of determinant 1, and, conversely, every such 
matrix represents an isometry of the hyperbolic plane. (As noted earlier, a 
matrix P and its negative - P represent the same isometry.) 

Recall that the symmetric matrix Tx represents a translation along 
the line () = O. If a' = -a, then P given as above represents a translation 
along a line through the origin at angle () = a, and P is also a symmetric 
matrix. 

In Chapter 10, as a by-product of the study of Lorentz transforma­
tions, it will be shown that the isometries of the three-dimensional hy­
perbolic space JH[3 are similarly represented by complex 2 x 2 matrices of 
determinant 1. 



8.2 Invariants of an Isometry 221 

8.2 Points, Lines, and Curves Invariant 
Under an Isometry 

A point is invariant under a mapping if it is mapped onto itself. A line is 
invariant if each of its points is mapped onto a (generally different) point 
of the same line, so that the line as a whole is unaltered by the mapping. 
(Note that if the mapping is an isometry, hence is a one-to-one mapping 
of the whole plane, the image is the entire line without gaps.) The same 
applies to invariance of a curve. 

In the Euclidean plane, certain points, lines, and circles are invariant 
under certain isometries. In the hyperbolic plane, there are certain other 
curves that are also invariant under certain isometries, namely, equidistants 
and horocycles. 

The existence of an invariant point or line or curve generally determines 
the corresponding isometry, up to a single parameter. For example, if a point 
Po is invariant under an isometry, then, since the isometry maps any figure 
onto a congruent figure, lines through Po are mapped onto lines through 
Po, if two lines through Po make an angle (J, their images make the same 
angle, and the distances IPPol from Po to any other points P are invariant, 
so that the isometry is either a rotation through some angle about Po or 
a reflection in some line through Po. The parameter referred to above is 
the angle of rotation in the first case and the coordinate (J of the line of 
reflection in the second. From now on, we shall assume that all isometries 
we are concerned with are direct, so there are no reflections. 

Exercises 

1. Show that if a direct isometry leaves a line invariant, then it is a trans­
lation through some distance X along that line. 

2. Show that if a direct isometry leaves two finite points fixed, it is the 
identity. Show that if it leaves two distinct ideal points at infinity fixed, 
it is a translation through some distance X along the line that joins 
the two ideal points. What happens, if there is one finite fixed point 
and one ideal fixed point? 

For the further analysis of invariant figures, it is now convenient to 
make use of the Poincare half-plane model, which is now justified, because 
we have proved that all models are isomorphic with each other and with 
the abstract hyperbolic plane. 

As noted in the preceding section, the isometries of the hyperbolic 
plane are represented by fractional linear transformations z -+ z' = (az + 
b)j(ez + d), where a, b, e, d are real constants such that ad - be = 1. A fixed 
point in the hyperbolic plane gives a fixed point of the model, which is a 
point z such that z = (az + b) j ( ez + d), that is, it is a root of the quadratic 
equation 

ez2 + (d - a)z - b = O. (8.2-1) 
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Since ad - be = 1, the discriminant is equal to {a + d)2 - 4; hence the fixed 
points are given, in case e =1= 0, by 

a - d ± v{a + d)2 - 4 
Z= . 

2e 
(8.2-2) 

We divide the discussion into two cases - case I, in which e =1= 0, with 
subcases la, Ib, Ie, and case II, in which e = 0, with subcases IIa, IIb, and 
IIc. 

Ia: {d + a)2 > 4. Equation (8.2-1) has two real roots, which represent 
fixed ideal points at infinity. Hence there is an invariant line, and the 
isometry is a translation along that line. 

Ib: {d + a)2 = 4. There is one fixed ideal point and no fixed finite points. 
As we shall see, the isometry is an ideal rotation. 

Ic: (d + a)2 < 4. There is just one fixed point in the upper half-plane, and 
the isometry is a rotation. 

For c = 0, the mapping is linear z - z' = {az + b)/d. As z - 00, z' also 
- 00; hence the ideal point at () = (7r /2) is fixed. The quadratic equation 
(8.2-1) is a linear equation, and we have to consider three cases: 

IIa: d - a =1= 0. There is one real fixed point in the model; hence there are 
two fixed ideal points {the other is at () = (7r / 2)), and the isometry is 
a translation. 

IIb: d - a = 0, b =1= 0. Then, since c is also zero, (8.2-1) has no solution. 
There is no finite fixed point in the model; hence there is just one fixed 
ideal point {the one at () = (7r/2)). Again, the mapping is an ideal 
rotation; see discussion below. 

IIc: d - a = 0, b = 0. The mapping in the model is the identity; hence the 
isometry is the identity, in which all points are fixed. 

We now analyze the ideal rotations in more detail. They are the cases 
in which there is just one fixed ideal point in the hyperbolic plane, and no 
finite fixed points; they were discussed in Section 3.6 and 3.8. Since the 
geometry of the plane is symmetric with respect to rotations about the 
origin, we can choose the location at infinity of the fixed ideal point to suit 
our convenience, and it is convenient to choose it at () = (7r/2). That gives 
Case IIb above, in which the fractional linear transformation reduces to the 
horizontal translation z I-t z + b in the model. We recall that the lines in 
the plane are represented, in the model, by semicircles centered on the real 
axis, together with vertical half-lines; the latter represent an asymptotic 
pencil of lines all going to the ideal point at () = (7r / 2). In the mapping in 
the model, each of the lines of that pencil is mapped onto another such at a 
distance b horizontally; hence the isometry is an ideal rotation, as described 
in Section 3.6. In the model, all horizontal lines, y = a positive constant, 
are invariant, and they represent horocycles in the plane. Those horocycles 
are perpendicular to the lines of the pencil, because they are perpendicular 
to the vertical lines in the model, and the model is conformal. As said in 
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Section 3.9, each horocycle is a curve in the hyperbolic plane that "slides 
along itself" under the ideal rotation. 

We recall that, given a line e, a curve C is an equidistant to e if the 
distance d from a point Q on C to e (as measured by dropping a perpen­
dicular) is the same for all points Q on C. Clearly, the curve C is invariant 
under translations along e, because, under that isometry, the segment PQ 
is moved to another segment P' Q' also perpendicular to e and of the same 
length d, as in Fig. 8.2a. 

Q C---
Fig.8.2a. 

Further Exercises 

3. Show that each of the following is a subgroup of the isometry group: 
a. The set of all rotations about a given point Po. 
b. The set of all translations along a given line e. 
c. The set of all ideal rotations involving a given ideal point. 

4. Describe the composition of two ideal rotations involving different ideal 
points at infinity. 

5. Show that the ideal rotation TyR2,BTy discussed in Exercise 3 of Section 
3.8 is represented in the half-plane model by a matrix of the form 
(~ t). Hint: (3 = (7r/2) - a and a = I1(y). 

6. Show that under any isometry (rotation, translation, ideal rotation, 
or reflection), every point of the plane is on some line or curve that 
is invariant (except for a center of rotation, unless you are willing to 
regard that point as a circle ofradius zero). 

7. Show how to modify the arguments of this section so as to include 
reverse isometries (Le., ones that include a reflection). 

8.3 Simplicity of the Hyperbolic Direct 
Isometry Group 

We wish to show that the Euclidean and hyperbolic planes have funda­
mentally different direct isometry groups, which we denote by r E and n, 
respectively, in this section. 

The general direct isometry of the Euclidean plane is given by 
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(x) ( x' ) (cos () sin ()) (x) ( a ) 
y -> y' = - sin () cos (J y + b ' (8.3-1) 

where x and yare Cartesian coordinates (which exist in the Euclidean 
but not the hyperbolic plane); it represents a rotation (counter-clockwise) 
through an angle (J followed by a translation by distance a in the x-direction 
and a distance b in the y-direction. (The same can also be obtained by a 
suitable translation followed by a rotation.) It is convenient to represent 
the above isometry by a 3 x 3 matrix, by writing 

(8.3-2) 

It is clear that the composition of two such isometries is represented by the 
matrix product of the two corresponding 3 x 3 matrices, the matrix of the 
first isometry appearing on the right. (See Exercise 1 below.) 

In this case (the Euclidean case), the pure translations are represented 
by matrices of the form 

(8.3-3) 

The composition of two pure translations (in either order) is another pure 
translation obtained by adding the translation vectors: a" = a + a', b" = 
b+b'. (See Exercise 2 below.) Hence the translations constitute a subgroup 
Go (which is commutative or Abelian) of the Euclidean group rE. 

Furthermore, the subgroup Go is a normal subgroup of rE. Recall 
that a subgroup Go of a group G is called normal if it is invariant under all 
conjugations of the group, that is, if for all P in the subgroup Go and all Q 
in the whole group G, the element Q-l PQ is always in the subgroup Go. 
It is easily verified that if Q is any 3 x 3 matrix of the form (8.3-2), then 
Q- 1Ta,bQ can be written as Tal ,b' , hence the subgroup of pure translations 
is normal. (See Exercise 3.) 

In the hyperbolic case, the pure translations do not constitute a sub­
group of rh; furthermore, rh does not contain any nontrivial proper normal 
subgroup. (A subgroup is nontrivial if it is not merely the identity subgroup 
{e} consisting of the identity element e of the group alone, and it is proper 
if it is not all of the group G.) If a group G does not contain a nontrivial 
proper normal subgroup, it is called simple. (A simple group may contain 
nontrivial proper subgroups, but they are not normal; for example, the set 
of all translations along a given line f is a subgroup of r h , but it is not 
normal.) The main theorem of this section is this: 

Theorem 1: r h is a simple group. 
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The remainder of this section is devoted to the proof of this theorem. 
According to the preceding two sections, an element of rh can be repre­
sented (via the Poincare half-plane model) by a pair (P, -P), where P is a 
2 x 2 real matrix of determinant 1, i.e., an element of 8L(2, JR). 

We recall from linear algebra that a matrix M with distinct eigenval­
ues can be diagonalized by a conjugation: Q-1 MQ = D (diagonal). The 
following is a consequence. 

Lemma 1: If A and B are any real 2 x 2 matrices of determinant 1 (i.e., 
elements of 8L(2, JR) with the same eigenvalues ),1 and ),2, where ),1 i- ),2, 

then there is a real matrix Q with determinant 1 such that 

(8.3-4) 

( Note: It is not assumed that ),1 and ),2 are real.) 

Proof: There are matrices P, R (not necessarily real) such that 

(8.3-5) 

hence, 
( 8.3-6) 

The matrix Q is not unique; it can be multiplied through by any nonzero 
constant. Since Q satisfies a linear equation AQ - QB = 0, we see from 
the Gauss elimination procedure that if the multiplicative constant is so 
chosen as to make one matrix entry of Q real, then those entries are all 
real. Furthermore, since det A = det B = 1, we see from the above equation 
that the multiplicative constant can be such that det Q = ±l. Last, if 
det Q = -1, we interchange ),1 and ),2 in one of equation (8.3-5). That has 
the effect of mUltiplying Q by (~ ~ ), hence changing the determinant of 
Q to +1 (because det(~ ~) = -1). 0 

Lemma 2: If A is any real 2 x 2 matrix with det A = 1, its eigenvalues are 

trA±J(trA)2-4 
2 

where tr denotes trace; tr (~ ~) = a + d. 

Proof: Elementary. 

(8.3-7) 

Hence it is convenient to distinguish three cases: Itr AI < 2, Itr AI = 2, 
and Itr AI > 2. Recall that each element of rh is a pair (P, -P). In order 
to prove that rh is simple (Theorem 2 above), we have to prove that if a 
normal subgroup Go contains even one element (P, -P) not equal to the 
identity (I, -/), then it contains all elements of rho We do that in three 
parts: 
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Proposition 1: If Go contains an element (A, -A) with 0 ~ tr A < 2 [hence 
-2 < tr (-A) ~ OJ, then it contains all elements (P, -P) of n. 

Proposition 2: If Go contains an element (A, -A) with tr A > 2 [hence 
tr(-A) < -2J, then it contains all elements of rho 

Proposition 3: If Go contain an element (A, -A) with tr A = 2 [hence 
tr (-A) = -2J and A =f:. ±I, then Go is all of rho 
Proof of Proposition 1: Assume that Go contains an element (A, -A), 
where tr A < 2. According to Lemma 2, if two matrices have the same 
trace, then they have the same eigenvalues, and we see from Lemma 1 
that Go contains all elements (P, - P) with tr P = tr A. In particular, Go 
contains the element (B, -B) where 

B = (co~a sina) 
-sma cosa ' 

where 
1 

cos a = "2 tr A. 

Then, Go contains all elements with matrices of the form Q-1 BQ. We 
choose Q = (~ l~b)' so that Go contains an element with the matrix 

C = (cosa b-2 sina). 
1 _b2 sin a cos a (8.3-8) 

Then, Go contains the element obtained from this one by replacing a by 
-a, because that is equivalent to replacing B by B- 1 , and any subgroup 
contains the inverses of all its elements. We can also replace b by l/b (be­
cause b was arbitrary). If we call the result C2, then the subgroup contains 
the element with matrix 

C C = ( cos2 a + b4 sin2 a - sin a cos a(b2 - b-2 )) • 

1 2 _ sin a cos a(b2 - b-2 ) cos2 a + b-4 sin2 a 

The trace of this matrix is 2 cos2 a + (b4 + b-4 ) sin2 a, which can be made 
equal to any number 2 cos2 a + (b4 + b-4 ) sin2 a, which can be made equal 
to any number > 2 by suitable choice of b. Hence a partial result is that Go 
contains all (P, -P) with tr P > 2. In particular, it contains all translations 
in the plane (by any distance along any line). To see that, recall from Section 
8.1 that a translation by a distance X to the right along the 8-axis (of the 
polar coordinate system) is represented by the symmetric matrix 

T = (COSh(X/2) Sinh(X/2)). 
x sinh(X/2) cosh(X/2) 

(8.3-9) 

A translation by distance X along any line anywhere in the plane is given 
by a matrix of the form Q-1Tx Q. Since eigenvalues are invariant under 
conjugation, this matrix has the same trace as Tx , namely, 2 cosh(X/2) , 
hence is contained in the subgroup. 0 



8.3 Simplicity of the Isometry Group 227 

We are now in a position to show that Go contains all elements (P, -P) 
with tr P in the interval [0,2). We recall from Section 3.7 that if ABC is 
any triangle, and if we perform three translations in succession, namely, by - -a distance IABI along AB, a distance IBCI along BC, and a distance ICAI -along CA, the resulting isometry returns vertex A to its original position 
and is a rotation about that vertex through an angle a equal to the angular 
defect ofthe triangle ABC. The matrix that represents that rotation (taking 
A as the origin of polar coordinates) in the half-plane model is 

( cos(a/2) sin(a/2)) 
- sin(a/2) cos(a/2) . 

Since a can be any angle between 0 and 7T, the trace of this matrix can have 
any value between 0 and 2. (To take care of the limiting case a = 7T (trace 
= 0), consider translations around the sides of a quadrilateral, for then the 
defect can be anything between 0 and 27T. 

To complete the proof of Proposition 1, we must show how to include 
matrices of trace 2. An example is (~ ~ ), which represents an ideal rotation 
or "rotation about the ideal point at infinity in the direction () = {7T/2)." 
We wish to show that (~ ~) is in the subgroup. Namely, 

(1 1) (0 -1) (0 1) o 1 = 1 0 -1 -1 ; 

this is the product of two matrices neither of which has trace 2; hence they 
are in the subgroup by what has already been proved; hence (~ ~) is in 
the subgroup. Hence so are also its conjugates, which represent rotations 
about ideal points in other directions at infinity. According to Lemma 2, 
any matrix with trace 2 (and determinant 1) has eigenvalues both equal to 
1. By the general theory, it is then conjugate either to the unit matrix I 
(in which case it is equal to 1) or to the Jordan matrix (~ ~). Hence, Go 
contains all matrices of trace 2. This completes the proof of Proposition 1. 

Proof of Proposition 2: By hypothesis, Go contains a matrix with trace > 
2, that is a matrix conjugate to Tx given by (8.3-9) for some value of X. We 
consider kn equilateral triangle of side length X and angle a, as in Fig. 8.3. 
The angle a is related to X by the equation tanh(X/2) = tanh X cos a, but 
in any case, by the argument in the proof of Proposition 1, we see that Go 
contains a rotation through the angular defect (ABC) = 7T - 3a. The trace 
of the corresponding matrix is less than 2; hence, from now on, we repeat 
the proof of Proposition 1. 0 

Proof of Proposition 3: By hypothesis, Go contains an element (P, -P), 
where P has trace 2, and P # I. By the argument at the end of the proof of 
Proposition 1, Go therefore contains all matrices of trace = 2, in partiCUlar 
the matrices (~ ~) and (k ~). Hence, it contains the product 
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B 

Fig. 8.3. 

( 1 k) (1 0) = (1 + k2 k ) 
01 k1 k l' 

which has trace > 2, so that from here on, we repeat the proof of Propo­
sition 2. 0 

The main theorem (Theorem 1 above) follows from these three propo­
sitions. 

Exercises 

These exercises are all for the Euclidean case JE2. 

1. Show that if the transformation (8.3-2) is followed by a similar trans­
formation from x', y' to x" , y", the composition of the two mappings is 
again of the same form, and its matrix is the product of the two ma­
trices, the matrix of the first transformation appearing on the right. 

2. Show that the product of two translation matrices of the form (8.3-3) 
is a translation matrix, representing a translation obtained by vector 
addition of the vectors (~) and (~;). 

3. Show that for any Ta,b of the form (8.3-3) and any Q of the form 
(8.3-2), Q-1Ta,bQ is again a translation matrix Tal ,bl , for some a', b'. 

8.4 The Group 8L(2, Z) and the Corresponding Tiling 

The group SL(2, Z) consists of 2 x 2 matrices M of the form (~ :) whose 
entries a, b, c, d are integers such that ad - be = 1. The product of two 
such matrices is again of that form, and the inverse of L~c !) is the 

matrix (~ ~b)j hence those matrices M form a subgroup of the group 
SL(2, JR), and the corresponding fractional linear transformations z - z' = 
(az + b) / (ez + d) of the upper half-plane represent a subgroup of the group 
of isometries of the hyperbolic plane. 
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Ro 

-1 1 

Fig.8.4a. 

Let Ro denote the region of the upper half-plane bounded by the seg­
ment of the unit semicircle extending from x = -(1/2) to x = +(1/2) and 
the vertical half-lines extending upward to infinity from the endpoints of 
that segment, as in Fig. 8.4a. The region Ro represents a triangle in the hy­
perbolic plane with 60° angles at two vertices separated by the distance In 3 
and its third vertex an ideal point at infinity, where the angle is 0° (the two 
sides are asymptotic at that ideal point). Under the mappings z ~ z' = z+b 
corresponding to matrices (~ ~) the region Ro is shifted to the right or 
left by the integer distance b, to give a sequence ... , R_ l , Ro, Rl , ... of 
adjacent regions, as shown in Fig. 8.4b. We let R~ be the region obtained 
by inversion of Ro in the unit semicircle, as shown; it represents the triangle 
in the hyperbolic plane obtained by reflection of the triangle represented by 
Ro in the line of its base, which is another of the triangles in the "reflection 
triangulation" described in Section 3.11. Similarly, let R~ be the region un­
derneath Ri in the same way, as in the drawing. Then, the portion of the 
upper half-plane not yet covered consists of a succession of adjacent regions 
... , D_ l , Do, ill, ... , each of which is a convex region bounded below by 
a portion of the real axis and two curves which meet above at an angle of 
120°. 

Fig.8.4h. 

R' o 
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In the region no = ABC shown in Fig.8.4c, we consider points D, E 
obtained by going down the circular arcs AC and BC to points D, E at a 
distance from C that corresponds to a distance In 3 in the hyperbolic plane, 
and then we draw the circular arcs from D and E meeting the midpoint F of 
the base AB at right angles. The new regions so obtained CDF and CEF 
represent further triangles of the reflection triangulation of the hyperbolic 
plane. We do the same thing to the other regions ni . After that, the portion 
of the upper half-plane not yet covered consists again of a succession of 
adjacent regions ... ,n~l' nb, n~, ... , each of which has the same character 
as the ni ; namely, it is a convex region bounded by a segment of the real axis 
and two curves meeting above at 1200 • We treat these regions in the same 
way as the ni , and so on. In the limit the upper half-plane is covered by 
nonoverlapping regions which represent the reflection triangulation of the 
hyperbolic plane, a portion of which is shown schematically in Fig. 8.4d. 

A F B 

Fig. S.4c. 

This tiling differs from the ones considered in Section 3.11 in that each 
triangle has a thin finger reaching out to infinity among the other triangles. 
We now investigate the locations of the points at infinity at which "vertices" 
of the "triangles" are to be found. As usual, we assume that r, () are polar 
coordinates in JHI2 with origin at the point represented by the point z = i in 
the model and with the axis where () = 0 represented by the unit semicircle 
that passes through the point z = i. Then, one of the ideal points involved is 
the one at infinity in the model, which corresponds to 0 = (-Tr/2). The other 
ideal points can be found by applying the fractional linear transformations. 
If we let z ~ 00, then in the limit, we have z' = (a/c), which is a rational 
point on the real axis. Furthermore, any rational number on the real axis 
can be written as (a/c) in lowest terms, and then, since a and c are relatively 
prime, there are integers e and d such that ad - be = 1 , and we see that 
all rational points on the real axis represent ideal points where sides of the 
triangles meet. To find the corresponding angles 0, we use equation (7.8-9), 
so that 

= 
1 + sinO 

cosO . 
(8.4-1) 

a 

e 
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Fig. S.4d. 

If we square both sides and replace cos2 () by I-sin2 (), we obtain a quadratic 
equation for sin (). The discriminant of that equation is 4a4 ; hence sin () is 
rational, and it then turns out that cos () is also rational. 

This group and tiling playa role in the theory of the elliptic modular 
function J(z), which may be regarded either as a meromorphic function (a 
function analytic everywhere except for isolated poles) in the hyperbolic 
plane or as such a function in the upper half-plane of the model. In each 
triangle of the tiling, J(z) takes on each complex value exactly once (for this 
purpose, some of the boundary points of the triangles have to be included) 
and has a single pole of the first order. The function is invariant under each 
of the reflections that generate the tiling. See L. R. Ford, Automorphic 
Functions, Chelsea, New York, 1951, or Whittaker and Watson, A Course 
of Modern Analysis, 4th ed., Cambridge University Press, London and New 
York,1935. 

Exercises 

1. From the formula for the angle of parallelism, verify that the bases of 
the triangles referred to have length In 3. 

2. From (8.4-1) find expressions for sin() and cos(). Is it true that sin() 
and cos () can be any rational numbers the sum of whose squares is I? 

3. Are all fractional linear transformations corresponding to matrices in 
8L(2, Z) involved? (Recall: A direct isometry comes from two reflec­
tions.) 



Chapter 9 

Differential and Hyperbolic Geometry in 
More Dimensions 

The differential geometry of Chapter 5 is extended to spaces with more than 
two dimensions. General manifolds are defined, and a space is determined 
by a manifold equipped with a line element or metric tensor. In particular, 
the line element for three-dimensional hyperbolic space is given in terms 
of the spherical coordinates, and a second proof that the geometry of the 
horosphere is Euclidean is given. Various models of three-dimensional hy­
perbolic space are described. Lastly, spaces with indefinite metric, in which 
the metric tensor is not required to be a positive definite matrix, are dis­
cussed. A particular case of this is the Minkowski geometry used in the 
theory of special relativity. The Minkowski geometry appears in the next 
chapter in connection with the relation between hyperbolic isometries and 
Lorentz transformations of relativity theory. 

9.1 Manifolds 

It was noted in Section 5.1 that to describe a complete closed surface like a 
sphere or the surface of a torus it is generally necessary to define two or more 
coordinate charts and apply certain smoothness conditions in the overlap of 
any two of them. These conditions are stated in terms of coordinate changes 
being of class Ck , which means that the functions have continuous partial 
derivatives of all orders less than or equal to k. 

We now define an n-dimensional manifold as follows: Let M be a 
metric space, simply so that we can talk about open sets and continuity. If 
Vi is an open subset of M, and if in VI coordinates uI, ... , un are defined 
in such a way as to give a homeomorphism of VI to a convex region n 
of an n-dimensional parameter space (u l , ... , un are regarded as Cartesian 
coordinates in the parameter space), we say that we have a coordinate chart 
in M. Suppose V2 is another coordinate chart with coordinates vI, ... , v n . 

Then in the overlap of the charts (Le., in the intersection of the subsets 
VI and V2 of M), the parameters u l , ... , un are single-valued continuous 
functions of vI, . .. , vn , and conversely, because both sets of coordinates 
determine homeomorphisms. Thus two charts are automatically compatible 
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in the topological sense. Finally, if M is covered by a collection of charts, 
then we have an n-dimensional manifold. 

If such a manifold satisfies the further requirement that in the overlap 
of any two charts, the coordinates of the first chart (say u l , ... ,un) are 
C k functions of the coordinates of the second chart (say VI, ... ,vn ), and 
conversely, then we say that we have a manifold of class C k . Here we have 
1::; k::; 00. 

Another method of describing a manifold is the method of identification 
of points on the boundary of a region n. For example, let n be the unit 
square in the u, v-plane: 0 ::; u ::; 1, 0 ::; v ::; 1. We then identify the points 
on the vertical sides by decreeing that for each v, the points (0, v) and (1, v) 
are the same point of the surface being described. To visualize this, think 
of n as a flat square of paper, which we roll up to make into a tube by 
gluing the sides together. Then, we identify the points on top and bottom 
by decreeing that for each u the points (u, 0) and (u, 1) are the same point. 
To visualize that, we suppose the paper to be sufficiently flexible that we 
can bend the tube around and join its ends to make a torus, as indicated 
schematically in Fig. 9.1a. (To enforce smoothness, as for a manifold of class 
C2 , we can suppose the edges of the region to overlap slightly before gluing; 
that is, we identify not merely points on the boundary of the square, but 
in a suitable manner the points in thin strips at the boundary.) 

Fig.9.1a. 

An interesting variation of the above construction of the torus is this: In 
the second step, we identify, for each u, the points (u, 0) and (1 - u, 1). That 
gives an interesting surface called a Klein bottle, which can be visualized 
as follows: We start with a bottle with a long slender neck and a circular 
opening in the bottom, as on the left in Fig. 9.1b. 

We then bend the neck downward and make it penetrate the side of 
the bottle and join it inside to the opening in the bottom, thus creating 



234 Chapter 9. Geometry in More Dimensions 

Fig.9.1h. 

a surface without boundary, but having only one side: If we start at a 
point P on the outside of the neck, we can follow it down to a point inside 
the bottle and from there back up inside the neck to the point P on the 
neck, but we are now on the inside of the surface. Although the Klein 
bottle cannot be embedded in 3-space lE3 without self-intersection (where 
the neck penetrates the side of the bottle), it can be embedded without 
self-intersection in lE4. When it is embedded in E3 as described above, we 
have three numbers x, y, z at each point of the surface, in such a way that 
they vary continuously on the surface. We then attach a fourth number w 
to each point in such a way that w also varies smoothly on the surface, but 
takes on different values on the neck and side at the points of intersection. 
Then, in lE4 with coordinates x, y, z, w, there is no self-intersection. 

As another example of the method of identification, we consider the 
manifold of the group G of rotations of a rigid body about a fixed point 
of lE3 : Each rotation can be described by a vector from the origin of a 
parameter space in the direction of the axis of rotation and of magnitude 
equal to the angle of rotation, hence of length in the interval [0,71"]. The 
tips of these vectors fill up a spherical ball n of radius 71", but diametrically 
opposite points on the surface of this ball have to be identified, because a 
rotation through angle 71" gives the same effect as rotation through angle 
71" in the opposite direction. (We are not concerned with the process of 
rotation, but only with the final orientation of the solid body; each element 
of the group represents such a final orientation.) We get in this way a 
three-dimensional manifold, the manifold of the rotation group; it can also 
be embedded in lEg without self-intersection (see Exercise 1 below). 

Exercises 

1. Show how the manifold of the rotation group can be embedded in lEg 
without self-intersection. 

2. Suppose that in the square referred to for the torus and the Klein 
bottle, we do not identify points of the vertical sides, but we identify 
the top and bottom by identifying each point (u,O) with (1 - u, 1). 
What well-known surface results? 
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9.2 The Line Element, Geodesics, Volume 

If a metric tensor (an n x n symmetric, positive definite matrix) is defined in 
each chart of a manifold of class C2 in such a way that the transformation 
law (5.2-8) holds in the intersection of any two charts (with the number 
of coordinates increased from 2 to n), we say that we have a Riemannian 
manifold. Two-dimensional Riemannian manifolds are the abstract geomet­
ric surfaces of interest in connection with the hyperbolic plane 1H12• In most 
models of 1H12 the entire plane is covered by one coordinate chart (the ex­
ception being the pseudosphere, which represents only a portion of 1H12), 
but we often consider different coordinate systems, so the transformation 
law (5.2-8) is still of importance. 

The line element ds is given by the obvious generalization of (5.2-3): 

n 

ds2 = L gjkdujduk, 
j,k=l 

(9.2-1) 

The equation of a geodesic is the same as (5.6-6), but with j, k, m all 
going from 1 to n; the Christoffel three-index symbols are still given by 
(5.6-4) and (5.6-5). 

The volume of a region is given by the obvious generalization of (5.8-1) 
for area. In the three-dimensional case (n = 3), we have 

(9.2-2) 

9.3 The Line Element in Hyperbolic 3-Space 

In any plane in 1H13 the hyperbolic line element holds, which we found to be 

(9.3-1) 

in polar coordinates r, e. Spherical coordinates p, ¢, e were defined in 1H13 

in Section 4.4. In a meridinal half-plane e = const, increments dp and d¢ 
yield a displacement dSl given, according to the above equation, by 

(9.3-2) 

The displacement that results from an increment dO at constant p, ¢ is 
perpendicular to the meridional plane, that is, perpendicular to the plane of 
Fig. 9.3, and is in a plane perpendicular to the polar axis, and the distance 
d from the axis in that plane is given, according to Chapter 6, by sinh d = 
sinh p sin ¢; hence the corresponding displacement is given by 
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z 

Fig. 9.3. 

(9.3-3) 

Since the displacements ds! and dS2 are orthogonal, and the Pythagorean 
theorem holds in the limit of small figures, the line element in !H[3 is given 
by the sum of the two expressions above; that is, 

(9.3-4) 

9.4 The Horosphere Again 

From the line element derived in the last section, we now obtain a second 
proof that the geometry of a horosphere is Euclidean. 

In Euclidean 3-space there is a surface (sphere) in which the angle 
sum of a triangle is greater than its Euclidean value 7r. That suggests the 
question, is there a surface in !H[3 in which the angle sum of a triangle is 
greater than its hyperbolic value (which is less than 7r) so as to be just 
equal to 7r? In other words, is there a surface whose geometry inherited 
from !H[3 is Euclidean? To say that the geometry of a surface is "inherited" 
from the 3-space in which it is embedded means that the line element ds 
of the surface is that obtained by simply restricting the line element ds of 
the 3-space to the surface. 

The answer is that on an ordinary sphere in !H[3 the angle sum is greater 
than 7r, but it is equal to 7r on a horosphere (or "sphere of infinite radius"). 

Let p, ¢, () be spherical coordinates in !H[3, as before. In any plane () = 
constant, p, ¢ are plane polar coordinates; hence, according to (6.1-2), the 
equation tanh(p/2) = cos¢ (0 < ¢ ::; (7r/2)) gives half of a horocycle, as in 
Fig. 9.4. When that curve is rotated about the polar axis e, the result is a 
horosphere. That is, the horosphere is the surface 

S : tanh ~ = cos ¢ 
7r 

(0 < ¢::; 2' all ()). (9.4-1) 
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Fig. 9.4. 

According to this equation, p varies from 0 to 00 in S for each value 
of O. It is clear that each horocycle in S, obtained as the intersection of S 
with a plane 0 = const, is a geodesic in S. (See Exercise 3 below.) On that 
geodesic, we define a coordinate r as the distance along it from the origin. 
We wish to find r as a function of p. For 0 = const (dO = 0), we have 

dr2 = ds2 = dp2 + sinh2 pd1i. 

We differentiate (9.4-1): 

1 
-2 -co-s-h""""2 -e. dp = - sin ¢d¢. 

2 

(9.4-2) 

In this equation we set sin ¢ = J1 - cos2 ¢, where cos ¢ is given by (9.4-1), 
so that sin¢ = (cosh(p/2))-1; we solve the resulting equation for d¢ and 
put the result into (9.4-2). The result is 

dr2 - (cosh f!..) 2 dp2 - 2 . 

[In (9.4-2) we have also used sinhp = 2sinh(p/2) cosh(p/2).] Hence, by 
integration, 

r = J cosh ~ dp = 2 sinh ~. (9.4-3) 

From (9.3-4) in the preceding section, we then find for the line element in 
S in terms of the coordinate r,O, after a bit of calculation, 

(9.4-4) 

This is the line element of a Euclidean plane in polar coordinates. 
Conclusion: The geometry that the horosphere inherits from 1HI3 is Eu­

clidean. 
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Exercises 

1. Show that on an ordinary sphere in JH[3 the angle sum of a triangle is 
greater than 11'. 

2. Define coordinates e, TJ, ( in JH[3 in analogy with the coordinates e, TJ in 
rur discussed in Section 3.9, in terms of an asymptotic bundle of lines 
and the family of horospheres orthogonal to them, so that holding TJ 
and ( constant gives a line of the bundle, and keeping e constant gives 
a horosphere in which TJ and ( are Cartesian coordinates (but with a 
length scale that depends on the value of e). What is the line element 
in those coordinates? What isometries are easily discussed in terms of 
those coordinates? 

3. Show that a horocycle obtained by intersecting the horosphere S de­
scribed above with a plane fJ = const is a geodesic in S, as claimed. 

9.5 Models of 1HI3 

We state without proof that the system of axioms for JH[3 given in Chapter 
4 is categorical; hence any model can be used to derive properties of hy­
perbolic 3-space. We describe two models. The first is the generalization of 
the Poincare half-plane model. In it the parameters are x, y, z. The region 
n is the half-space 

n : z > 0, all x, all y. 
The line element and the metric tensor are given by the generalizations of 
the formulas (7.3-2): 

ds2 = _dx_2_+_d..::;,y:-2 _+_d_z_2 
z2 

(9.5-1) 

The second model is the generalization of the Beltrami-Klein disk model. In 
it, the parameters X, Y, Z are the generalizations of the parameters X, Y of 
the disk model. They are given in terms of the spherical coordinates p, ¢, () 
by the equations that generalize (7.8-7): 

X = tanhpsin¢cosfJ, 

Y = tanhpsin¢sinfJ, 

Z = tanhpcos¢. 

The region n is the interior of the unit sphere 

n : X2 + y2 + Z2 < 1. 

(9.5-2) 

(9.5-3) 

In this model, the planes of JH[3 are represented by the disks obtained by 
intersecting n with planes AX + BY + C Z = const, and the lines of JH[3 

are represented by the chords of those disks. 
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Exercise 8 below deals with a model of n-dimensional hyperbolic space, 
namely, the analogue of the Poincare half-plane model. The axioms for IHln 

are the obvious generalization of the axioms for 1Hl3 given in Chapter 4, and 
we state without proof that those axioms are also categorical. 

Exercises 
1. How are the lines and planes of 1Hl3 represented in the half-space model? 
2. Verify the line element (9.5-1), for example, by showing that it gives 

the correct geometry in every plane that contains the Z-axis. 
3. Describe the surfaces in 1Hl3 represented by planes Z = const in the 

half-space model. 
4. Show that each point of the plane z = 0 in the half-space model rep­

resents an ideal point at infinity of 1Hl3 and find the relation between 
the values of x, y in that plane and the values </J, () of the spherical 
coordinates of that ideal point. 

5. Show that the intersection of the Beltrami-Klein model with a plane 
that passes through the center of the sphere is a copy of the Beltrami­
Klein disk model of 1Hl2 and from that that the lines of 1Hl3 are repre­
sented by chords of the sphere n. From that, conclude that the planes 
of 1Hl3 are represented by plane disks, as stated in the text. 

6. From the Beltrami-Klein model, give a second proof of the fact stated 
in Chapter 4 that two nonintersecting planes can be asymptotic in at 
most one direction. 

7. Find the formula for ds2 in the Beltrami-Klein coordinates X, Y, Z. 
Hint: Rewrite the bracketed expression in (7.8-8) as [dX2 + dy2 -
(X dY - Y dX)2] and generalize. 

8. Define the hyperbolic space IHln as the space determined by the upper 
half-space of IRn given by coordinates Xl, ... ,Xn , with Xn positive and 
the geometry determined by the Riemann metric given by 

2 dX12 + ... + dXn 2 
ds = ----::----

X~ 

Describe the isometry group of this space in terms of a set of rotations 
and translations, following the method of Section 3.6. How many pa­
rameters does the isometry group have? Is the group simple? Reconcile 
the result with the earlier statement that the isometry group of 1Hl3 is 
isomorphic with 8£(2, q. 

9. What is the isometry group of n-dimensional spherical space? Is it 
simple? Can it be expressed as a semi-direct product of simple groups? 
Do the same for En. 
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9.6 Indefinite Metrics; Minkowski Geometry 

Until now, we have assumed that the metric tensor G is a positive-definite 
matrix at each point of space (G is a function of the coordinates u 1 , .•. ,un). 
That can be stated in either of two ways: first, an expression vT Gv is pos­
itive for all nonzero choices of the vector v. Second, all the eigenvalues of 
G are positive. (Recall that G is symmetric, so that its eigenvalues are in 
any case real.) In the special and general theories of relativity one encoun­
ters geometries such that G is no longer positive-definite; the number of 
dimensions n is equal to 4 and there are three positive eigenvalues and 
one negative one (or, in some physics books one positive eigenvalue and 
three negative ones; the same theory can be formulated in either way). 
One says that then one is dealing with an indefinite metric and a pseudo­
Riemannian manifold. The number of positive eigenvalues is necessarily the 
same throughout space, because G is required to be continuous and non­
singular, so that no eigenvalue can change sign from one point to another. 
(A nonsingular matrix is one that has an inverse; all its eigenvalues are 
=j:. 0.) Furthermore, according to a theorem of linear algebra the number of 
positive eigenvalues is unchanged by a transformation of the form (5.2-10) 
from one coordinate system to another. (That theorem is known under the 
arcane name of Sylvester's law of inertia.) 

The quadratic differential form 

j,k=l 

is now denoted by F(du l , ... ,dun) or simply by F (it depends in general 
also on the coordinates u1, .•. ,un themselves). It was formerly denoted by 
ds2 , but, since it can be negative, that would suggest imaginary values of 
"ds." 

The equation of a geodesic in the form (5.6-6), with the Christoffel 
symbols given by (5.6-4, 5) is still valid, but the interpretation is slightly 
different. The parameter on the geodesic, there denoted by s, cannot in 
general be interpreted as describing arclength. In fact, if u4 is interpreted 
as time, and if the geodesic is timelike (see below), it is then interpreted as 
the motion of an object, and the parameter is then "proper time" - time 
as would be kept by a clock moving with the object. The quantity cJj given 
by (5.6-1) is still constant along a geodesic, but is not necessarily positive. 
For cJj > 0, the geodesic is called spacelike; for cJj < 0, it is timelike, and 
for cJj = 0 it is a null geodesic. A spacelike geodesic may be thought of as a 
straight line present along its entire length at one instant of time; a timelike 
geodesic may be thought of as representing an object in uniform motion 
(or even stationary). A null geodesic may be thought of as representing a 
pulse of light (or a photon); along its path the proper time is "standing 
still." The concept of distance between points P and Q is lost; hence the 
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triangle inequality is lost. The earlier notion of distance between P and Q 
along a path would be J 14>1 1/ 2ds, but if the path consists of portions of 
null geodesics (which is always possible), the distance would be zero. 

The case of indefinite metric to appear in the next chapter is that of 
Minkowski geometry, in which the metric tensor is 

(
1 0 0 

G= 0 1 0 
o 0 1 
000 

~ ); 
-1 

it is the geometry appropriate for special relativity. 

(9.6-1) 



Chapter 10 

Connections with the Lorentz Group of 
Special Relativity 

The Lorentz transformations and their origin in physics at the beginning 
of this century are described. It is shown that there is an isomorphism 
between the direct isometry group of the hyperbolic plane and the restricted 
Lorentz group in two space variables and time. A peculiar feature of the 
Lorentz group is shown to be connected with a property of the hyperbolic 
isometry group discussed in Section 8.3. We then generalize to one more 
dimension and show an isomorphism between the direct isometry group of 
three-dimensional hyperbolic space and the Lorentz group in three space 
variables and time. We then describe the so-called relativistic velocity space 
and show that it has the same geometry as the three-dimensional hyperbolic 
space. 

10.1 Origin of Special Relativity 

Maxwell's equations (1873) of the electromagnetic field in empty space are 
the following: E and H are 3-component vector fields, the electric field and 
the magnetic field, respectively, in certain standard units. They depend on 
x, y, z, t, and they satisfy the partial differential equations 

18H 
V x E + --.q = 0, 

c vt 

18E 
V xH- -- =0, 

cOt 

V·H=O, (1O.1-1) 

V·E=O, (1O.1-2) 

where Vx denotes the curl of a vector field, and V· denotes the divergence. 
(In a material medium, the two lower equations are modified by the pres­
ence, on the right side, of terms representing the density of electric current 
and the density of electric charge.) The equations were based on known 
laws of electrostatics, magnetostatics, and the law of induction, which says 
that a changing magnetic field can produce an electric field, together with 
Maxwell's hypothesis that a changing electric field can produce similarly 
a magnetic field. The constant c arose as the ratio of the units of charge 
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in two systems of units; it is an absolute constant and has the dimensions 
of a speed (distance/time). Observation had shown that the speed of light 
is equal to e; hence, Maxwell's equations suggested that light consists of 
electromagnetic waves. 

Prior to Maxwell's time all physics had been invariant under "Galilean" 
transformations from one frame of reference to a second frame moving at a 
constant velocity relative to the first, for example, under the transformation 

X' = x - vt, y' = y, Z' = z, t' = t, (10.1-3) 

where the constant v is the speed of the second frame with respect to the 
first. It came as quite a shock to discover that Maxwell's equations were 
not invariant under those transformations. Solutions of (10.1-1) and (10.1-2) 
can represent moving plane waves, moving at the speed e for any direction 
of propagation, but after the equations are transformed by (10.1-3), new 
terms appear in the equations, which have the effect that waves travel at 
different speeds in different directions. That seemed to indicate that there 
must be an absolute inertial frame of reference in the universe, namely, the 
unique one in which Maxwell's equations hold. 

However, experiments like the Michelson-Morley experiment failed to 
detect any motion of a terrestrial laboratory through that special frame, 
for example, during the Earth's motion about the sun. It appeared that 
the speed of light is the same in all frames of reference; hence the relation 
between one frame and another could not be given by (10.1-3). That posed 
the problem of replacing (10.1-3) by a transformation law such that the 
speed of propagation of a light signal would be the same in both frames of 
reference, so that, for example, if x and t are related by x - et = const, then, 
after the transformation, x' and t' would be related by x' - et' = const. 
That led to what are now called Lorentz tmnsformations, for example, 

x - vt 
x' = I=C===~::;;': 

\/1- v2/e2 ' 

t' = 
t - vx/e2 

)1- v2/e2 ' 

y' = y, z' = z. 

(10.1-4) 

Lorentz transformations are discussed in the next section; they are the 
transformations under which the metric of Minkowski geometry, described 
in Section 9.6, is invariant. (From the above equations it is seen that if 
x - et is a constant, then x' - et' is a constant.) 

The next problem was to find out how to transform Maxwell's equa­
tions so that electromagnetic theory would be fully invariant under Lorentz 
transformations. We discuss first the empty-space equations (10.1-1) and 
(10.1-2). Under rotations of the axes, without relative motion, E and H 
transform as vectors, and the question arises as to how they transform 
under a Lorentz transformation of the kind in (10.1-4). That can be done 
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either by combining E and H in a skew-symmetric second-rank tensor or by 
expressing them in terms of a four-vector potential. We discuss the latter: 
it follows from Equations (1O.1-1) that E and H can be expressed in terms 
of a vector potential A and a scalar potential ¢ by the equations 

H = V' x A, 
1 8A 

E= -V'¢- ~ at' (1O.1-5) 

(Exercise 1 below), where the potentials A and ¢ satisfy the condition 

1 8¢ 
V'·A+- - =0 

c at 
(1O.1-6) 

(Exercise 2 below), and it then follows from the second set of Maxwell's 
equations (1O.1-2) that A and ¢ both satisfy the wave equation 

( V'2 - :2 !:) [A or ¢] = o. (1O.1-7) 

Conversely, if A and ¢ satisfy (1O.1-6) and (1O.1-7), and if E and H 
are obtained from them by (1O.1-5), then Maxwell's equations (1O.1-1) and 
(1O.1-2) hold (Exercise 3). The problem then arises, when the coordinates 
x, y, z, t are transformed by a Lorentz transformation (1O.1-4), how must A 
and ¢ be transformed so that (1O.1-6) and (10.1-7) continue to hold? 

The three components of A, together with ¢, are regarded as the com­
ponents of a four-vector potential: q>i = Ai for j = 1,2,3, and q>4 = ¢. 

Then, if we introduce coordinates xi by the equations 

(1O.1-8) 

Equation (1O.1-6) take the form 

4 8gJi 
L 8xi =0. 
i=l 

(1O.1-9) 

According to the ideas of Section 5.10, this quantity is invariant (a scalar) 
if the q>i transform as the components of a contravariant vector, that is, 
according to (5.10-2). In terms of the coordinates (1O.1-8), the Lorentz 
transformation takes the form 

(10.1-10) 

where b = ~ and a = bv I c. In this case, the partial derivatives in 
I-v2 /c2 

(5.10-2) are all constant; hence the components of the four-vector potential 
q>i are transformed by the same linear equation, with the same matrix as 
above. Then, the quantity on the left of (10.1-9) is an invariant (a scalar), 
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and the equation continues to hold in the primed variables (Exercise 4). The 
wave operator in (10.1-7) is also an invariant (Exercise 5). Hence, the fields 
E' and H' obtained from the q,i' satisfy Maxwell's equations in the primed 
variables. In the presence of matter, the current density and the charge 
density are combined into another four vector, which transforms in the 
same way as the four-vector potential. The entire electromagnetic theory is 
then invariant. (Perhaps the term "covariant" would be more appropriate, 
because vectors are involved.) 

The difference between the fields E', H' in the second frame of reference 
and those E, H in the first obtained in this way is fully in agreement with 
observation. For example, in a frame moving through a frame containing a 
pure magnetic field, an electric field is observed (Exercise 6). 

At the time of that work, very little was known about the structure of 
matter, but it was clear that electromagnetic phenomena must play a very 
dominant role; that led Einstein to conjecture, in 1905, that all physics is 
invariant under Lorentz transformations. That made it necessary to modify 
certain other parts of theoretical physics, for example, certain laws of me­
chanics, which Einstein then proceeded to do. That was the origin of special 
relativity. From that time on, there was no preferred frame of reference. 

Exercises 

1. Show that the fields E and H can be obtained from potentials as in 
(10.1-5). Hint: A divergence-free vector field can be expressed as the 
curl of another vector field, and a curl-free vector field can be expressed 
as the gradient of a scalar field. 

2. Show that the potentials A and ¢ can be so chosen that Equation 
(10.1-6) holds. Hint: Show that if we add to A the gradient of an 
arbitrary scalar ¢ and subtract from ¢ the time derivative of ¢ divided 
by c, the fields E and H are unchanged, and ¢ can be so chosen that 
Equation (10.1-6) holds. Show that it then follows from the second set 
of Maxwell's equations, (10.1-2), that A and ¢ both satisfy the wave 
equation (10.1-7). 

3. Show that if the potentials satisfy (10.1-6) and (10.1-7) and the fields 
E and H are obtained from them by (10.1-5); then those fields satisfy 
Maxwell's equations. 

4. Show that if the coordinates Xi and the four-vector potential cpi trans­
form according to (10.1-10), then the quantity on the left of (10.1-9) 
is an invariant (scalar). 

5. Show that under a Lorentz transformation (10.1-10) the wave operator 
that appears in (10.1-7) is invariant. 

6. Find formulas for E', H' in terms of E, H. 
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10.2 Lorentz and Poincare Groups 

A Lorentz transformation is a homogeneous linear transformation from vari­
ables x, y, z, t to variables x' , y', z', t' such that the quadratic form Q defined 
by Q(x, y, z, t) = t2 - x2 - y2 - Z2 is preserved,3 that is, such that 

(10.2-1) 

for all x, y, z, t. The generalization to any finite number of space variables 
and time is evident [and also, to any finite number of space variables and any 
finite number of time variablesj in the next section, we shall be concerned 
with the case of two space variables and time (x, y, t)]. 

We use vector-matrix notation and write 

(10.2-2) 

where L is a 4 x 4 real matrix, called a Lorentz matrix. If we define 

J= 0 o 
(

-1 

o 
then the quadratic form is 

o 
-1 
o 
o 

o 
o 
-1 
o 

hence L is a Lorentz matrix if and only if 

(10.2-3) 

(10.2-4) 

(10.2-5) 

Clearly, the inverse of such a transformation and the composition of 
two such transformations also preserve the quadratic form Qj hence the set 
of all Lorentz transformations is a non-Abelian continuous group. 

In 1905 it was known, through the work of Lorentz, Fitzgerald, 
Poincare, and others, that Maxwell's electromagnetic theory was invari­
ant under Lorentz transformations (not under the classical transformations 
of relative motion without change of the time variable). Since electromag­
netism appeared to be a very substantial part of physics, Einstein conjec­
tured in 1905 that all physics was also invariant under Lorentz transforma­
tions. (That made it necessary for Einstein to modify the classical mechanics 

3 We assume units such that the speed of light, c, is 1. 
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of the motion of particles and their collisions.) The validity of Einstein's 
conjecture was subsequently verified by experiments and observations in all 
branches of physics; thus was special relativity created. 

Since the origin of the space variables and the origin of time are clearly 
irrelevant, it is clear that physical laws are also invariant under the non­
homogeneous transformations 

(10.2-6) 

where a, b, c, d are real constants. These transformations are called Poincare 
transformations, and the resulting group is called the Poincare group. In 
the following, we shall be concerned only with the homogeneous case; hence 
with the Lorentz group. 

By taking determinants in (10.2-5), it is seen that det L = ±1. Further­
more, if we take x = y = z = 0 in (10.2-2), we have t' = L44t; hence, from 
(10.2-1), we see that L44 must be either ~ lor::; -1. The transformations 
with det L = 1 and L44 ~ + 1 constitute the restricted Lorentz group; the 
other three cases are transformations with spatial inversion or time reversal 
or both. We shall be concerned only with the restricted Lorentz group. 

It is easily seen that if a and b are constants such that a2 - b2 = 1, and 
a is> 0, the matrix 

( ~ ~ ~ ~) 
001 0 
bOO a 

is a restricted Lorentz matrix. We set X = sinh-1 b (then, a = cosh X) and 
we write 

, (COShX 0 0 sinh X ) 
o 1 0 0 

Lx = 0 0 1 O· (10.2-7) 

sinhX 0 0 coshX 

Also, if M is any rotation matrix (a 3 x 3 real orthogonal matrix of deter­
minant 1), then the matrix 

R= C : 0 n (1O.2-8) 

is also a restricted Lorentz matrix. It can be proved that the most general 
restricted Lorentz matrix can be written as R' Lx R for a suitable value of 
X and suitable rotations Rand R'. (See the Exercise below.) 
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Exercise 

1. Show that any restricted Lorentz matrix L can be written in the form 
L = R' Lx R. Hint: First determine X from L44 . 

10.3 Isomorphism of the Restricted Lorentz Group in 
Two Space Variables and Time with the Direct 
Isometry Group of the Hyperbolic Plane 

We recall that two groups are isomorphic if there is a one-to-one mapping 
from the elements of the first group to those of the second which preserves 
the group operations, that is, maps products to products and inverses to 
inverses. Then, the two groups, regarded abstractly, are identical; they have 
the same intrinsic structure. 

We shall demonstrate the isomorphism in two ways: 
(1) We shall exhibit explicitly an isomorphism between the group of 

Lorentz matrices and the group of fractional-linear transformations of the 
Poincare half-plane model which represent the isometries of the hyperbolic 
plane. 

(2) We shall describe a surface S in the three-dimensional space 1R3 of 
X, y, t which is a model of the hyperbolic plane. That is, we shall exhibit a 
one-to-one mapping from S to JH[2 interms of coordinates p, () in S which are 
set equal to polar coordinates p, () in JH[2 (about some origin), and we shall 
show that, in these variables, the differential form F = dx2 + dy2 - dt2 that 
is invariant in S under the Lorentz transformations in Minkowski space is 
identical with the line elements in JH[2 that is invariant under the isometries 
of JH[2. Since all geometrical concepts (distances, lines or geodesics, angles, 
and so on) can be obtained from the line element, we see that S is a model 
of JH[2. 

First, we recall that, according to Section 7.4, there is a one-to-one cor­
respondence between the isometries of JH[2 and the fractional-linear trans­
formations z ---t z' = (az + b)j(ez + d) (a, b, e, d real) of the Poincare half­
plane model of JH[2. We represent each such transformation by the matrix 
p = (~ ~), where we assume that det P = 1, that is, ad - be = 1; then 
there is a one-to-two correspondence between isometries and matrices, P 
and - P giving the same fractional-linear transformation, hence the same 
isometry. Compositions of isometries are obtained by the products of the 
corresponding matrices. 

We now let such a 2 x 2 matrix P be given, and we define a transfor­
mation from x, y, t to x', y', t' by the equation 

( t' -y' x') (t -Y x) T 
x' t' + y' = P x t + y P. (10.3-1) 
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To see that that is always possible, we note that for any x, y, t, the matrix 
( t~y t~) is symmetric. Since the transpose of a product of matrices is 
also equaY to the product of the transposes in the opposite order, we see 
that the product on the right of the above equation is a symmetric matrix; 
hence it can be written in the form on the left, for suitable values of x', y', t'. 

For a fixed matrix P, the transformation from x, y, t to x', y' ,t' is 
linear and homogeneous, because if M1 and M2 are any matrices of the 
form (t~y t~y)' and M1 and M2 are their transforms according to (10.3-
1) and if a and b are constants, then aM{ + bM~ = P(aM1 + bM2)pT . 

Also, the zero matrix (where x = y = t = 0) is mapped onto the zero 
matrix. Furthermore, by taking determinants in (10.3-1) and recalling that 
det P = 1, we see that 

(10.3-2) 

Therefore, (10.3-1) determines a Lorentz transformation hence a Lorentz 
matrix L, and we write L = O"(P); the proof that it is a restricted Lorentz 
transformation is left to the reader. 

We now study the mapping 0" : P ~ L = O"(P). If we transform from 
x,y,t by P as in (10.3-1) and then transform from x',y',t' to x",y",t" 
by Q in the same manner, the result is the same as transforming from 
x,y, t to x", y", t" by the product QP; that is, O"(QP) = O"(Q)O"(P), so 
0" maps products onto products. Since P and -P give the same Lorentz 
transformation and also the same isometry of JH[2, to show the one-to-one 
relation between Lorentz transformations and the isometries, we must show 
that a given Lorentz transformation is given only by a single matrix P and 
its negative. First, if L = O"(P) is the identity Lorentz transformation, we 
must have A = P ApT for every symmetric matrix A. By taking A first as 
(~ g), then as (~ ~), and then as (g ~), it is easy to see that P has 
to be either ±I, where I is the unit matrix (~ ~). It then follows that a 
given Lorentz matrix L cannot be given by two different pairs ±P and ±Q, 
for then the identity matrix LL -1 would be given by PQ-1, which would 
not be of the required form ±I. 

We have found an isomorphism from the isometry group of JH[2 and 
some group of Lorentz transformations, and what remains is to show that 
all restricted Lorentz transformations are obtained in this way. We consider 
special cases. First, let P be the matrix 

P = (COSh(Xj2) Sinh(Xj 2)) 
sinh(Xj2) cosh(Xj2) . 

When the matrix product on the right of (10.3-1) is multiplied out, a little 
calculation shows that 

x' = (coshX)x + (sinhX)t 

y' = y 

t' = (sinhX)x + (coshX)t. 
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In this case, the Lorentz matrix is the 3 x 3 version of (10.2-7). Second, we 
take 

p = (COS(a/2) Sin(a/2») 
- sin(a/2) cos(a/2) . 

In this case, the calculation gives 

x' = (cosa)x - (sina)y, 

y' = (sina)x + (cosa)y, 

t' = t. 

Hence, the Lorentz matrix is of the form (10.2-8), where M is now the 2 x 2 
rotation matrix (~~~~ ~~~noo). According to Exercise 1 in Section 10.2, 
the general restricted Lorentz transformation is a composition of transfor­
mations of these two types. This completes the proof of the isomorphism. 

We now define a surface S (hyperboloid of revolution) in Minkowski 
space by the equations 

t ~ 1. (10.3-3) 

According to (10.3-2), S is invariant (mapped onto itself) under the Lorentz 
transformations. We define coordinates p, B in S by the equations 

x = sinh p cos B, 

y = sinhpsinB, 

t = coshp. 

p ~ 0, 0 S B < 211'. (10.3-4) 

The first two of these equations can be taken as determining p, (), and then 
the third equation follows from (10.3-3). 

The differential form dx2 + dy2 - dt2 of the Minkowski space is invariant 
under all Lorentz transformations. A short calculation shows that, when 
this form is restricted to the surface S, it takes the form 

(10.3-5) 

According to Chapter 7, this is precisely the invariant differential line ele­
ment of the polar-coordinate model of JHl2. According to the comments in 
paragraph (2) at the beginning of this section, that proves that S is a model 
of JHl2. Each Lorentz transformation leads to an isometry, and conversely, 
each isometry leads, via (10.3-4), to a Lorentz transformation. 

10.4 A Pseudoparadoxical Feature of the 
Lorentz Group 

The effect of the Lorentz transformation that corresponds to the Lorentz 
matrix (10.2-7) is that the x',y',z' frame of reference is moving with a 
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certain velocity in the x direction relative to the x, y, z frame. However, 
the new x-, y-, and z-axes are parallel to the old ones; there is only a rel­
ative velocity with no rotation. Such a Lorentz transformation is called a 
"boost" by the physicists. A boost with relative velocity in a general direc­
tion is given by a matrix of the form RLx RT, hence is always a symmetric 
matrix. However, the product of two symmetric matrices is in general not 
symmetric. Therefore, if P and Q are symmetric, hence represent boosts, 
their resultant QP is in general not a boost. In any case, however, QP can 
be written as R'Tx R, for a suitable value of X and suitable rotations R' 
and R, as stated at the end of Section 10.2. If we write the product QP as 
(R' R)(RTTX R) (note that RRT is the unit matrix, because R is orthogo­
nal), then RTTX R is another boost, and (R'R) is a rotation. We conclude: 
the resultant of three pure boosts can be a pure rotation. In the early days 
of quantum mechanics, that effect was shown by L. H. Thomas to produce 
a relativistic correction to certain atomic energy levels, because an electron 
orbiting a nucleus undergoes in effect a succession of small boosts, and their 
resultant has an effect similar to electron spin. This feature of the Lorentz 
group is related to the feature of the hyperbolic isometry group mentioned 
in Chapter 3, namely, that the resultant of three pure translations can be 
a rotation in the plane. 

10.5 Generalization to Three Space Variables 
and Time 

We now consider Lorentz transformations in the Minkowski space from 
x,y,z,t to x',y',z',t' as in Section 10.1. In lR,4 we define a hypersurface S 
as 

(t ~ 1). (10.5-1) 

It is invariant (transformed into itself) under all restricted Lorentz trans­
formations. We define coordinates p, </>, () in S by the equations 

x = sinh psin </> cos (), 

y = sinh p sin </> sin () , 

z = sinh p cos </>, 

t = coshp. 

(10.5-2) 

In analogy with the previous case, the first three of these equations can serve 
to define the coordinates p, </>, (), and then the fourth equation is satisfied 
automatically because of (10.5-1). 

The differential form dx2 + dy2 + dz2 - dt2 is invariant under all Lorentz 
transformations, and, when restricted to the hypersurface, is given by 

(10.5-3) 
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According to Section 9.5, the expression on the right is the line element 
of JH[3 in spherical coordinates. Therefore, the inherited geometry of the 
hypersurface S is three-dimensional hyperbolic geometry. 

10.6 Relativistic Velocity Space 

We shall describe just enough of the physics of special relativity to introduce 
the velocity space for moving particles and show that it is isomorphic to the 
hyperbolic space 1HI3 . 

By a frame of reference we mean a "laboratory" in which Cartesian 
coordinates x, y, Z are measured in the usual way by rulers and the time 
t by a clock. The idea of special relativity is that if a second frame of 
reference, with coordinates x', y', z' and time t', is in uniform motion with 
respect to the first, then x',y',z',t' are related to x,y,z,t by a Poincare 
transformation. 

If a particle is in motion through the x, y, z, t frame of reference, it 
traces out a curve or path in that four-dimensional space, and we describe 
that path by writing 

x = x(r), y = y(r), z = z(r), t::: t(r), 

where r is a parameter. It turns out to be convenient to choose r as deter­
mined along the path by the equation dr2 = dt2 - dx2 - dy2 - dz2, that is, 
after dividing by dr2, by the equation 

[That that is always possible results from a physical principle, accord­
ing to which the magnitude of a particle's velocity (speed) is always less 
than the speed of light, which we have taken to be 1 by suitable choice of 
units. The velocity components, in the usual sense, are 

dXjdt 
dr dr' 

dYjdt 
dr dr' 

dZjdt 
dr dr' 

hence, along the path, dt2 - dx2 - dy2 - dz2 is always positive.) 
The 4-vector whose components are uj (r) (j = 0, 1,2,3), where 

o dt 
u =-, 

dr 
1 dx 

U=­
dr' 

2 dy 
u = dr' 

3 dz 
u =-, 

dr 

is called the velocity 4-vector; it satisfies the identity 

at all points of the path. 

(10.6-1) 
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If we view the same motion of that particle in a different frame of 
reference, with coordinates and time x',y',z',t' obtained from x,y,z,t by 
a Lorentz transformation (10.2-2), with the same parameter r along the 
path, then, 

dx' 
dr 
dy' 
dr 
dz' 
dr 
dt' 
dr 

dx 
dr 
dy 

=L dr 
dz 
dr 
dt 
dr 

hence the new 4-vector velocity components u 11, u2', u3', un' are obtained 
from the old ones by the same Lorentz transformation as x, y, z, t, namely, 

(10.6-2) 

Equation (10.6-1) is invariant under that transformation. 
We now define a geometry in the space {u1, u2 , u3 , un} by defining a 

differential form :F' in analogy with the form :F in the space {x, y, z, t}; 
that is, 

:F' = (du1)2 + (du2)2 + (du3)2 _ (duO)2. 

Then, according to the arguments given in the preceding Sections 10.3-10.5, 
the hypersurface S determined by the restriction (10.6-1), which is called 
the relativity velocity space, is isomorphic with the hyperbolic space 1HI3 . It 
is transformed into itself by (10.6-2), and its isometry group is isomorphic 
with the Lorentz group in three space variables and time. 



Chapter 11 

Constructions by Straightedge and Compass 
in the Hyperbolic Plane 

As in the Euclidean case, questions of constructibility by straightedge and 
compass involve consideration of certain algebraic number fields called 
quadratic-surd fields. They are obtained by starting with the rational field 
and adjoining square roots in succession. Roughly speaking, a point with 
polar coordinates r, () can be constructed in the Euclidean case if rand 
sin () are in such a field (in which case cos () and tan () are also in such a 
field), while in the hyperbolic case, the point can be constructed if tanh r 
and sinO are in such a field. The first two sections give the proof (which is 
not short) that if the point can be constructed, then tanh r and sin () are 
in a quadratic-surd field. Section 11.6 contains the proof (also not short) 
that every such point can be constructed. As a result, there are certain 
differences between Euclidean and the hyperbolic cases. In the hyperbolic 
case, a segment cannot in general be trisected, while some circles can be 
squared (that depends on the radius). In the general theory, the construc­
tions start with a single given line and a single given point on that line, 
but no segment of unit length, because a unit of length is implied by the 
hyperbolic axioms. Certain construction problems are considered in which 
other things are given in advance, for example constructing the angle of 
parallelism II(y), when a segment of length y is given. Since any two ideal 
points in the hyperbolic plane determine a unique line, it is assumed that 
the straightedge can draw the line between any two ideal points, but it is 
shown in Section 11.9 that that is not really necessary. All constructions 
can be made (with more trouble) if the straightedge is only assumed to be 
able to draw a line between any two finite points. The purpose of the last 
section is to show that constructibility is not merely a matter of interest 
for engineering or draftsmanship, but also throws light on the geometry 
itself. The set of constructible points (it is a countable set!) constitutes a 
geometry that satisfies all the axioms of the hyperbolic plane, except that 
there is no axiom of completeness, either for the real number system lR or 
for the points on a line. (Those axioms are of course not categorical, since, 
in particular, the ordinary hyperbolic plane satisfies them.) 
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11.1 Definitions and Examples; Quadratic-Surd Fields 

Operations by straightedge and compass are understood to be the same as 
in the Euclidean case, except for the following two differences: 

(a) In the hyperbolic plane, any two points determine a unique line, 
even if one or both of the points is an ideal point at infinity. Therefore, 
a "straightedge," it will be assumed, can draw a line between any two 
points, finite or ideal. (This is mathematics, not physics; we are dealing with 
abstract concepts, not finite solid objects.) It will be shown in Section 11.9 
that this assumption is not really necessary, but it simplifies the discussion. 

(b) In the hyperbolic plane, it is not necessary for a segment of unit 
length (or of any known length) to be given in advance, because a length 
scale is inherent in the geometry. It is nevertheless necessary to define a 
unit of length (see Section 1.2). That is done by assigning the value 1 to the 
constant K that appeared in Chapter 6 (and already in Section 3.6). Then, 
the lengths of certain constructible segments can be determined by the 
formulas of Chapter 6 in terms of the unit so defined. (Curiously enough, 
it is not possible to construct a segment of unit length.) 

We assume a knowledge of the following constructions, which are the 
same as in the Euclidean case: (1) erecting a perpendicular to a line at a 
point of that line, (1) dropping a perpendicular from a point to a line, (3) 
bisecting a segment, (4) adding or subtracting segments, (5) bisecting an 
angle, and (5) adding or subtracting angles. In each of these, certain points 
and lines are given; in some of them, an additional segment has to be chosen 
arbitrarily and used in the construction but does not appear in the final 
result, which is independent of that choice. See exercises below. (Note: We 
obviously cannot include constructions that depend on drawing parallels.) 

In most of this chapter, the initial configuration for a construction 
will consist of a single point Z and a single line i passing through Z. (In 
particular, we are not given a unit segment or a segment of known length. 
In Sections 11.4, 11.5, and 11.7, a different kind of construction problem is 
considered, in which further things are given in advance.) 

The following construction will give us a first segment of known length. 
We construct a line m perpendicular to i at Z; let L be the ideal point at 
one end of i and M the ideal point at one end of m. With the straightedge 
we draw the line n joining the ideal points Land M, and then we drop a 
perpendicular from Z to the line n, as indicated schematically in Fig. ILIa, 
and we let P be the foot of the perpendicular. From the isometries of the 
plane, it is seen that if the procedure is repeated starting with any other line 
i' and point Z' On it, then the resulting segment Z' P' is congruent to ZP, 
hence the length IZPI has been determined in a way that does not depend 
on any arbitrary choice. See Section 11.9 for a method of performing this 
construction with a "finite" straightedge. 

The length IZPI constructed in this way might be taken as the unit 
of length, but the following procedure is slightly more convenient. The 
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n 

n 

m 

Fig.n.la. 

angle of parallelism II{y) for distance y is given by formula (6.1-1), namely, 
e-Ky = tan{II{y)/2), where K is a constant. We define the unit of length 
to be such that K = 1. In terms of that unit, the length y = IZPI is given 
by the equation e- y = tan{1T/8) = y'2 -1, hence by IZPI = In{y'2 + 1), so 
that sinh IZPI = 1. We shall generalize this construction presently. 

To simplify the discussion in the next section, we adopt the convention 
that, after the above preliminary construction, whenever an arbitrary length 
is required, it is taken from the figure that then exists. That is always 
possible. For erecting a perpendicular to a line at a point of the line, an 
arbitrary radius is needed, but it can be any radius, hence might as well be 
taken from a segment in the figure. The same applies to bisecting an angle 
(if it is done correctly). Bisecting a segment requires no other segment. 
Dropping a perpendicular from a point to a line requires a radius at least 
as large as the distance from the point to the line, which is not available 
until the construction is complete. In this case, we take a length d, construct 
multiples 2d, 3d, etc., by additions of segments on a line. In a finite number 
of trials (none of which requires an "arbitrary" segment) we obtain a circle 
about the given point that intersects the given line, and so on. 

By successive angle bisections, starting with a right angle, and then by 
angle additions, one can construct an angle of the form 

integer 
a=1T . 

power of 2 
(ILl-I) 

We consider first the case in which the integer is 1 and we call 

From the law for angle doubling, we can find a relation between Sn-l and 
Sn, and that gives the quadratic equation 

(S~ - 1) - 2sn - 1sn = 0 
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for Sn, from which we can determine the sn's inductively by 

7T 
S2 = cot - = 1 

4 

Sn = Sn-l + VS;-l + 1 
(11.1-2) 

The quantities Sn are members of some so-called quadratic-surd num­
ber field. Such fields will now be defined. We recall from the Appendix to 
Chapter 1 that a field IF is a set of quantities that is closed under addition, 
subtraction, multiplication, and division by nonzero elements. The field of 
rational numbers is denoted by IQ. If 0: is a quantity not in a field IF, we 
denote by IF(o:) the smallest field that contains all elements of IF and 0:. It 
contains all rational functions of 0: with coefficients in IF. We say that 0: has 
been adjoined to the field IF. In case 0: satisfies an algebraic equation 

(11.1-3) 

where the coefficients ai are in IF, then IF(o:) is an algebmic extension of 
IF, and if the above equation is irreducible (Le., the polynomial on the left 
cannot be written as the product of two or more nonconstant polynomials 
with coefficients in IF), then n is the degree of the extension or the degree 
oflF(o:) over IF. 

We now state without proof a few facts about field extensions. For more 
detail, see Modern Algebm by B. L. van der Waerden, Frederick Ungar, 
1949, or A Survey of Modern Algebm by G. Birkhoff and S. MacLane, 
MacMillan, 1953, or do the exercises at the end of this section. 

(1) If n is the degree of IF(o:) over IF, then any element x of IF(o:) can 
be written uniquely in the form 

(11.1-4) 

where the coefficients bi are in IF. See Exercises 1, 2, and 3 below. 
(2) If (3 is not in IF(o:), then a further extension, denoted either by 

IF(o:)({3) or by IF(o:, (3), can be obtained by adjoining (3 to IF(o:). The result 
of any finite number of extensions IF( 0:) ((3) (-y) ... , where each of 0:, {3, 'Y ... is 
algebraic over the field to which it is adjoined, is a finite algebmic extension 
of IF. 

(3) (Theorem of the primitive element) If K is any finite algebraic 
extension of IF, then there exists an element () of K such that K = IF((}); 
the degree of the element () is the degree of the extension. See example in 
Exercise 4. 

(4) If n is the degree of IF( 0:) over IF and m is the degree of IF( 0:) ((3) over 
IF( 0:), then the degree of IF( 0:) ({3) over IF is the product nm. See Exercise 6. 

Definition 11.1: A quadmtic-surd field is a real number field lFk that can be 
defined by writing 
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IF 0 = Q (the field of real rational numbers), 

lFi = lFi- 1 (y'Wi) (i = 1,2, ... ,k), 
(11.1-5) 

where, for each i, the quantity y'Wi adjoined is the square root of a positive 
quantity Wi in lFi-l. and VWi is not itself in lFi- 1. 

By repeated use of item (4) above, we see that the degree of IF k over 
Q is 2k. As a further application of item (4), we see that if x is the root of 
an irreducible cubic equation with rational coefficients, then x is not in a 
quadratic-surd field, because 3 does not divide any power of 2. 

We see that each of the quantities Sn defined by (11.1-2) is in a 
quadratic-surd field, hence so is the tangent of 2-n 7l', which is l/sn . More 
generally, call 

tn,p = tan(2-np7l'), 

where p is a positive integer less than 2n. From the formula for the tangent 
of the sum of two angles, we find that 

t _ tn,p + tn,l . 
n,p+l - 1 - t t ' 

n,p n,l 

hence all the tn,p are in a quadratic-surd field. 

j m 

k 
m 

Fig. 11.1b. 

-> 

Now let a be an angle of the form (11.1-1) between 0 and 71'/2, let j 

and k be rays from Z, one in each half-plane bounded by f, each at an 

angle a with respect to a ray f along f from Z, as in Fig. 11.1 b. Let J 
-> -> 

be the ideal point at the end of j and K that at the end of k. By the 
straightedge, we construct the line m from J to K. Then, it is easily seen, 
m is perpendicular to f, and, according to (6.1-1), the distance y = IZPI 
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from Z to m satisfies the equation e-Y = tan~. For a length y that can be 

constructed in this way, e-Y is in a quadratic-surd field. 

Exercises 

1. Show that if f(x) is any rational function with rational coefficients, 
that is, f(x) = (p(x))/(q(x)), where p(x) and q(x) are polynomials 
with rational coefficients, then f( V2) can always be written as a+bV2, 
where a and b are rational. This is a special case of (11.1-4) with n = 2 
and IF = Q. 

2. The first step in deriving (11.1-4) more generally is to show that if a 
satisfies equation (11.1-3), where the ai are in IF, then any polynomial in 
a with coefficients in IF can be written as (Le., is equal to) a polynomial 
in a of degree ~ n - 1, with coefficients in IF. Hint: The higher powers 
can be expressed in terms of lower powers by use of (11.1-3). 

3. From the preceding exercise, we see that any rational function f(a) 
can be written as (p(a))/(q(a)), where p(x) and q(x) are of degree 
~ n -1. Now we have to "get rid" of the denominator, that is, replace 
it by an element of IF. Show by use of the Euclidean algorithm for poly­
nomials that if ro (x) and rl (x) are any polynomials with coefficients 
in IF, then their greatest common divisor (GCD) can be expressed as 
d(x) = ro(x)Ro(x) + rl(x)RI(x), where Ro(x) and RI(X) are further 
polynomials with coefficients in IF. Show that as follows. Assume that 
the degree of ro is ~ the degree of rl (otherwise, interchange ro and 
rd. Divide ro by rl to give 

where ql(X) is the quotient and r2(x) is the remainder. The degree of 
r2 is less than that of rl. Now divide rl by r2 to give 

where the degree of r3 is less than that of r2. Continue this procedure 
until a division comes out even, so that rk+1 (x) is identically zero, 
for some k. Show from these equations that rdx) divides each of the 
preceding remainders, so that, in particular, it is a common divisor of 
ro(x) and rl(x). Then, to show that it is the greatest common divisor, 
proceed as follows. The next-to-Iast equation expresses rk as a linear 
function of rk-l and rk-2 with coefficients that are polynomials with 
coefficients in IF. Then, by use of the equation before that, one can 
express rk as a similar linear function of rk-2 and rk-3. If we continue 
this process, we find eventually rk expressed as a linear function of ro 
and rl, say ro(x)Ro(x)+rl (x)R1 (x), and it follows that any polynomial 
that divides both ro and rl divides rk, so that rk(x) is the greatest 
common divisor d(x): 
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(11.1-6) 

Finally, let ro(x) be the polynomial on the left of (11.1-3) and let rl(x) 
be any polynomial q(x) of degree n - 1. Since ro(x) is irreducible, the 
GCD d(x) is a constant, and it can be taken equal to 1, because Ro(x) 
and Rl(X) in the above equation can be multiplied by any desired 
nonzero rational constant. Since ro(a) = 0, setting x = a in (11.1-6) 
gives 

1 1 
-( ) = -(-) = Rl(a). q a rl a 

That enables us to get rid of the denominator mentioned above; hence 
(11.1-4) is established for any x in IF(a). 

4. Show that a primitive element () of the field Q( y'2, V3) is () = y'2 + V3; 
that is, show that y'2 and V3 can both be expressed in terms of (). Find 
an irreducible equation with rational coefficients satisfied by (). Similar 
for Q( y'2, V3, vis). 

5. It can be proved that if IF(a) = IF(a'), so that the extension can be 
obtained by adjoining either a or a', which are algebraic numbers 
over IF, then a and a' have the same degree as algebraic numbers, so 
that the degree of the extension is independent of which element we 
adjoin. The purpose of this exercise is to prove a more general result. 
If lK is a finite algebraic extension of IF, then a basis of the extension 
is a set {6, ... '~n} of numbers in lK such that any number x in lK 
can be uniquely expressed as a linear combination of 6, . .. ,~n with 
coefficients in IF. For example, according to (11.1-4), if lK = IF(a), 
then the set of numbers 1, a, a 2 , ... ,an - 1 is a basis. Prove that if 
{~l' ... '~n} and {'T]1>... ,'T]d are two bases for lK as an extension of 
IF, then k = n. Hint: If k > n, express the first n of the 'T]i as 'T]i = 
2:7==1 aij~n (i = 1, ... ,n). Since all of the 'T]i are linearly independent 
(that follows from the uniqueness in the definition), a sum L~==l Yi'T]i = 
o only if all the Yi are zero. Show then that in matrix-vector notation, 
yT A = 0 only if y = 0, where A is the matrix of the ajk in the above 
expression. From linear algebra it is known that then the matrix A is 
nonsingular, so that the ~i can be expressed in terms of the first n of 
the 'T]i; hence any x in lK can be expressed in terms of the first n of the 
'T]i. Therefore k cannot exceed n. 

6. Show that if n is the degree of IF(a) over IF and m is the degree of 
IF(a,,B) over IF(a), the nm is the degree of IF(a,,B) over IF. Hint: The 
quantities ai,Bj form a basis for IF( a,,B) over IF. 
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11.2 Normal Sets of Points 

Definition 11.2: A set of points in the hyperbolic plane is normal if the 
distance y between any two of them is such that eY is in a quadratic-surd 
field and the angle a determined by any three of them is such that tan a is 
in a quadratic-surd field. 

We shall prove that when any additional point is constructed from 
a normal set by use of the straightedge and compass, the enlarged set 
continues to be normal. That will prove the first main result (Theorem 
11.1 below). 

As in the preceding section, r, () denote polar coordinates relative to 
the origin Z and the line £ given at the beginning. If the set that constitutes 
the figure at any stage of its construction is normal, then, in particular, for 
any point r, () of the set, eT and tan () are in a quadratic-surd field. We shall 
show conversely that if that is true for each point of the set, the set is 
normal. To do that, we must show first that if r, () and r', ()' represent any 
two points such that eT , eT', tan (), and tan ()' are in such a field and if y is 
the distance between them, then eY is in such a field. Then we must show 
that if a is the angle determined by any three such points, then tan a is in 
such a field. Then, our main task will reduce to showing that whenever a 
new point with coordinates r, () is added to a normal figure by use of the 
straightedge or compass, eT and tan () are in such a field, and it will follow 
that the figure continues to be normal. We shall make repeated use of the 
following observations. 

Observation 1. If one of the numbers eY , sinh y, cosh y, tanh y is in a quad­
ratic-surd field, then so are the others. 

Proof: First, if eY is in such a field, then so are the others, because they are 
rational functions of eY • Second, if one of the hyperbolic functions is in such 
a field, then eY can be obtained from it by solving a quadratic equation, and 
then the other functions are obtained from eY by rational operations. 0 

Observation 2. If one of sin a, cos a, or tan a is in a quadratic-surd field, 
then so are the others, unless cos a is zero, in which case sin a, cos a, and 
cot a are in such a field. 

The proof is similar and is left to the reader. 

Lemma 1: If, relative to some polar coordinate system, a set of points is 
such that for each point, eT and tan () are in a quadratic-surd field, then the 
set is normal. 

Proof. As noted above, we must prove first that if P and Q are any points of 
the set and y = IPQI, then eY is in such a field. Let r, () be the coordinates 
of P and r', ()' those of Q. According to the generalized law of cosines, 
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Equation (6.3-5), we have 

coshlPQI = coshrcoshr' - sinhrsinhr' cos(O - O'}. 

The quantities on the right are all in a quadratic-surd field, hence so is eIPQ1 . 
Second, it must be proved that if P, Q, R are any noncollinear points of the 
set referred to in the lemma and a = L.PQR, then tan a is in a quadratic­
surd field. Call a = IQPI, b = IQRI and c = IPRI, as in Fig. 11.2a. We use 
the generalized law of cosines again: 

cosh c = cosh a cosh b - sinh a sinh b cos a, 

from which we see, since sinh a and sinh bare ¥:- 0, that cos a is in a 
quadratic-surd field. This completes the proof of the lemma. 0 

P 

Q 

R 

Fig. 11.2a. 

We now consider the process of adding points to a normal figure by 
straightedge and compass. A straightedge can draw a line and a compass 
can draw a circle; any new point that can be added is either the intersection 
of two lines, the intersection of a line and a circle, or the intersection of two 
circles. As noted above, we can assume that after an initial construction as 
in Fig. 11.1a no lengths are used (i.e., as radii of circles) except ones already 
present as distances in the point set. The general equation of a line in polar 
coordinates r,O is (6.4-1), which we write as 

tanh r cos( 0 - a} = B, (11.2-1) 

where B and a are constants such that either 0 < B < 1 and 10 - al is 
less than arccosB, or B = 0 and 0 = a + 7r/2 (mod 7r); in the latter case, 
the line passes through the origin. We assume that the line was determined 
by two given points, with polar coordinates rl, 01 and r2, O2 • Since the line 
passes through those points, we have 

tanh rl (cos 01 cos a + sin 01 sin a} = B, 

tanh r2(cos02 cos a + sin O2 sin a} = B. 
(11.2-2) 
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We can equate these two expressions and solve for tan a (or cot a in case 
tan a = 00). We assume that the given points were in a normal figure, so 
that tanh rl, tanh r2 and the trigonometric functions of (h and {}2 are in a 
quadratic-surd field. Hence, tan a (or cot a) is in such a field, and it then 
follows from either of the equations above that B is also in such a field. 

We now consider two such lines, given by constants B, BI, a, a /. We 
assume that they intersect at a point P and we seek the coordinates r, {} of 
that point. We have 

tanh r(cos{} cos a + sin (}sin a) = B, 

tanh r( cos {} cos a l + sin {} sin a /) = BI. 

By equating the two resulting expressions for coth r, we get 

cos {} cos a + sin {} sin a cos {} cos d + sin {} sin a l 

------~~------=-----------------B BI 

(11.2-3) 

(11.2-4) 

and it follows that tan {} is in a quadratic-surd field, and then it follows from 
either of the above equations that tanh r is also in such a field. Therefore, 
if the point P is added to the set, the set continues to be normal. 

Before considering intersections involving circles, we note that the nor­
mality of a figure is invariant under isometries in the following sense. Let 
P and Q be any two points of the figure; we can take P as a new origin -and the ray PQ as the new axis of {} = O. Then, for any point of the fig-
ure, tanh r and tan {} continue to be in a quadratic-surd field. Then, if P is 
taken as the center of a circle, the equation of the circle in the new polar 
coordinates is r = a, where a is the distance between two of the points of 
the figure, so that tanh a is in such a field. For the intersection of a line and 
a circle, we then have 

B 
tanh r = ({) ) cos - a 

and r = a, from which we see that the quantities tanh r and tan {} of the 
intersection are in such a field. 

Now consider the intersection of two circles with centers at P and Q 
and radii a and b. The point X of intersection is given by 

IPXI=a, IQXI=b. 

We denote the distance between centers by c = IPQI as in Fig. 11.2b. 
In terms of polar coordinates r, {} determined by the points P, Q as 

above, the coordinates of the point X are r = a, {} = L.X PQ. If the circles 
intersect, as assumed, then a + b ~ c. If a + b = c, the circles are tangent, 
and {} = O. If a + b > c, we have 

cosh b = cosh a cosh c - sinh a sinh c cos {} , 
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x 

~ 
p c Q 

Fig.n.2b. 

and we see that cos (J is in a quadratic-surd field. In either case eT = ea ; 

hence er and cos (J are in a quadratic-surd field. We have proved the follow­
ing. 

Theorem 11.1: Suppose that the points and lines given prior to a construc­
tion constitute a normal figure. Then, any figure obtained therefrom by 
construction with straightedge and compass is normal. That is, if y is any 
length in the resulting figure and Q is any angle, then eY and tan Q are in 
a quadratic-surd field. 

We note the curious fact that a segment of unit length cannot be 
constructed, because e is not even an algebraic number. The converse of 
Theorem 11.1 is Theorem 11.4 in Section 11.6 below. 

11.3 Segment Trisection 

We now show that in hyperbolic plane geometry, the trisection of a straight­
line segment is not always possible. We recall that the trisection is done 
in Euclidean geometry by use of parallel lines, as indicated in Fig. 11.3a. 
(Division into n parts is similar.) 

equal arbitary 

segment to 
be divided 

Fig.n.3a. 

parallel 
lines 
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In hyperbolic geometry, one does not have unique parallels, and they 
don't do what one expects, anyway. It was shown above that the length 
Yo = In{J2+1) can be constructed, and we shall show that (1/3) Yo cannot, 
by showing that the number exp (1/3) Yo), that is, (J2 + 1)1/3, is not in a 
quadratic-surd field. It was shown above that sinhyo = 1. If exp({1/3) Yo) 
were in such a field, then sinh{1/3) Yo would be also, but we can compute 

sinh Yo from sinh{1/3) Yo ~f x by the formula 

1 = sinh Yo = 4x3 + 3x. 

This equation is irreducible. If 4x3 + 3x - 1 could be factored over the 
rational numbers, one of the factors would have to be 4x ± 1, 2x ± 1, or 
x ± 1, but none of these divides 4x3 + 3x - 1. Therefore, x is an algebraic 
number of degree 3 over the rational numbers, while the degree of any 
element of a quadratic-surd field is a power of 2. Since 3 does not divide 
any power of 2, the number x = sinh{1/3) Yo is not in a quadratic-surd 
field; hence (1/3) Yo is not constructible. 

This nontrisectibility is discussed in various places, for example in The 
Foundations of Geometry and the Non-Euclidean Plane, by George Martin, 
p. 483, (Springer Verlag, Berlin, 1975), and in Euclidean and Non-Euclidean 
Geometry, by Marvin J. Greenberg, p. 176, (W. H. Freeman and Company, 
1974). We have not been able to learn who discovered it first. 

Exercise 

1. Show that the problem of angle trisectibility is the same as in Euclidean 
geometry. Hints: The two geometries have the same requirement for 
the trigonometric functions of angles. Try to trisect 60°. Why is 90° 
trisectible? 

11.4 Construction of the Angle of Parallelism 

The constructions described in Section 11.1 had to do with the angle of 
parallelism Q = II{y); it was shown how to construct the length y when the 
angle Q is given. The converse problem of constructing Q when y is given 
was solved by Bolyai. A simple version of Bolyai's construction is this. Draw 
the Lambert quadrilateral shown in Fig. 11.4a, with right angles at A, B, C 
and with IABI and IBCI both equal to the given length y. 

The other two sides have a greater length y'. With the compass set 
at radius y', draw a circle about point B. The intersection of that circle 
with side CD is called X, and it is claimed that the angle Q = LABX is 
equal to II{y). To show that, denote by d the length of the diagonal BD. 
By symmetry, the angle LABD is half of LABC, hence is equal to 45°. By 
the triangle functions, we have 
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A '-'-------.... D 
y' 

Fig. 11.4a. 

tanhy = (tanhd)(l/V2), 

cosh d = cosh y cosh y', 

tanhy = tanhy' cos(90° - 0). 

If we eliminate y' and d from these equations (which takes a fair amount of 
calculation), we find that tanhy = coso, which is one form of the equation 
for the angle of parallelism, namely, tanh y = cos II (y). 

We note a subtle difference between this problem and the construction 
problems considered in the preceding section. The length y can be given 
in advance and does not itself have to be constructible in the sense of 
that section. Similarly, in the construction of y from 0 as described in 
Section 11.1, the angle 0 can be given in advance and does not have to be 
constructible. 

Since the ray BX is asymptotic to the ray AD, we have constructed 
--+ 

the line through the finite point B and the ideal point at the end of AD, 
without assuming in advance that a straightedge can connect those points. 

11.5 Squaring the Circle 

In Euclidean geometry a circle of radius r has the same area as a square 
of sidelength c if 1l"r2 = c2. The impossibility of squaring the circle, that 
is, of constructing c when r is given, comes from the fact that the ratio 
c/r = ..;rr is not in a quadratic-surd field (and is not even algebraic). That 
is independent of the size of the given circle, because the ratio c/r is a 
constant. 

In hyperbolic geometry, for equal areas, the ratio c/r is not a constant. 
As c ~ 00 the area of a square,4 which is equal to its angular defect, 

4 By a "square" is meant a quadrilateral with all sides of the same length and 
all angles congruent (hence less than 90°). 
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converges to the value 211", while the area of the circle is equal to 211" ( cosh r-
1). Hence, for equal areas, r approaches a finite value such that cosh r = 2, 
as C -t 00, hence clr -t 00. Whenever clr is equal to a positive integer, c 
can be constructed by addition of segments of length r. 

In the limit, for a circle of radius such that cosh r = 2, hence r = 
In(2 + \1'3), the square that has the same area is a degenerate square with 
its vertices at ideal points at infinity. According to Section 11.1, the distance 
from the center of the square to each side is then equal to In( J2 + 1) (see 
Fig. ILIa). In this case, both the square and the circle can be constructed 
in the sense of Section 11.2. 

Exercises 

1. Write the area of a square of side c as 211" - Sa, where a is one-half 
the angle at one of the vertices of the square as in Fig. I1.5a. Derive 
an equation for a (rather, for sin a) by drawing the diagonals of the 
square and calling d = one-half the length of a diagonal and then 
applying the triangle equations to each of the isosceles right triangles 
with right angles at the center of the square and eliminating d from 
those equations. 

A Kr-----;?/B 

Fig.1l.5a. 

2. Show how to construct a circle of radius r = In(2 + \1'3), that is, how 
to construct a segment of that length. 

3. Discuss the problem of constructing a square when its side length c is 
given, or when its semi diagonal d is given, or when the distance from 
its center to a side is given. 
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11.6 Constructibility of All Points Associated with 
Quadratic-Surd Fields 

Definition 11.3: Let IF be a real field. A point in the hyperbolic plane with 
polar coordinates r, () is associated with IF if tanh r cos () and tanh r sin () are 
both in IF. 

Definition 11.4: A line is associated with IF if it is determined by (Le., 
contains) two points associated with IF. 

Theorem 11.2: If two lines are associated with a field IF, then their point of 
intersection is associated with IF. 

[In other words, we cannot get out of the set of all points associated 
with IF by constructions using the straightedge alone.] 

Recall that the polar coordinate equation of a line was given as (11.2-
1), namely, 

tanhrcos(() - a) = B. (11.6-1) 

In the proof of Theorem 11.2 we need the following lemma, whose converse 
is Lemma 7 below. 

Lemma 2: If the line given by the above equation is associated with IF, but 
does not pass through the origin, then (sin a) / Band (cos a) / B are in IF. If 
the line passes through the origin, then tan a is either in IF or is infinite. 

Proof: Let rl,(h and r2, O2 be the points associated with IF that lie on the 
line according to Definition 11.2. Then, equations (11.2-2) hold. If the line 
does not pass through the origin, B is not 0, and we can divide through by 
it. We have 

( cos a . sina) 
tanh rl cos ()l ~ + sm ()l B = 1, 

( cos a . sina) 
tanh r2 cos ()2 ~ + sm ()2 B = 1. 

(11.6-2) 

This is a linear system with coefficients in IF for (cos a) / Band (sin a) / B 
as unknowns. Its determinant is tanh rl tanh r2 sin( ()2 - ()l), which is ::f 0 
because rl and r2 are ::f 0 and if ()2 - ()l were == O( mod 7r), the line would 
pass through the origin. Hence, we can solve for (cosa)/B and (sina)/B 
as elements of IF, as required. If the line passes through the origin, then 
the first of the above equations can be replaced by tanh rl (cos ()l cos a + 
sin ()l tan a) = 0, hence 

tanh rl cos ()l 
tana = - ., 

tanh rl sm ()l 
which is either in IF or infinite. o 
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Proof of Theorem 11.2: Let the first line be given by constants a and B 
and the second by constants a' and B'. Their intersection is the point r, () 
given by 

tanh r(cos () cos a + sin(} sin a) = B, 

tanh r( cos () cos a' + sin () sin a') = B'. 
(11.6-3) 

First, if neither of the lines passes through the origin, we can divide the 
first equation through by B and the second by B'. The result is a linear 
system for the unknowns tanh r cos () and tanh r sin (). The solution exists, 
according to the hypotheses of the theorem, and is unique, according to the 
axioms. According to Lemma 2, the coefficients of the system are in IF, hence 
those unknowns are in IF, and the point of intersection is associated with IF 
according to Definition 11.2. If the first line passes through the origin, then 
the first equation of the system can be replaced either by tanh r(cos () + 
sin(}tana) = 0 or by tanh r(cos () cot a + sin(}) = 0, so we have again a 
linear system for the same unknowns, with coefficients in IF. Lastly, if both 
lines pass through the origin, then the intersection is the origin. 0 

Remark: From now on, we shall allow Definition 1 to be interpreted as 
including ideal points at infinity (where tanh r = 1), if sin () and cos () are 
in IF. Then Lemma 1 continues to be true and so does Theorem 11.2. 

Note: The quantities X = tanh r cos () and Y = tanh r sin () are the co­
ordinates of the Beltrami-Klein model (Section 7.8) in which straight-line 
segments in the model represent straight-line segments in the hyperbolic 
plane. Therefore, any construction with straightedge alone in the model 
represents a construction with straightedge in the plane. Below, we shall 
consider sets of points in the model that form a square lattice. The corre­
sponding set of points in the plane do not constitute such a lattice; although 
points that are in a line represent points in a line, the squares in the model 
represent various mostly nonsquare quadrilaterals in the plane. 

Lemma 3: The four points where X = ±~ and Y = ±~ can be constructed. 

Proof: The construction of the point where X = Y = ~ was discussed in 
Section 11.1. We drew the line m perpendicular to e at Z; then we connected 
the ideal points at the ends of e and m by straightedge to give a line n. 
We then dropped a perpendicular from Z to n. We found that the foot of 
that perpendicular on n has polar coordinates r, () such that sinh r = 1 and 
() = 450 • Therefore tanh r = 1/ v'2 and the sine and cosine of () are also 
1/v'2, so that X = Y = ~. The construction of the other three points is 
similar. 

Note: Those constructions use the compass and an arbitrary length a, 
but the result is independent of a, and after the construction is completed, 
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we abandon the value of a. From now on, we use the straightedge alone for 
points associated with Q. 

Lemma 4: The points for which X = 2-np and Y = 2- n q, where n,p, q are 
integers and p2 + q2 < 4n can be constructed. 

x ~ etc. ~ • • 
new~ 

Fig. 11.6a. 

Proof: We note first that the point with X = ! and Y = 0 can be con­
structed as the intersection of the line joining the points ({1/2), (1/2)) and 
({1/2), -(1/2)) with the given line i. The other three points where one of 
X, Y is ±(1/2) and the other is zero, can be similarly constructed. Since 
the origin was given and needs no construction, we now have the part of 
a square lattice with edge length 1/2 that lies inside the unit circle. We 
now proceed by induction: Assume that a lattice with edge length 2-n can 
be constructed. We then construct the points of a lattice with edge length 
2-n - 1 by the intersection of lines such as indicated in Fig. l1.6a. The open 
circles in the third drawing are points of the new lattice that have been con­
structed previously. Consideration of special cases shows that in this way 
all points of the new lattice that lie inside the unit circle X 2 + y2 < 1 can 
be constructed. Then, induction on n completes the proof of the lemma. 0 

Theorem 11.3: All points associated with the field Q can be constructed. 

Proof: Let e, "I be rational numbers with e + "12 < 1. We show how to con­
struct two lines that intersect at the point with Beltrami-Klein coordinates 
X, Y = e, "I. Consider a square lattice with edgelength 2-n small enough 
that the given point lies within one of the lattice squares in that part of the 
lattice inside the unit circle. Let eo, "10 be a lattice point near e, "I (e.g., one 
of the corners of the square just referred to), and let i be the line through 
the points e, "I and eo, "10. We shall find another lattice point 6, "II that lies 
on that line. We write 

where f and 9 are rational numbers, and 
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eo = 2-np, Tlo = 2-n q, 

e1 = 2-n (p + ..1p), TIl = 2-n (q + ..1q), 

where p, q, ..1p,..1q are integers. The slope of the line l (i.e., its slope in the 
model) is (TI-TJQ)/(e-eo). If e-eo is zero, the line is vertical and 6,Tl1 can 
be taken as the lattice point immediately above or below eo, TJo. Otherwise, 
for the point 6, TIl to lie on the line l, we must have 

TI - "10 ..1q 
e - eo = .::1p; 

since the left member is a rational number, we take the right member to 
be the fraction that gives that number in lowest terms. We now face the 
difficulty that the point e1, TIl may not lie in the unit circle. We remedy that 
possibility as follows: We increase n, keeping e, TI, eo, Tlo fixed. Then, f, g,p, q 
will increase, but we keep ..1p and .::1q fixed as given by the equation above. 
Then, the distance between the points eo, TJo and 6, TIl is 2-n [..1p2 + ..1q2] 1/2 . 
If n is large enough, this will be less than the distance from eo, TJo to the unit 
circle, and the new point lies inside, so that the line l can be constructed, 
when the square lattice is given. We then find another line l' similarly, and 
the point e, "I is the intersection of the two lines. That proves Theorem 
11.3. 0 

We now consider the problem of constructing extensions of a point set 
associated with a given field F. 

Lemma 5: If points P and Q are associated with a field F, then (tanh IPQI)2 
is in F. 

Proof: Since P and Q are associated with F, their Beltrami-Klein coordi­
nates 

(i = 1,2) 

are in F. We shall show that (tanh IPQI)2 can be expressed in terms of 
them. As in the proof of Lemma 1 in Section 11.2, we use the generalized 
law of cosines (6.3-5) 

cosh IPQI = cosh r1 cosh T2 - sinh r1 sinh T2 COS((J2 - (J1). 

We square this and subtract 1, to get sinh2 lPQI; we write the "I" in a 
complicated way, knowing that, for any x, cosh2 x - sinh2 x = 1: 

sinh2 1PQI = [cosh T1 cosh r2 - sinh T1 sinh T2 COS((J2 - (h)]2 

- (cosh2 r1 - sinh2 rd(cosh2 T2 - sinh2 T2). 

We divide through by cosh2 lPQI, which is just the first term on the right 
of the above equation, to give tanh2 1PQI = 1- a fraction; in the fraction, 
we divide numerator and denominator by cosh2 T1 cosh2 T2, and we have 
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which is in IF. o 

We shall need the converse of Lemma 2, and to prove it, we need an 
intermediate step: 

Lemma 6: The angles (} such that sin (} and cos (} are rational are dense in 
[0,21l'). 

Proof: Let m and n be integers, and write 

. (} 2mn 
sm = 2 2' m +n 

m2 _n2 

cos(}= 2 2' 
m +n 

It is clear that the resulting values of sin (} and cos (} are dense in [0, 1) and 
satisfy sin2 (} + cos2 (} = 1. 0 

Lemma 7: If a line with equation (11.2-1) is such that (sina)/B and 
(cosa)/B are in IF, then it is associated with IF (i.e., contains two points 
that are associated with IF). 

Proof: Let (}l and (}2 be angles such that their sines and cosines are rational 
and are in the open interval from a - arccos B to a + arccos B. Then points 
rl, (}l and r2, (}2 are on the line if equations (11.2-2) are satisfied. On dividing 
(11.2-2) through by B, we see that the quantities in the parentheses in that 
equation are in IF and are greater than 1, so that the equations can be solved 
for values of tanh rl and tanh r2 in IF. Since the sines and cosines of (}l and 
(}2 are in IF, the Beltrami-Klein coordinates of the points are in IF. 0 

We now consider intersections of lines and circles. We recall that in 
the Euclidean case, if we construct a circle of radius r and intersect it with 
a line at a distance x « r) from the center of the circle, where r and x 
are in a field IF, then the length of the chord of the circle so formed can be 
the square root of any positive number in IF. A similar thing is true in the 
hyperbolic case. 

In terms of polar coordinates r, (}, the equation of a line perpendicular 
to the horizontal axis at the point where r = band (} = ° is 

tanh r cos (} = B = tanh b. 

The intersection of that line with a circle centered at the origin and of 
radius a is the point a, (}, where (} is the solution of the above equation with 
r = a. Then, 
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tanh a sin 0 = J(tanha)2 - (tanhb)2 ~f Vw. (11.6-4) 

The point P of intersection has Beltrami-Klein coordinates X, Y, where 
X = tanh a cos 0 and Y = tanhasinO. We recall that although the model 
is not conformal, orthogonal lines in the model represent orthogonal lines 
in the plane if (and only if) one of the lines passes through the origin. 
Therefore, we can construct the point with Beltrami-Klein coordinates 0, Y 
by dropping a perpendicular from the point P of intersection to the line 
0= 7r/2, where tanhd = VW. If tanh a and tanhb are in a field IF, then w 
is in IF. Conversely, if w is in IF and 0 < w < 1, tanh a and tanh b can be so 
chosen in IF that the equation 

(tanha)2 - (tanhb)2 = w 

holds. For example, one can set tanh a = (1 +w)/2 and tanhb = (1- w)/2. 
We have proved the following: 

Lemma 8: If all points associated with a field IF can be constructed, then one 
can construct any length d such that tanh d = VW, where w is an element 
of IF such that 0 < w < 1. 

That is the first step in proving that all points associated with the field 
IF( vw) can be constructed. We show next that certain distances d such that 
tanhd = Cl + C2VW can be constructed, with Cl and C2 in F. That is done 
by intersecting an arbitrary line associated with F with a circle of radius 
R about the origin. For constructing the circle, it is not necessary that 
tanh R be in F; according to the lemma above, it is only necessary that 
(tanh R)2 be in F. The method is this. Let Cl, C2, W be elements of F such 
that (c~ + c~)(1 + w) is less than 1. Define B, a, and R by the equations 

B= Jci+c~, 
sina = cI/B, cosa = C2/B 

tanh2 R = B2(1 + w). 

(11.6-5) 

(11.6-6) 

(11.6-7) 

Then (cos a) / Band (sin a) / B are in F, so that the line with constants a, B 
is associated with F. The intersection of that line with the circle r = R is 
the point R,O, where 0 is determined from the equation 

tanh R{cos 0 cos a + sin 0 sin a) = B. 

This gives a quadratic equation for sin 0, namely, 

tanh2 R sin2 0 - 2B tanh R sin a sin 0 + B2 - tanh2 R cos2 a = 0 

and a similar equation for cos O. From them, we find for the Beltrami-Klein 
coordinates of the intersection 
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Y = tanh RsinO = Cl ± C2Vw, 
X = tanh RcosO = C2 =F Cl Vw. (11.6-8) 

One intersection is given by the upper signs, the other by the lower. 
We recall that one. can drop a perpendicular from a given point to 

a given line in the hyperbolic plane and that although the model is not 
conformal two orthogonal line segments in the model represent orthogonal 
line segments in the plane if (and only if) one of them passes through the 
origin. Therefore, we can project either of the above points onto the X and 
Y axes, and we have the following result. 

Lemma 9: If all points associated with IF can be constructed and if w, CI, 

and C2 are numbers in IF such that 0 < w < 1 and c~ + ~ < 1/(1 + w), then 
the length d such that tanh d = Cl + C2v'W can be constructed. 

To get rid of the restriction on ~ +~, we now let al + a2v'W, with 
al and a2 in IF, be any number in IF( v'W) such that lal + a2v'W1 < 1. We 
define Cl = atfn, C2 = a2/n, where n is a positive integer large enough so 
that Cl and C2 satisfy the restriction in the lemma and so that the number 
h = Cl + C2v'W also satisfies Ihl < ~. We construct the eight points with 
Beltrami-Klein coordinates (X, Y) = (±h, ±h), (0, ±h), and (±h, 0). These 
points, together with the origin, constitute the nucleus of a square grid of 
points in the model with side length h; they are shown as solid points 
in Fig. 11.6b. By means of the straightedge, the points indicated by open 
circles can be constructed in the order indicated by the numbering. This 
procedure can be continued until all of the lattice points inside the unit 
circle have been constructed. Among the points is one with X = nh = 
al + a2v'W' showing that the length d such that tanhd = al + a2v'W can 
be constructed. The conclusion is this. 

Lemma 10: If all points associated with a field IF can be constructed, and if 
w is an element of IF such that 0 < w < 1, then all points associated with 
IF( v'W) can be constructed. 

We note that the restriction w < 1 is not essential, because a field 
IF(v'W) is identical with the field IF(v'W/q), where q is any integer. 

We now consider general quadratic-surd fields, as defined inductively 
by Equations (11.1-5). As just noted, we can assume, without loss of gen­
erality, that each of the Wi is in the interval (0,1). Then by an induction 
on i, in which the first step is Theorem 11.3 (all points associated with Q 
can be constructed) and the inductive step is Lemma 10, we arrive at the 
final result: 

Theorem 11.4: All points in the hyperbolic plane associated with a quad­
ratic-surd field can be constructed by straightedge and compass. 
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y 

Fig.n.6h. 

This was stated by Mordukhoy-Boltovski in the form that any length 
d such that sinh d is in a quadratic-surd field can be constructed. 

Exercise 
1. In Lemma 4, how many of the points of the lattice for p = 2 lie inside 

the unit circle? Show how to construct those points by straightedge 
from the nine points of the lattice for p = 1 that lie inside the unit 
circle. 

11.7 Construction of Regular Polygons 

It is recalled that Gauss proved that a regular polygon of an odd number 
N of sides can be constructed by straightedge and compass in Euclidean 
geometry if and only if N is a Fermat prime or a product of distinct Fermat 
primes. See Oystein Ore, Invitation to Number Theory, New Mathemati­
cal Library #20, Random House, New York, 1967. A Fermat number is a 
number of the form 

2n 
Fn = 2 + 1, 

where n is a nonnegative integer. The known primes among them are 
Fo, F I , F2, F3, and F4. Fs is a composite. As of 1967, it was apparetltly 
conjectured by some mathematicians that Fn is composite for all n ~ 5. 

In particular, it follows from Gauss' theorem that a regular N-gon is 
constructible for N = 3,5,15,17, but not for N = 7,9,11,13. For a proof 
of Gauss' theorem, see Modern Algebra, by B. L. van der Waerden, Section 
59, Frederick Ungar, 1949. 

Clearly, a regular polygon of 2k N sides, where N is odd, can be con­
structed if and only if one with N sides can be constructed. (The "if" part 
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comes from bisecting angles, the "only if" part by ignoring some of the 
vertices.) 

In the Euclidean case, the polygons are usually thought of as inscribed 
in the unit circle. In the hyperbolic case, the radius of the circle enters as a 
new parameter, because a regular N -gon inscribed in a circle of one radius 
is not similar to one (with the same N) inscribed in a circle of a larger 
radius. The latter has smaller internal angles, for given N. We shall assume 
that the radius a is a constructible length, so that ea is in a quadratic-surd 
field. With that condition, we shall see, regular N -gons are constructible 
for the same values of N as in the Euclidean case, namely, the ones that 
follow from Gauss' theorem. 

In the Euclidean case, if the circle has unit radius and if c is a side of 
the N-gon, and'Y denotes the angle 21r/N, we have c/2 = sin{"'t/2). Hence, 
then, c is in a quadratic-surd field if and only if sin( 'Y /2) is; hence, Gauss' 
theorem is equivalent to saying that sin( 1r / N) is in a quadratic-surd field if 
and only if N is of the form 2k times a Fermat prime or a product of distinct 
Fermat primes. Now, it is an immediate corollary of Theorem 11.4 in the 
preceding section that an angle a is constructible in the hyperbolic plane if 
and only if tan a (or equivalently sin a or cos a) is in a quadratic-surd field. 
In the hyperbolic case, we have 

. h C • h . 'Y sm '2 =sm asm"2' 

where a is the radius of the circle and c is the side of the N-gon. Therefore, 
if a is constructible, c is constructible for precisely the same values of N as 
in Gauss' theorem. 

11.8 The Horocompass Gives Nothing New 

The words "straightedge" and "compass" indicate merely that lines and 
circles are used in the abstract construction process, and one may won­
der whether a larger class of curves could be used, thereby strengthening 
the final theorem, which says that those curves lead precisely to those fig­
ures that can be described in terms of quantities in quadratic-surd number 
fields. It is easy to see that one cannot enlarge the class to include all conic 
sections, because one can find a parabola and a hyperbola, both satisfying 
equations with rational coefficients, whose intersection has coordinates x, y 
that satisfy irreducible cubic equations (Exercise 1 below). The question 
arises, what properties do lines and circles have, geometrically, that distin­
guish them from all other curves? One possible answer, in the Euclidean 
case, is that they are exactly the self-similar curves. 

Definition 11.5: A curve is self-similar if it is invariant (Le., is mapped onto 
itself) under a nontrivial direct isometry of the geometry (hence is invariant 
under a one-parameter subgroup of the isometry group). 
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In the hyperbolic plane, the self-similar curves are lines, circles, horocy­
cles, and equidistants; see Section 8.2. According to the concluding section 
of the excellent book Non-Euclidean Geometry by H. S. M. Coxeter, Uni­
versity of Toronto Press, 1961, the use of horocycles and equidistants in 
the constructions was investigated by Nestorowitsch, who proved in 1949 
that their use does not lead to any figures that cannot be constructed by 
straightedge and compass alone. 

In the other direction, we recall that it was proved by Mascheroni in 
the eighteenth century that any set of points that can be constructed by 
straightedge and compass can be constructed by compass alone. For similar 
questions in the hyperbolic case, we refer again to the book by Coxeter. 

A question that arises concerns the coordinate systems that can be 
used. In the Euclidean case, it is natural to use Cartesian coordinates; in 
fact, Cartesian coordinates based on the initially given origin and addi­
tional point. In the hyperbolic case, we used the Beltrami-Klein coordi­
nates tanh r cos (J and tanh r sin (). If we were to use those coordinates in 
the Euclidean case or Cartesian coordinates x = r cos (J, y = r sin () in the 
hyperbolic case, we should encounter coordinate values not in quadratic­
surd fields, and not even algebraic. Surely one must require the coordinates 
to be such that the self-similar curves satisfy algebraic equations. For the 
method of proof used in Section 11.6 above, it was even essential also that 
lines satisfy linear equations. 

As noted earlier, there are also construction problems in which one 
is given something other than the minimal figure mentioned above (a line 
and a point on it in the hyperbolic case, two points in the Euclidean case). 
Examples are: (1) given two lines, find a line asymptotic to one and per­
pendicular to the other; (2) given three points, determine by construction 
whether they lie on a line, on an equidistant, on a horocycle, or on a circle; 
in the second case, construct the line to which the curve is equidistant; in 
the fourth case, construct the center of the circle. (3) given two ultraparal­
lellines (Le., nonintersecting and not asymptotic), construct their common 
perpendicular. 

Exercises 
1. Show that the coordinates of the point of intersection of the curves 

xy+2x+2 = 0, 

satisfy irreducible cubic equations. Hint: Recall Gauss' theorem that 
says that if a polynomial with integer coefficients cannot be factored 
over the integers, it cannot be factored over the rationals. 

2. Let r, (J be polar coordinates in the hyperbolic plane, and let the line 
given by 

tanh r cos((J - a) = B 

be associated with the rational field Q. Show that the Beltrami-Klein 
coordinates of its intersection with the horocycle given by 
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r 
tanh - = cos () 

2 

are in a quadratic-surd field. 
3. Given two lines that are ultraparallel. Show how to find their common 

perpendicular by straightedge and compass, where it is assumed that 
the straightedge can join ideal points. Hint: Let P and P' be the ideal 
points at the ends of the first given line, and Q and Q' the ideal points 
at the end of the other. Construct the lines joining P and Q' and 
joining P' and Q. 

4. Suppose the points A, B, C lie on an equidistant to a line P. Show how 
to construct the line P when the points A, B, C are given. Hint: The 
perpendicular bisectors of the segments AB and BC are ultraparallel. 
See Exercises 1 and 2 in Section 3.10. 

11.9 The Finite Straightedge 

Our assumption that a straightedge can draw the line between two ideal 
points at infinity is conceptually reasonable, because it corresponds to the 
fact that in the hyperbolic plane two ideal points determine a unique line. 
It also greatly simplifies many constructions, such as finding the common 
perpendicular to ultraparallel lines and finding a line asymptotic in one 
direction to one side of a given angle and asymptotic in the other direction 
to the other side of the angle (see Fig.3.4c). 

However, that assumption is not necessary. All constructions are pos­
sible with compass and a finite straightedge (one that can draw the line 
through any two finite points). The constructions are generally more com­
plicated than the ones we have described; we give brief descriptions in the 
exercises below. For more detail we refer again to the book by Coxeter. 

In Section 11.4 we described Bolyai's construction of a line through a 
given point asymptotic to a given line. It uses only the finite straightedge. 
Next, a method was given by Hilbert in 1913 for constructing the common 
perpendicular to a pair of ultraparallel lines. See Exercise 1 below. (As 
indicated in Exercise 3 in the preceding section, that construction is very 
easy with the infinite straightedge.) Finally, a method was given, also by 
Hilbert in 1913, for solving the following problem. Given two nonasymptotic 
lines (i.e., lines either intersecting or ultraparallel), construct the line m 
that is asymptotic to one of the given lines in one direction on m and 
asymptotic to the other in the other direction. It uses both of the foregoing 
constructions. See Exercise 2. 

The conclusion is that we can construct the line joining two ideal points 
and the line joining one ideal point and one finite point by compass and 
finite straightedge. 
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Exercises 

1. Let f and m be ultraparallel lines. From arbitrary points A and A' 
on f, drop perpendiculars to m, with feet at Band B', as shown in 
Fig. 11.9a. In case IABI = lA' B'I, the common perpendicular to f and 
rn can be constructed as the perpendicular bisector of the segment AA' 
or the segment BB'. (See Exercise 3 in Section 2.8.) 

~--,Ar---' _ f 

J-l 
B B'---m 

Fig. 11.9a 

~ e' c:tt[t 
B D B' D' m 

Fig. 11.9b 

Otherwise, assume that lA' B'I is less than IABI. Construct the point 
Con AB such that ICBI = lA' B'I. Construct line f' through C at the 
angle equal to the angle a between A' B' and f, as shown in Fig. 11.9b. 
Prove that f' intersects f at some point Q (either between A and A' or 
to the right of A'). Construct point Q' on f to the right of A' so that 
IA'Q'I = ICQI, drop perpendiculars to m from Q and Q', with feet at D 
and D', as shown. Show by the SASAA criterion (Exercise 1 in Section 
2.8) that the quadrilaterals CBDQ and A' B' D'Q' are congruent, so 
that IQDI = IQ'D'I. Then the common perpendicular of f and m is 
the perpendicular bisector of the segment QQ' or the segment D D'. 
According to Theorem 3.14 in Section 3.5, the common perpendicular 
is unique; hence the result of this construction is independent of the 
choice of the points A and A' on f. 

2. Let f and f' be directed nonasymptotic lines and let £ and £' be the 
corresponding ideal points at infinity determined by f and f'. (There 
would be no harm if f and f' were asymptotic in the reversed directions; 
what is essential is that the ideal points £ and £' be distinct.) We wish 
to construct the unique line m between £ and L'. (m is asymptotic to f 
in one direction on m and asymptotic to f' in the other direction.) See 
Fig. 11.9c. Let A and A' be arbitrary points on f and f', respectively. 

-> 

By Bolyai's method mentioned above in the text, construct a ray k 
-> 

from A asymptotic to f' and a ray k' from A' asymptotic to f. Prove 
-+ 

that the bisectors nand n' of the angles L. k , f and L. k' , f' meet the 
line m at right angles; hence m can be constructed by the method of 
Exercise 1 as the common perpendicular bisector of nand n'. Since m 
is uniquely determined by the ideal points £ and £', the result of this 
construction is independent of the choice of the points A and A'. 
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m (L) m 

Fig. 11.9c. 

3. Given three noncollinear points, show how to determine whether they 
lie on a circle, on a horocycle, or on an equidistant. In the first case, 
show how to construct the center of the circle; in the second how to 
determine the ideal center of the horocyc1e; in the third how to deter­
mine a line i and a distance d such that every point of the equidistant 
is at a distance d from i. 

11.10 A Set of Axioms Omitting Completeness 

From a conceptual point of view, rather than from that of a draftsman, 
the true significance of the theory of constructions is that the set of con­
structible points has all the properties of the hyperbolic plane except com­
pleteness. The real number system IR enters in Axiom 3 in such a way that 
every bounded increasing set of points on a line has a limit point (on the 
line). We wish to eliminate limiting processes, hence we must replace IR by 
some subset of the real numbers that is not necessarily complete. A similar 
change has to be made in connection with angles in Axiom 5. 

The incomplete hyperbolic plane rr2 is a subset of the set 1HI2 of points in 
the hyperbolic plane, together with certain subsets of rr2 called lines, subject 
to the following axioms. Henceforth, the word "line" will refer always to one 
of the lines in rr2 and the word "point" will refer to one of the points in rr2. 
Axioms 1 and 2 are unchanged. 

Axiom 3': There is a subset § of the set IR of real numbers, closed under 
addition and subtraction, with the property that for each line i, there is a 
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one-to-one mapping from the set e of points to the set § of real numbers, 
such that if A and B are any points on e and x(A) and x(B) are the 
corresponding numbers, then \AB\ = \x(A) - x(B)\. 

The set § is not specified at this point, but is indirectly determined 
by the other axioms. It will in fact turn out to be the set of logarithms of 
positive numbers in quadratic-surd fields; that is a countable set. 

Axiom 4 is unchanged, but it acquires a new importance, because it 
tells that two lines intersect if they "ought to;" namely, if P and Q are 
on opposite sides of e, then the segment PQ intersects e. In the strictly 
hyperbolic plane 1HI2 , the existence of the intersection was a consequence of 
the completeness of the sets of points on the lines. 

To ensure the existence of points obtained by intersecting lines and 
circles, we need the following. 

Axiom 4a: If P and Q are on opposite sides of a line e, there is a point R 
on e such that \PR\ = \PQ\. 

R is the intersection of the line with the circle of radius \PQ\ centered 
at P. That there are just two such points R (Le., two points of intersection 
of the line and the circle) then follows from the properties of the set §. 

Axiom 5 is unchanged, except that the set of all real numbers in (0,7l') 
is replaced by a set §f of real numbers in (0,7l'). Again, the set §f is not 
specified here, but it will turn out, since the angle of parallelism ll(y) can 
be constructed when y is given, and y can be constructed when ll(y) is 
given, that the set §f consists (mod 7l') of the arcsines of numbers between 
-1 and + 1 in quadratic-surd fields. 

Axioms 6 and 7b are unchanged. One more axiom is needed. 

Axiom 8: If P is a point on a line l, there is a line m perpendicular to e at 
P. 

The classical construction of such a perpendicular involved the inter­
section of two circles. So far, we have said nothing about the existence of 
the point of intersection of two circles, hence the need for the axiom. From 
this axiom, it follows that every segment has a midpoint, and every angle 
has a midray. 

With these axioms, it now follows that the set of constructible points 
in 1HI2 is a minimal incomplete hyperbolic plane [2. All points of [2 can be 
constructed. 

Since the minimal incomplete hyperbolic plane [2 is countable, it il­
lustrates a theorem of Skolem and L6wenheim, which says that if a system 
of axioms, say for a geometry, complies with certain rules of discourse as­
sociated with first-order logic, then there is necessarily a countable model. 
To describe the rules of discourse in detail would take us too far afield into 
mathematical logic, but we may point out the following: The rules forbid 
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one to speak about arbitrary subsets of a given set, and a completeness 
axiom, for example, for the real number system JR., would do just that: it 
would say in fact that if an arbitrary subset of JR. is bounded, then it has a 
least upper bound. 

Exercises 

1. Show how to determine the midpoint of a segment, using Axiom 8. 
2. Show how to determine a ray that bisects an angle. 
3. Suppose that the straightedge and compass are augmented by an in­

strument that can trisect a segment. What sort of more general fields 
do the quadratic-surd fields have to be replaced by in the construction 
theory? 
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